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NMPEAUCJIOBHE

[IpennaraemMasi BHUMaHHIO YHTATENS] KHUTA sABJsieTCS] Y4eOHBIM 110CO-
O6ueM 118 CTYLEHTOB NENArorH4eCKUX HHCTHUTYTOB IO CJEAYIOLIHM pas-
JielaM NporpaMMmbl Kypca «MatemaTHyecKHMH aHa/M3»: «DJeMeHThl Te-
OpHH MHOXKecTB», «Merpuueckue npocTpaHcTBay, «[lonHble MeTpHue-
CKHe mpocTpaHcTBay, «MHTerpan JleGeray, «Psaabnt Oypbes.

[lepBasi rsaBa nocBsilleHa H3y4YeHHIO OECKOHEYHBIX MHOXKECTB H CO-
JE€PHKHUT OCHOBHBLIE TEOPEMbl O MOLLHOCTH MHOXKECTB, O CYETHbIX MHOXe-
CTBAX M O MHOXECTBAaX MOLLHOCTH KOHTHHYyyMa.

Bo BTOpO# rjaBe paccMarpuBaiOTCsi METPHYECKHE IPOCTPAHCTBA H,
B YacTHOCTH, JIHHEHHble HOPMHPOBaHHbIe mnpocTpaHcTBa. M3 meroanue-
CKHX OCOOEHHOCTEH TrJaBbl BBIGJHUM 3]€Ch NMOCTPOEHHE TEOPHH OTKDhI-
THIX U 3aMKHYTBIX MHOXXECTB Ha 06a3e NMOHATHS TPAHUYHOH TOYKH (a2 He
Ha 6ase NOHATHUA «NPeNeJbHOH TOYKHY, KAK 3TO OOLIENPHHATO B yueb-
HBIX MN0cOOHAX); OmnpejesieHHe CBSISHOCTH MPOCTPAHCTBA OCHOBAHO Ha
MOHATHH HENpPEePbLIBHOrO OTOOpaKeHHS.

B 3Ty rjaBy BKJIOUEHO H3JI0XKEHHE BONPOCA O MOIMOJHEHHH METpPH-
YECKHX NPOCTPAHCTB (KOTOPBLIH BBIXOAHUT 3d PaMKH NpPOTPaMMbl, HO, IO
MHEHHIO aBTOPOB, BeCbMa CYLUECTBEH I/ pas3/HYHbIX PasjesioB MaTe-
MaTHKH, B TOM UHCJIEe U 1Jsd OoJjiee rj1yOOKOTO OCMBICJIEHHS LIKOJbHOH
MaTeMaTuki). TeopemMa O HEMOJABHXKHOH TOYKE HCIIOJb30BaHa JJs HO-
Ka3aTe/bCTBa TEOPEMbl CYLIECTBOBAHHUA pelueHus AuddepeHUHaabHOro
ypaBHEHHs1 NMEPBOro MnopsAka (aBTOPbI MOJAralpT, YTO J0Ka3aTeJbCTBO
aHaJIOTHYHOH TE€OpeMbl I/ CHCTEM YDaBHEHHI He BHOCHT HOBBLIX Mare-
MaTHYECKHX HAEH M MO3TOMY — MO KpaiHeil mepe, B nocoOHH ANA 3a-
OYHHKOB — MOXKET GBITH OMYLIEHO). '

TpeTbst ryiaBa colep:KHT MaTepuas, OTHOCALIMEACH K TEOPHH HHTe-
rpaina u Mepbl JleGera. Vsmaraempli 3pech nopxol K 3TOH TEOpHH,
npuHagaexawnid H. 5. Bunenkuny u paseutoiii B. A. IleTpoBhiM, He
BCTpeyaeTcsl B W3BECTHOH HaM Juteparype. [lpu Takom noaxone Her
HEOOXOAMMOCTH JIO TNOCTPOEHHSA KJacca CyMMHpPYeMbX GYHKUMH npef-
BapHTeJbHO paccMaTpHBAaTb HMHTErpaj OT OrpaHHYeHHbIX GYHKIHH.
3/1ech cpa3y CTPOMUTCS KJacC CYMMHpYeMbIX GYHKIMI (B TOM HuCJe H
Ha HeorpaHHYeHHOM H3MepUMOM MHoxecTBe). [Ipu 3TOM H3JMOXKeHHH
Jydlle BCKDbLIBAa€TCS HarJsJHbid CMbicsl HHTerpasa JleGera. I'siaBa
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3aKaHYUBALTCA PaCCMOTPEHHEM IMOJIHBIX NPOCTPAHCTB HHTETrPHPYEMBIX
¢yHKUMHA W OpTOroHa/NbHBIX cHcTeM QyHKuuit B L2 [0; 2x].

Kaxnplii naparpad 3aBepluaeTcsi BONPOCAMH [Jis CAMONPOBEPKH H
cnucKoM HoMepoB 3ajau no kHure B. A. Ilerposa, H. §I. BuaenkuHa,
M. H. TI'paeBa «DnemeHTbl (YHKUHOHAJbHOTO aHa/JH3a B 3ajaydax»
(1978 r.).

Kuura pasburta Ha raaBbl, naparpagsl, nyHKTel. Hymepauus Teopem,
JieMM, npuMepoB U ¢GopMyJ CIJOILIHAas B mpeaesnax mnaparpada.

JlanHass KHHra BXOAUT B CepuUl0 YyueOHbIX NOCOOHMH, BBIYCKaeMblX
usnareqabCcTBOM «lIpocBeleHne» A/ CTYIEHTOB-3a0UYHUKOB IO KYpCy
«MaremaTHueckHH aHaJsu3». PaHee yxke Obin onyOJHKOBAaHH B 3TOH
cepun «BBeneHue B aHanu3», «/luddepeHlUHanbroe HCUHCIEHHe», «MH-
TerpajilbHoe HMCUHCJEHHEe», T[OTOBATCA K H3MaHHUI0O MNocobus «Psably,
«DYHKIIMKM MHOTHX NEepeMeHHbIX», «Teopus aHAMUTHYECKHUX QYHKIHH».
I1H nocobHs (HamHcaHHble moj obuwuM pykoBoacTtBoM npod. H. d. Bu-
JIEHKHHA) B COBOKYMHOCTH 0O0pa3yloT eIWHBbIH KYypC MaTeMaTHYecKOoro
aHaJ/ii3a JJis1 CTVAEHTOB-3a0YHHKOB I€JBy30B, OXBAaTbIBAlOLUUH BeCb
MaTrepHaJs, NPEAYCMOTPEHHBLI MPOrpamMMoOH.

B ocHOBY naHHOIl KHHTH MOJIOXKEHBI JIEKLIHH, MHOTOKPAaTHO YHTaB-
mrecss aBropamd B MI3IIM u Cmosenckom nemuHcTHTYTe.

ABTOpHl BBHIpa)KarT rayOoOKyl 6/JarofapHOCTb pELEH3EHTAM KHH-
ru — npodeccopy M. WM. I'paeBy, nouenty A. C. CHMOHOBY, JNOLEHTY
B. ®&. MonuanoBy, Kadenpe maremarudeckoro ananusa MITIU
uMm. B. H. JlennHa,— 3aMeuaHusi KOTOPBIX NO3BOJIMJH YJYULIHTDL [EPBO-
HayaJIbHbIH BapHaHT KHHTH.

ABTOpH MPOCAT MPHCHLIATh 3aMEYaHUsl O BO3MOKHBIX HeJOCTaTKaX
KHUTH no aapecy: MockBa 129 846 3-it npoe3n MapbiHo# polu, uU3za-
TesabCTBO «[IpocBeliente», penakuus MareMaTHKH.



['VIABA 1

MOUWHOCTb MHO)KECTBA

§ 1. PABHOMOILLHbIE MHO)KECTBA

1. Buekuun M pPaBHOMOLLHOCTb OGeCKOHeYHbIX MHOXecTB. Mcxonnas
npobsieMa, NpUBEAIIAs K CO3LaHHIO TEOPHH MHOXKECTB, COCTOsJIa B CJe-
LVIOLIEM : MO2KHO JIH BOOOILE — H €CJIH MOXKHO, TO KaK — pasJinuarb bec-
KOHEYHbIE MHOMKECTBa MO KOJIHYECTBY HMEIOLIHXCS B HHX 3JIEMEHTOB?
Sra 3ajaya H3JlaBHa HHTepecoBaJia KakK ¢uJocotoB, TAK H MaTeMaTHKOB.

C onHO# CTOPOHBI, Ka3ajoch Obl, OUeBUJHO, YTO NOCKOJBKY KaxKuaoe
U3 GEeCKOHEUHBbIX MHOXKECTB COAEPKHT OeCKOHEUYHO MHOIrO 3JIEMEHTOB,
TO MOKHO CUHTaTh, UTO 3THX 3JIEMEHTOB B KaxXJOM H3 HHX OJHHAKOBO
MHoro. C 1pyroil CTOpPOHBI, NOCKOJbKY, HaNpUNMep, MHOXKECTBO MPOCThIX
yHceJl COCraBJisieT JIHIIb YacTb MHOXKECTBA HaTypaJbHBIX UHCeJ, TO He-
CMOTPS Ha TO 4TO 00a 5TH MHOXKECTBA COAepKAT OGECKOHEUYHO MHOTO
3JIEMEHTOB, Ka3aJjocb Obl, CJEAYeT CYHUTaTb, YTO MPOCTHIX YHCEJ MeHb-
e, YyeM HaTypaJbHbIX.

Takoro poga nporuBOpeuYHss BO3HUKJH H3-3a TOro, 4To AJs Gecko-
HEeYHBIX MHOXKECTB He OblJIO YeTKO ONpefiesieHO, UTO 3HAYaT CJI0BA «CTOJb-
KO K€ 3JIEMEHTCB», «OoJbllle 3JIEMEHTOBY U T. II.

. Kantopy! ymajochb OCYLIECTBUTb CpaBHeHHe GeCKOHEYHBIX MHO-
XKECTB JAPYr ¢ APYroM, HCHOJb30BaB MNOHATHE OHEKTHBHOTO COOTBET-
CTBHS.

Ecan KaxnoMy 37€eMEeHTy @ MHOXecTBa A no HEKOTOPOMY IpaBHJY
IIOCTaBJIEH B COOTBETCTBHE OAWH 3JieMeHT b MHoxecTBa B, To rosopsr,
4TO 3ajaH0 omobpascerue [ MHOXKecTBa A BO MHOXeCTBO B (nuiuyT:
f: A — B). DneMeHT b npu 3TOM HA3bLIBAOT 06pa3oMm 31eMEHMA QG Npu
omobpancenuuw f u obosHauawr [ (a). Ecan A, < A, TO COBOKYNHOCTb
o6pasos ajeMenToB H3 A, o6osHauawT f (4,):

f(4) = {f (x)[x € A,}.

dnemenT x € A, Tako#, uro f (x) = b, HasbIBAIOT NPOOOPAZOM 31e-
smenma b npu omobpascenuu f. He uckioueHo, YTo npu faHHOM oTOGpa-

l1Teopr Kauntop (1845—1918) — Hemeuxuit matemartuk; ¢ 1872 r. npo-
deccop yHuBepcuteta B I'ansie. B mepBhIX CBOHX HCCJIENOBAHHAX 3aHHMaJcs TeopHed
TPUTOHOMETPHYCCKHUX pPAJOB, a BIOCJAEACTBHH pa3paboTai TeOpPHIO OGEeCKOHEYHBIX
MHOKECTB.



xeHuu f y sanementa b 6yner Gosblie ofHOro npoobpasa uiau ux He Gy-
JeT coBceM. MHO2kec TBO BceX NpooOpa3oB AAHHOIO 3/€MeHTa b HashIBaloT

NOAHbIM NPO0OPA3OM FTOTO 3JEMEHTa NpH oTcOpakeHWW [ W obo3Haya-
ot f~1(b). Ecau B, < B, 10

[ (By) = {x|f (x) € By}

Hanpuwmep, nyctb A = B = R, rae R — MHOkecCTBO HeHCTBHTE/b-
HBIX yucea, a [: A — B onpepeasierca ¢opmyaoit f (x) = sin x. Torza
npoo6pasom uucaa b = 0 saBasgercs Jjoboe yucio BHla a = kn (k€ 7Z),
a MOJIHBIM I1PO0GPa3oM HYJIS1 CYKHT MHOXKECTBO BCEX UHCEJI, KPATHBIX t:

[1(0) = {ka|k € Z}.

Ecnu f (A) = B, To roBopsit, uto [ — omobpascerue A Ha B, wiu
cropsekmueroe otobpaxeHuel. Ynorpeb/lsaeTcs Takxke TEPMHH «CIOPD-
exuus» (nakphitue). Ecau u3s x; = x, caenyer f (x) s=f (x,), 10 f
Ha3bLIBAIOT 00pamumbim WA UHBEKMUBHIM OTOOpaxKeHueM (B 3TOM
cayuae MOJHBIA npooOpa3s Kaxjaoro sjementa u3 B jubo mycr, au6o
COCTOUT M3 OJHOTO 3JieMeHTa). ¥YTNOTpebssdeTcsa TakKke TEPMHH «HHBEK-
Hus» (BJOXKEHHE).

Haszosem ortoOpaxenue f: A — B 63aumHO 00HO3HQUHbIM UH Guek-
MuBHbIM, €CJIH OHO HHBEKTHBHO H CIOPBEKTHBHO. MHOrAa Takoe orobpa-
JKE€HHEe Ha3blBAIOT 83QUMHO 0OHO3HAUYHbIM coomeemcmeuem Mexay A u B.
YnorpebnsieTcss TakXke TepMUH «Ouekuus». Mrak, cooTBeTcTBHE Mexny
MHOKecTBaMH A H B Ha3blBaeTCcsl B3aUMHO OLHO3HAYHbIM (OMEKTHBHBIM)
ecJsu:

a) KaxKJIoMy 3j1eMeHTy a € A COOTBeTCTBYET OAWH U TOJNBKO OJHH
aneMeHT b € B;

6) KaxIblii 37eMeHT b € B COOTBETCTBYET OJHOMY H TOJIbKO OJHO-
MYy 3JIEMEHTY U3

Jlerko BHIETh, YTO CNpaBelJIMBbl CJAEAYIOLIHE YTBEPKACHHUS:

1. Tosedecmeertoe npeobpasosarnue E: A — A 6buexmusno.

2. Ecau f: A—B 6uexmuero, mo cyuiecmsyem obpamuoe omobpasice-
nue [~1: B— A, npuuem ono mosce GuexmusHo.

3. Ecau omobpamenus [: A — B u g: B = C buekmusnbst, mo u ux
KOMnosuyus g o [ moosce buekmusHa.

HaszoseM nBa MHoxkectBa A W B pasHomowyrbimu, €ciu OJHO H3
HUX MOKHO GHEKTHBHO OTOOPa3uTh Ha Jpyroe; Mpu 3ToM nuwyT: A ~ B,

VHBIMH CJIOBaMH, 08 MHOMCECMBA PABHOMOULHbL, €CAU MEHCOY HUMU
MONCHO YCMAHOBUMb 83AUMHO 00HO3HAUHOE COOMBemcemeue.

13 cBodictB 1—3 GHeKIHH BBITEKAET CIIPABEAJUBOCTD CACAYVIOIUX YT-
BEPKACHHUH

1) A ~ A;

2) ecnti A ~ B, T0 B ~ A;

3) ectu A~ Bu B~C, 10A~C.

OHHU 03HAYaloT, UTO OTHOILIEHHE PAaBHOMOIIHOCTHU peduieKCHBHO, CUMMeT-
PHYHO W TPAH3UTHUBHO M IIOTOMY ABJIA€ICA OTHOLUEHHEM 3KBHBAJIEHT-
HOCTH.

3 Or dpaHuysckoro sur (Ciop) — Ha.



[MMpumepsn. 1.1. MHOXecTBO A HeYeTHBIX HATYPAJbHBIX YHCEJ H MHOXKeECT-
BO B YeTHBIX HATypaJbHBHIX YHMCeJ PaBHOMOINHBI, Tak Kak ¢opmyna f (n) = n + 1
3ajgaer 6uekuuio A — B (npu 310M 0TOGpaKeHHH YUCJO 1 nMepexXomuT B 2, yucao 3 —
B4 HuT L)

1.2. MHoxecTBO R, NOJIOXKHTC/ABHBIX JeHCTBHUTEJIbHBIX YHCEJ PaBHOMOILHO MHO-
)ecTBYy R_ oTpuuaTe/ibHBIX AeHCTBHTEJIbHBIX YMCeJs, TaK KakK ¢opMmyna f (x) = —x
3ajaer Ouekuuio R, — R_.

1.3. MuoxectBo N HaTypaJsibHbIX YHCeJ PABHOMOIIHO MHOXeCTBY A uuces, SIB-
JSIOIHXCS TOYHBIMH KBaApaTaMH.

IlefictBuTenbHO, Gopmyaa f (n) = n? 3anaer Guekuuio N — A.

STOT NPUMEDP MOKA3bIBAET, UTO OECKOHEYHOE MHONMECH80 (B OTJAHYHE
OT KOHEUYHBIX MHOXKECTB) MmoOxcem Obimb PABHOMOULHO C80ell wacmu.

[Tpumepsn. 1.4, Jlio6bie aBa uuTepBasa la; bl u ]c; dl paBHOMOMmMHBL
HeiictBuTtenbHO, Guekuus f: la; o[ — lc; dl moxer 6biTh 3anana dopmydoii f (x) =
d—c
b—a
1.5. UutepBan la; b[ u uucaoBas npsmas ]—oo; +4oo| paBHOMOWIHEL
[MockoabKy Jo6ble ABa HHTepBaja PaBHOMOLIHBI, JOCTATOYHO II0OKA3aThb PaBHO-

(x — a) + ¢ UK C NOMOILbIO LIeHTPaJbHOrO NPOEeKTHPOBaHus (puc. 1).

Tox
MOIIIHOCTb HHTEpBaJa }—-E; —2-[ M YHCJOBOH NpsAMOH. DTO ke BbITEKaeT U3 TOrO, 4TO
TN
otrobpaxeHne x — tg x 3ajaer GueKkuUHIO —-2—; 5|~ R.

['eomeTpuueckn oToGpakeHHe HHTepPBaJa Ha NPSIMYIO NMOKA3aHO HAa PHCYHKe 2
1.6. MuoxecTBO Touek Kpyra paiHyca R W MHOXeCTBO TOYeK Kpyra pajuyca r
pPaBHOMOLIHBI.

Ilns sananus GHEKTHBHOro OTOGpaKeHHS JOCTATOYHO B3ATb KPYTH € OGIIHMM

ueHTpoM O ¥ BHIMOJIHHTL TOMOTETHIO C UeHTPoM O M KO3hD(HLHEHTOM —.
r

1.7. «Omeab F'uavbepmas'. Boo6pasum, 4To rie-1o, B JajJeKOM KOCMOCe, HMeeTCs
FOCTHHHIA, colepKamas 6eCKOHEYHOe YHCJIO OJHHOYHBIX HOMepoB. OfHaX bl B FOCTH-
HHLY NpHexaJs YesIOBEeK H MOnpocuJ cebe oTie bHBI HOMep. [lupekTop HaBeJs crpas-
Ky ¥ y3HaJ, UTO BCe HOMepa 3aHATbH. TeM He MeHee OH CyMeJ BBIIEJUTb TOCTIO OT-

Jle/IbHbLIA HOMep, He BLICEJIMB H3 FOCTHHULBL HH OJHOTO H3 KHJbLOB. Kak 310 eMy yaa-
JIOCb CcJeJiaTh?

C x! d

Puc. 1 Puc. 2

lHNasuaTuab6ept (1862—1943) — HeMmeukuit Matemartuk; ¢ 1895 r. —
npodeccop I'erruHreHckoro yuuBepcuteta. OH nmoayuua QyHAaMeHTaJlbHbBIE Pe3yJib-
TaTbl MOYTH BO BCeX O6GJIaCTSIX MATEMaTHKH: B reOMeTPUH (aKCHOMAaTHUYECKOE H3JIOXe-
HHe reoMeTpuu), anare6Gpe (Teopusi HHBApHAHTOB), aHaJiu3e (TeOpPHs THJAbOEPTOBHIX
MPOCTPAHCTB, HHTErpasibHble YpaBHEHHS), TEOPHH uHcen (pelleHue 3ajauu Bapuura),
MateMaTHueckoil Joruke u ap. lllupoko usBectHnl 23 npobaemsl ['nanbeprta, chpopMy-
JUPOBaHHbIE UM HAa MaTeMaTHueCKOM Kourpecce B [Tapuxe B 1900 r.



JupeKTOp HaMeTH/J CHayajsa GEeCKOHEYHYIO TNOCJel0BaTe1bHOCTb HOMEpPOB A
nepecesieHus. O603HAYHM 3TH HOMEpa Xy, Xy, Xg, .., X, ... . JKHJADbLOB, MPOKHBAIO-
KX B COOTBETCTBYIOIHX HOMepax, 0603HAUYUM Yy, Yo, Yg, «++s Yps -+, a BHOBb IpH-
exaBluiero —y. HOBOro xujablia noMeuialoT B HOMep x;, CTApPOro XHJbLa Yy, nepece-
JISIIOT W3 3TOTO HOMepa B HOMED X, XKUJIbLUA y, H3 HOMEpa Xy NMepecesisioT B HOMep Xg
M T L

}', Y1, y2’ }’3, see

NN\

xl’ x2’ x3, eoe

STOT NpuUMep NokasbiBaeT, KakK, umes 6uekimio f: A — B, MoXHO mo-
cTpouTh Ouekuuio f': A" — B, rpe A" — MHOXKecTBO, noJyueHHoe H3 A
Jo0aBJieHHEM OJIHOTO 3J€eMeHTa.

Mnesa «otens 'mnbbepTa» HepeAKO HUCMOJb3YeTCA AJI YCTAHOBJIEHHS
PaBHOMOIIIHOCTH GeCKOHEUYHBIX MHOXKECTB.

[Tpumep 1.8. Orpesok [a; b] u unrepsan Ja; bl paBHOMOIHEL

JleficTBHTE/IbHO, OTPe30K MoXeT ObITh MOJIyYeH H3 MHTepBaJjia NMyTeM Moouepes-
HOTO NPHCOEAHHEHHS ero KOHLOB.

2. IMNousTHe MowHOCTH MHOXecCTBA. Mbl onpenenunu noHsiTHe pa.-
HOMOLIHOCTH A/51 OGeCKOHEYHBIX MHOXKECTB H PacCMOTPENH NpPHMEpPbI
pPaBHOMOIIHBIX MHOXKeCTB. EcTecTBEHHO BO3HHMKaeT BONPOC, He sBJIS-
IOTCA JIM Bce OeCKOHeUYHble MHOXECTBA PaBHOMOILHBIMH. ¥ O0eaumcs,
YTO 3TO HeE TaK.

Teopema 1.1. Mrnosecmso N namyparsreix wucea u muoscecmeo R
OelicmeumenbHbix 4UCes HE DPABHOMOUYHBL.

IlokaszateabcTBoO. Ilyctb [ — mpousBosbHOE oTOGpaKe-
Hue MHoxectBa N B R. BosbMem Ha uucioBoit npamoi# R o1pesok
A = [0; 1] u pa3obbem ero Ha TpH KOHTPY3IHTHBIX OTpe3Ka. XOTsi Ghl
O/IMH M3 3THX OTPE3KOB He comep:KHUT obpasa uucaa 1. O603HayuM ero
yepe3 A,. Urak, f (1) ¢ A,. Paso6bem oTpe3ok A, cHOBa Ha TPH KOHT-
PY3HTHBIX OTpe3ka H BbibepeM oTpe3ok A,, He copepxkaiuil obpa3sa
yucsa 2

[Ipononkas 3TOT npouecc HeorpaHHYeHHO, NMOJYYHM TaKylo MocJe-
JI0BaTeJNILHOCTb oTpe3koB (A,), uto A, DA, D ... DA, D ... H

f(n) ¢ A,(n € N). Tax kak, mauHa orpeska A, paBHa ?Tlr-l,

.1
a lim 2 = 0, To (A,) — nocnenoBaTe/bHOCTb BJIOXKEHHBIX CTATHBa-

n-»oC
fouxcs  orpe3koB. [losromy cylnecTByer Touka ¢, NpHHaajexallas
BceM oOTpe3kam A, .

Hu ogHo HarypasbHOe YHC/IO n He MOXeT OKa3aTbcsi Mpoobpasom
TOYKH ¢, TaK Kak ¢ NPHHALJIEXHT OTpe3Ky A,, a obpa3 uucia n emy
He MPHHAMJIeXHT. DTO O03HauaeT, uto orobpaxeHue f: N — R He Ouek-
THBHO. [lockosbKy [ -— npousBoabHoe orobpa)keHHe MHOxecTBa N
B R, To Mbl qoKasanu, 4to 3anaTh OHeKTHBHOe oroOpakeHue N Ha R
HEBO3MOXKHO, T. €. MHoXkecTBa N U R HepaBHOMOIIHHI.

Hrak, Mel y6eguauch (u 31oT dakT 6bls1 ONHOH H3 NMPUYHH BO3HUKHO-
BEHHUS TEOPHH MHOXECTB), UTO He Bce GeCKOHeYHble MHOXKECTBa paBHO-
moliHbl. TlocTaBuM B COOTBETCTBHE KaXKJOMYy MHOXKeCTBY A (KOHeuHOMY
MM GECKOHEYHOMY) KJacC, COCTOAINUA 13 BceX PAaBHOMOIIHBIX €My MHO-
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xectB. Tak, HanmpumMep, B OJUH M TOT Ke KJacC MNOMaAyT: MHOMKECTBO
NaJjbleB YeJOBEUYECKOH PYyKH, MHOXKECTBO OYKB B CJIOBE «KHHTa», MHO-
XeCTBO THIIOB NPABUJIbHBIX MHOTOIPDAHHHUKOB (Te€Tpasap, OKTa’ap, HKO-
casap, rekcasap, AOAeKa’3Ap) U MHOrue apyrue. B oauH H3 KjaccoB
MONajyT BCEBO3MOXKHbl€ MHOXECTBa, PABHOMOILIHbIE MHOXKECTBY Hary-
paJbHBIX YHces. B KaKOM-TO U3 KJIaCCOB OKaXKyTCsl BCEBO3MOXKHBIE MHO-
XeCcTBa, PaBHOMOLUHbIE MHOXECTBY JeHCTBHUTEJNBbHBIX YHCea H T. [.

Hapsny ¢ BbIpa)KeHHEM «KJ1acC PaBHOMOLUHBIX MHOXKECTB» YIO-
TPeOJAIOT BbIpaXKeHHe «KJIacC MHOXKEeCTB, MMEIOIIHX OJHHAKOBYIO MOHI-
HOCTb» M 4acTO, BMECTO TOro 4YTOOBI CKa3aTb: «MHOXKECTBO A paBHOMOLL-
HO MHOXecTBY B» (u Hanucatb A ~ B), roBOpSIT: «MOU{HOCTMb MHOdMCE-
cmea A pasna mowyrocmu mHoxcecmsa B» (u nuyT: | A|=| B]). Kaacc
MHOXXECTB, paBHOMOLIHbIX A, MOXHO 33JaThb NyTeM yKa3aHHUS KaKOro-
HUOYyAb «CTaHJAPTHOro» MpEeACTaBUTeNsl 3TOro KJjaacca. Hanpumep,
CpelH MHOXECTB, PaBHOMOLIHbIX KOHEYHOMY MHOXKeCTBY A, eCTb OLHO
M TOJbKO OJHO MHOXxecTBo Bujaa {1, 2 ..., n} (OTpe3oK HATypajJbHOrO
psana yucen). IlockoJbKY 3TO MHOXECTBO OJHO3HAYHO 3aJa€TCA HaTy-
paJbHbIM YHCJIOM 71, TO JJI1 KPAaTKOCTH rOBOPST, YTO MOIIHOCTb A paBHa
n, 1 nuwmyr: |A| = n. CnenoBarenbHo, NMOHATHE MOLIHOCTH — 06006-
LleHHe TIOHSITHS HATYypaJIbHOrO 4YHCJa.

MHoxecTBa, paBHOMOLIHbIE MHOXecTBY N HaTypaJibHBIX YHCeJI, Ha-
sbiBaloT cuemuoimu. 3anuch | A| = | N| o6o3nauaer, uto A — cueTHoe
MHOXKeCTBO. MHOXecTBa, paBHOMOILHLIE MHOXeCTBY R gedcTBUTE/b-
HblX YHCeJ, Ha3biBalOT MHOXeCTBaMH mouwjHocmu xoumunyyma. CooT-
percTByiomas 3anuch UMeet Bua | A| = | R|. Teopema 1.1 o3nauaer,
yto | N| = | R}

3. Ilpy3HakH PaBHOMOLIHOCTH MHOXECTB. EcTecTBeHHBIH cnocob
OTbICKAHHSI MOLIHOCTH JAaHHOro MHoxecTBa A — OTbICKaHHe GHEKTHB-
HOro orobpakeHHsl 3TOr0 MHOXKECTBA HAa «CTAaHAApTHOE» MHOXKECTBO,
ABJISIIOILEECS TPEACTaBUTEJNEM TOrO HJAH HHOTO KJjacCca pPaBHOMOLUHBIX
MHOXKecTB. OJHaKO NOCTpOeHHe KOHKPETHOH OHeKLHH YacTO OKas3blBa-
eTcsi JleJIoM BecbMa CJ0XKHBIM. [loaToMy Bo3HuKaer Bonpoc o6 OTbICKa-
HHY TIPH3HAKOB PABHOMOLIHOCTH MHOXecTB. PaccMoTpuM JBa TaKHX
npu3Haka, yragaHHblXx I'. KaHTopoM, HO JOKa3aHHBIX JHIIb MO3JHEe
®. DBepuiureiinom!.

ByneM roBopuTb, YTO MHOXKECTBO B SIBJISIETCA NPOMENCYMOUHOIM AN
ABYX Apyrux MHoxectB A u C, ec/ii OHO COJEPKUTCH B OJHOM H3 HHUX
H conepxkHuT B cebe npyroe (A > B > ().

Teopema 1.2. (O npomexXyTouHOM MHoOKecTBe.) Ecau Hexomopoe
MHOXCECMBO ABAACMCA NPOMEHCYMOUHOIM 015 08YX DABHOMOUHLIX MHO-
JHecme, mo 6ce Mmpu MHONMCECMBA PABHOMOULHOL.

[Tyctb panbl MHOXKectBa A, B u C, npuueM A D B> Cu 4 ~ C.
Tpebyercsi nokasarb, ut0 A ~ B. Ilpexne uem npoBoguTh AOKasa-
TeJbCTBO B oOleM Buie, pasbepeM KoHKpeTHbifi nmpumep. Ilyctb A —

l®enuxkc BepumwTteitn (1878 —1956) — npodeccop IerTHHreHcKOro

yHusepcutera. Ero HayuHele paGoThl OTHOCATCS K TEOPHH MHOXKECTB, anrebpe, TeOpHH
yHceJ,



KBaapaTr, B — BNHCAHHbIA B HEro Kpyr,
C — KBagpar co CTOPOHAMH, MNapaJJesbHbl-
MH CTOpOHaM KBaapara A, BOMCAHHBLIA B
Kpyr B (puc. 3). Keagparst A n C paBHo-
MOUIHBI, TaK KaK TOMOTETHSl ¢ C LEHTPOM B

1
Toyke O u Ko3bdhHLIHEHTOM 75 oToOpaxKaer

ouekTuBHo A Ha C. IlokaxkeMm, uro A ~ B.
Jlns storo ycraHoBuM Ouekuuio A Ha B.
[Ipu romoreru#t ¢ Kpyr B mnepexoaur B
Puc. 3 Kpyr B;, a kBagpar C — B kBajpar C;. Ta
’K€ TOMOTEeTHS1 NMEPEBOAUT Kpyr B; B Kpyr B,,
a kpagpar C; —B kBaapar C,u T. 1. Mbl uMeeM nocJjieJoOBaTeIbHOCTD
KpyrobB B > B, ©> ... © B, D ... 4 Noc/lef0BaTeNbHOCTb KBaJpaToB
ADC>o(C>o..oC, ... ¢ obmum uentpom O. Ham Hajo
otro6pa3uTh KBaapar A Ha Kpyr B. Bocnosabsyemcs ujeeit «oresns ['niib-
Gepra» (cM. npumep 1.7). Bosbmem «iMIIHHE» yroaku kKBaapara A
(Ha pHCYHKe 3 OHM 3alUTPUXOBAHblI) H OTOOPa3HM HX C MOMOLLbIO FOMO-
TETUH (p HA COOTBETCTBYIOLIHE MM yroakdH kBaapara C. UToObl OCBO-
O60AUTHL UM MECTO, C MOMOIIEI0 TOH K€ rOMOTeTHH OTOOpasuM YTrOJKH
KBazapara C Ha yrojiku kBajaparta C; ¥ T. 1. Tak KaKk MHO>KeCTBO KBajpa-
TOB OECKOHEUYHO, BCEM YyroJIKaM Haiaercss MecTo. TOYKH e, NpHUHaA-
Jiexxalye He3alTPUXOBaHHBIM KPYroBbIM cermMeHtram, H Toduky O ocra-

BUM HenojBUXKHbIMH. OueBHIHO, NpPH 3TOM MOJYyyaeTcsl OHEKTHBHOE
orobpaxenre A Ha B.

B ciyuyae npousBonbHbIX MHOXKecTB A, B, C J10Ka3aTenbCTBO TEO-
peMbl 1.2 MeHee HarssgHo.

JlokasateanbcTBO TeopeMb. Ecmu A = B, To Teo-
peMa TpHBHAJbHA.

[lycte A 5= B. U3 ycnoBusi TeopeMbl BbITEKAeT, YTO CYLIECTBYET
ouekuus T: A — C. Ilnsa moboro x € A ero ob6pa3s x' = T (x) npu-
HagexXuT C U, CJeJoBaTeNbHO, NPHHAANEXHT MHOxKecTBY A. Ilostomy
MOXKHO Ha#Tu o6pa3 anemeHTa x npu orobpaxkenuu T: x" = T (x') =
= T (T (x)). TlonatHo, uto x" € A. DnemeHT x" o003HAUYUM uepes
T2 (x). Ananoruuno yepes T3 (x) oGo3HauuMm obGpa3 3/eMeHTa T_2 (x),
U, BooOule, uepes T" (x) (n = 2, 3, ...) — obpa3 saemenra 7'~ ! (x).
Kaxapii U3 snemeHtoB T (x) Ha30BeM HacAeOHUKOM IJIEMEHTA X.

YcnoBuMcs pagd KpPaTKOCTH 3jeMeHT y € A HasblBaTb 4epHbiM, €C-
JIU OH mpHHannexuT A \ B uau siBagercs HacaeJHUKOM KaKoro-jiHbo
snementa U3 A \ B. MHOXeCTBO uepHBLIX 3/JIEMEHTOB He IYCTO, TakK
Kak A 5= B. O6pa3 T (x) uepHOro 3/7€MeHTa X YepeH, TaK KaK €ClH X —
HacaelHHUK syemeHTa a i3 A \ B, To x = T" (@) npu Hekotopom n € N.
Atorna T (x) = T (T" (a)) = T"** (a), u notomy T (x) ToXKE Hac.Jex-
HHK 3JeMeHTa a U3 A \_B.

Bce ocrasbHble 3jieMeHThl MHOXecTBa A OyjeM Ha3blBaTb Oeabimu.
TakuM o6pa3oM, MHOXKecTBO A pa3bUTO Ha [Ba HenepeceKarolyxcs
Kjaacca — OeJIbIX U YEPHBIX 3/IEMEHTOB,

10



ConocraBuM Temepb KaxkaoMmy ajemeHTy X € A anemeHT [ (x) mo
CJAEAYIOILEMY IIPaBHJY:
_ fx, ecnu x GenblH,
[(x) = ,
T (x), ecau x 4epHBIH.

D10 mpaBuJo 3anaer otobpaxkeHue A B B. JIeHCTBUTENbHO, NYCTh
x € A. Ecau snemeHT x Gesniil, To x € B, Tak kak x ¢ A \ B. Ho
[ (x) = x u, crenoeatenbHO, [ (x) Takxke npuHamaexur B. Ecau sge-
MeHT X 4yepHblil, To f (x) = T (x), a T (x) € C (tak Kak T — oTtobpaxe-
Hue A B C). Ho, nockonbky C < B, 10 f () € B.

OueBuaHo, uto oroOpaxenue [: A — B GuekruBho. [

Teopema 1.3. (Ilpusnak Kauntopa — bepHiureiina). Ecau xascdoe
U3 08Yx OQHHbLX MHONECME PABHOMOWHO Yacmu 0pYyeaoeo, mo OaHHble MHO-
HECMBA  PABHOMOULHYL.

Muauye roeopsi, ecik A D A, ~B u BoD B, ~ A, to A~ B.

HokaszarteabcTBo. Tak kak B ~ A, To cymecTByer GHeK-
uus f: B— A,. O6o3Haunm uyepe3s A, ob6pa3 MHOxkKecTBa B; npH 3TOM
otobpaxkenud. Torpa cyxenue [ Ha B, sBasiercs Ouekuuedt B, Ha A,
(puc. 4). Ilostomy A, ~B;, a 370 B CUJy TPAaH3UTHBHOCTH OTHOIIEHHS
pPaBHOMOLIHOCTH o3HauaeT, 4to A, ~ A. Ho nockoneky 4, < A, < A,
To no npeapiayuiel teopeme A ~ A,; a Tak Kak o ycjaoBuio B ~ A,
TO OTCloja H BhITekaet, uTo A ~ B. |}

[Tpumepn. 1.9. Jlio6oit untepBan A u mwo6oii 0Tpe3ok B uucaoBoii npsamoi
PaBHOMOIIHBI.

B camoM Jene, KaxAbli OTPE30K COJEPIKHT HEKOTOPbIi HHTEpBaJ, a KaxIbii
HHTEepBa/l — HEKOTOpbIH OTpe3oK. Tak kKak Bce OTpPe3KH, TaK Ke KakK H Bce MHTepBa-
JIbl, PaBHOMOILHHI, TO, 110 TeopeMe KaHtopa — DbepHuurteitna, A ~ B.

1.10. Jlwo6oii kpyr A paBHOMOIEH J1O60MY KBaaparty B.

JleAcTBHTENbHO, PAaCCMOTPUM HEKOTOpHIH KBaapaT A; C A U HEKOTOpPHIH KpyT
B, — B. B npumepe 1.6 nokasano, yto A ~ B;. TeM e cmoco60M MOXHO NOKa3aTh,
yto B ~ A,. Tlostomy A ~ B.

4. Cpasuenne mouiHocted. Ilyctb A u B — nBa mHoxectBa. Ecau
3TH MHOX€CTBA KOHEUHBI, TO Mbl MOXKeM He TOJIbKO y3HaTb, PABHOMOILHbI
JIU 3TH MHOXKECTBA, HO, B C/Jyyae UX HEPABHOMOIIHOCTH, H ONPEAE/NHTb,
B KaKOM M3 HUX OoJibllle 371€MEeHTOB.

I KOHEUHBIX MHOXXKECTB MOILHOCTb COOCTBEHHOro MOJAMHOXKECTBa
MEHbLIEe MOLLHOCTH BCEro MHoOxecTBa. I1o3ToMy MOKHO yTBepXKaarb, UTO
KOHEUHOe MHOXKeCTBO A HMeeT MEeHbIYI MOIIHOCTb, YeM KOHEeUHOe MHO-
x)ecTBo B, eciu A ~ B, < B, rne B, = B. 310 onpejeneHyue Henb3si
ME€XaHHUYeCKH TNepeHecTH Ha 6GecKOHeuHble MHOXKECTBa, TNOCKOJIbKY sl
HUX COOCTBEHHOE IMOJMHOXECTBO MOKET OKa-
3aTbCsl PABHOMOIIHBLIM BCEMY MHOKECTBY
(Hanpumep, otpesku la: bl u la; cl, rne
a < b < ¢, paBHOMOIIHBI). M3MeHHM JaHHOe
BhILLIE OlpefeseHrue CcJaeAyrmuM o6pasoM:

Oy/leM TOBOPUTb, UTO MOULHOCHS MHOMCECMBA
A He npesocxoOum AOWHOCU MHOXCECMEQ
B (MOLIHOCTb MHOXKeCTBA B He MeHbille MOIIL-
HOCTH MHOxectBa A), ecan A paBHOMOIIHO
KaKoMy-HUOyab noamHoxkecTBYy B, us B. B Puc. 4
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stoM cayuae nuiyT: | A| << | B (nau
| Bl > |Al). Ecinxe| 4| < | Bj, a
MHOXKecTBAa A U B He paBHOMOLIHHI,
TO OyleM T[OBODHUTb, YTO MOULHOCMb
MmHoxMcecmea A MeHbue mouHocmu
nromecmeéa B, wn nucatb: |A| <
< |B|. HHbMu craoBamu, O6ynem
cuyutath, uYro |A| <|B|, ecan:

Puc. 5§ 1) A u B HepaBHOMOIHEI; 2) A paBHO-

MOIILHO HEKOTOpOH Yactu B.

B cnyuae koneunblx MHOXecTB cooTHoweHusi |4 | < |B| u | B| K
< | A| Baekyr 3a co6oit paseHctBo | A| = | B|. Kak cnegyer us teo-
pembi KaHtopa — bepHuitefina, aHa/OrHYHOE YyTBEpXKIEHHE BEPHO U
B CJlyyae NPOH3BOJBbHBIX MHOXECTB.

[lokaxkeM, YTO OTHOLIEHHE «MOLIHOCTH A He NMPEeBOCXOAHT MOIIHOCTH
B» tpansuruBHo, T.e.utou3|A| < | B| v | B| < |C| crenyer: |4 | K
< |CI

B camom mene, mo yc/oBHIO, CYIIECTBYIOT NOAMHOXKecTBa B, — B
HC, <C,rtakue, uto A ~ B, u B ~ C,. Tak kak B; < B, 10 B, paB-
HOMOIIHO noaMHoxectBy C, < C (puc. 5). Ho torna A ~ C, =C
u noromy |A| < |C).

M3 noka3aHHOrO BHITEKAeT, UYTO «<» — OMHOWIEHUE Hecmpo2o2o
nopfaoka, T. €., YTO OHO ped/IEeKCUBHO, AHTHCHMMETPHYHO M TpPaH3H-
THBHO.

Ilpy cpaBHeHHH MOIIHOCTEH TMOJIE3HO CJEAYIOlllee VTBepXKIeHHe:

Teopema 1.4. Ecau cyuwjecmsyem  CropveKmusHoe  omobpasiceHue
f+ A— B, mo | Bl < |A]|.

HokasateabcTBO. IlycTb b — NpoOH3BOJNBHBIA 3j1€MEHT
n3 B. Tak kak f — clopbvekuus, To y sjJeMeHTa b cyiecTByer, 1o Kpai-
Hel Mepe, oiaHH mpoobpa3 a € A. BosbMem jaas kaxnporo b € B mno
oflHOMYy mnpoo6pa3y U 0603HayuM uepe3 A; NMosyuyeHHOE NOAMHOKECTBO
B A. Torna B~ A; < A u notomy |B| < |4|. R

[Tpumep 1.11. MomHOCTh MHOXECTBA TOYEK OKPYKHOCTH He MeHbllle MOLIl-
HOCTH MHOKECTBA TOUEK ee JHaMeTpa.

B camoMm jaene, nyctb A — OKpYXHOCTb, B — ee anamerp. ComocTaBHM KaxaOH
TOYKE OKPYKHOCTH e¢ OPTOTOHAJIbHYIO NMpoeKUHio Ha B. Tak Kak 310 oto6paxkeHHe
CIOpBbEKTHBHO, TO J0Ka3biBaeMoe yTBepiKIeHHe HCTHHHO.

BaxkueifimiumMuy 6ecKOHeYHHIMH MHoOxKecTBaMH aBJasdiorcs N u R. B

caelyOIKUX naparpadax Mbl JaAuM YCJAOBHSI PABHOMOLUHOCTH MHOXKe-
ctBa MHOxkecTBY N uau R

BOITPOCHI OJis1 CAMOITPOBEPKH

1. Kakue oro6paxKeHHs Ha3bIBalOTCA: a) CIOPBHEKTHBHBIMH, 6) HHBLEKTHBHBLIMH,
B) OGHeKTHBHBIMHU? [lpuBequTe npuMepsl BceX TPeX BHIOB OTOOpaKeHHH.

2. Ila#ite onpeznesieHHe PaBHOMOIIHBIX MHOXECTB.

3. CyulecTByeT Jii MHOXECTBO, PaBHOMOLIHOE MHOMKECTBY HaTypaJibHBIX 4HCeJ,
HO fiBJSIOIeeCs] er0 COGCTBEHHBIM MOJAMHOXXECTBOM?P
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4. Tlepeuncnaute cBoficTBa GHeKTHBHBIX oToGpaxeHuil. Kakne cBoficTBa oTHOMIe-
HHSA PAaBHOMOIIHOCTH BLITEKAIOT U3 HUXP

5. CyulectByer /i1 6eCKOHEYHOE MHOXKECTBO, HepaBHOMOIIHOe MHOXeCTBy HaTy-
pasIbHBIX YHCeJ?

6. BepHo JsiH, 4TO MOLIHOCTb JIO60r0 CO6CTBEHHOrO MOAMHOXKECTBA MeHbllle MOIIl-
HOCTH BCEro MHOKecTBa?

7. ChpopmyanpyiTe TeopeMy O NPOMEXYTOYHOM MHOXKecTBe. ['le B J0OKa3aTeJb-
CTBe 3TOH TeopeMbl HCHoJb3yeTcsi ycqaoBue: A D B D C?

8. Hokaxurte, 4To oTO6paxkeHue f, onpeneseHHOe NPH JOKA3aTeNbCTBE TEOPEMBI O
NPOMEKYTOYHOM MHOXKecTBe, siBJsieTcst 6ueKTHBHBIM. IlosichuTte, mouemy f (A) = B u
oYeMy KaKJOMY 3JileMeHTY H3 B cOOTBeTCTBYeT JIMillb OIMH 3JIeMEHT H3 A.

9. JokaxuTe, 4TO TOUEK Ha NMPAMOH He MeHblUe, YeM Ha OKPYy:KHOCTH.

YITPA)KHEHHS
§ 1. Ne 13, 6—18, 2123, 36, 37, 54.

§ 2. CYETHBIE MHO)KECTBA

Kak Obl10 onpenesieHO BhIIE, CUETHBIM MHOXKECTBOM HJIH MHOXKe-
CTBOM CYETHOH MOUIHOCTH HA3BbIBAIOT J1060€ MHOXKECTBO S, paBHOMOIIL-
HO€ MHOXKECTBY HaTypaJjbHbIX uucesq N. D10 03HayaeT CYLECTBOBaHHE
ouekuuu f: N — S. Ecau o6o3Hauntb 06pas uncsa n npH 3108 GHEKLHH
uepe3 Xx,, TO MOJYYHM HyMepalHIO 3/IeMEHTOB CYETHOrO MHOKecTBa S,
MpH KOTOPOH OYNyT HCMOJNb30BaHbl BCE HOMEPA H KaXKJIOMY 3JIEMEHTY
u3 S OYZeT NoCTaBJIEH B COOTBETCTBHE JIUILb OAHH HOMEP.

[Tpumepsn. 2.1. MHOXecTBO TOYUHBIX KBaJpaTOB HATypaJIbHBIX YHCEJ CYET-
HO, TaK KaK YHCJY n? MOKHO CONOCTaBHTb HOMED f.

2.2. MHoxecTBO Z LeJIBIX YHCEN CUETHO.
JleAcTBHTE/NIbHO, conocTaBUM yHcay O Homep 1, uucay 1 Homep 2, uncay —1 Ho-

mep 3, uucay 2 HoMep 4, uncay —2 HoMep 5 M T. 4. Urtak, MHOXecTBO Z 3aHyMepOBa-
HO; CJIeJIoBaTeJIbHO, OHO CYETHO.

2.3. MHOXecTBO Q pallHOHAJbHBIX YHCEJ CUYETHO.
JefcTBUTENbHO, J1I060H 3/1eMEHT MHOXKecTBa Q MOXKHO 3anucaTh B BHAe HecoKpa-

m

THMOH ApOG6H - (m €Z, n € N). [TosToMy, eciiH HOKa3aTb, YTO CYETHO MHOMKECTBO

TakuX JpoGefl, TO TeM caMbIM GyJeT JoKa3aHa H cueTHocTb Q. M306pasum kaxayio He-
m

COKPaTHMYIO Ap0o6b " TOUKO#M (m; n) Ha KoOpAHHATHON myocKocTH. Touke (0; 1) cono-

craBuM Homep 1, Touke (1; 1) — Homep 2, Touke (1; 2) — Homep 3 K T. A. DO Mapwpy-
Ty, YKa3aHHOMy Ha pucynke 6. [loc-
KOJIbKY Mbl 3aHyMepOBaJIH BCE OTMEYeH-
Hble TOYKH, TO H BCE HeCOKpaTHMble Apo-
6u — a cJsiefoBaTeIbHO, H BCe pallHo-
HaJlbHble YHCJa — OKasajHCh 3aHyMe-
POBaHHBIMH.

Ha ocobyio poap cueTHHIX
MHOKECTB Cpelu Bcex OecKoHeu-
HbIX MHOX>KECTB YyKashIBaeT cJjie-
Aywolas Teopema:

Teopema 2.1. Bo ecakom 6ec-
KOHeYHOM mHONcecmee B umeemcsa X
cuemnoe nodmHoxcecmso S. Puc. 6
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IIpyruMu CJIOBaMH, CHEMHAS MOU{HOCMb — HaumeHbwias u3 6ecko-
HeuHbIX MoujHocmel.

JJokaszaTteabcTBO. Bribepem B B oauH 31eMeHT — 3T0
MOXKHO clies1aTh, TaK KakK B 0GeCKOHeYHO H, CJeJoBaTe/bHO, HEMYCTO;
o0o3HauuM ero yepes x;. Tak kKak B OGeckoneuno, To B \ {x;} Toxke
HenycTo. BribepeM B 3TOM MHOXKeCTBe KaKOH-HHOVIb 3JeMeHT H o06o-
3HAauuM ero yepes x,. Ilocse 3toro BuibepeM 3/ieMEHT Xz BO MHOKECTBE
B\ {xy, x3}, u T. 1. B pe3yabrare Mbl HaxoQuM BO MHOXecTBe B nox-
MHOXKECTBO 3aHYMEPOBAHHBIX 3JE€MEHTOB S = {X;, X,, X3, ...}, T. €.
cueTHoe mnoaMHoxkecTBo. CiefoBaTesNbHO, IJs JO60ro 6GeCKOHEYHOTo
MHOXecTBa B cnpaBeanuBo cootHoiuenue | Bl > |[N|. B

OcTaHOBHMCS Ha HEKOTOPbIX TMPH3HAKaX CYETHOCTH MHOMKECTB.

Teopema 2.2. Bcakoe b6eckoHeuHoe nodmHoxcecmeo B cuemnozo mHo-
acecmea S CHemHo.

JHokaszaTeabcTBO. Tak Kak S cyeTHO, TO €ro 3JeMEHTH
MOXXHO 3aHymepoBaTb. [Ipu 3TOM 3aHymMepoOBaHHBIMH OKasaJiHCh H 3Je-
MEHTBI NOAMHOXKecTBa B. Pacnosoxum sneMeHTh U3 B B nopsiike BO3-
pacTaHusi HX HOMEPOB M 3aTeM IlepeHyMepyeM HX C MOMOILbI0 YHCeJ
1, 2, 3,... 3nauut, B cuerHo. |}

M3 3TOli Teopemb!, B UYACTHOCTH, CJeAyeT, UYTO At0b60e OecKOHeuHoe
noomnosxcecmso mrooscecmsa N cuemno. Hanpumep, cueTHbl MHOXKeCTBa
4EeTHBIX YHCEJI, IPOCThIX YHCeJl, TOUHbIX KBaJPaToB, TOUHBIX KYOOB H T. .

Teopema 2.3. Beckorneuroe mHosxcecmseo B cuemno, ecau cyuiecmeyem
cropvekyus [ xaxkoeo-nubyds cuemnoeo mHoxcecmsa S Ha B.

JokaszateabcTBoO. He tepsas obuiHOCTH, MOXKHO CUMTAaTh,
yto S = N. IloaHbIM npoo6pa3om sio6oro snemenTa b € B sBasercs: He-
KOTOpoe MHoxKecTBO [~ (b) HaTypa/sibHBIX uhcen. B 3ToM MHOXKecTBe
eCTb HauMeHblllee YHCJI0, KOTOopoe Mbl 0003HAuuM n,. MHOXeCTBO
{n,| b € B} siBnsercsi OGeCKOHEYHBIM NOAMHOXKeCTBOM B N M mnoromy

cueTHo. IloCKOJIBKY COOTBeTCTBHE b <> 1, B3aMMHO OJH03HAuyHO, TO
H B cuetHo. I}

[Tpumep 2.4, Jlio6oe 6GeckoHeyHOe MHOXKecTBO D mnomnapHO HernepeceKaioOlHX-
Csl HHTepBAaJIOB Ha MpPSIMOH CYETHO.

JleiicTBUTENbHO, NYycTb Q' — MHOXKECTBO TeX pPalHOHAJbHBIX YHCeJ, KOTOphle
npuHansexar uHTepBanaM MHoxectBa D. Tak kak Q' < Q, a Q cueTHO (cM. mpuMep
2.3) 1 Q' Geckoneuno, To Q' cuetHo (cM. Teopemy 2.2). KaxioMmy pauHoHaJbHOMY
yhpcay 3 Q' comocTaBHM colepiKamui ero uHTepBas U3 D. JTUM 3afaeTcs CIOpbek-

THBHOe oTo6pakeHne MHoxKecTBa Q' Ha D. Tak kak MHoxecTBo D 6eCKOHEYHO, TO IO
TeopeMe 2.3 OHO CYeTHO.

Teopema 2.4. Mwuoocecmso K 6ce803moscHbix Kopmescelt, cocmasaen-
HbIX U3 HAMYPAAbHBIX HUCEN, CHEMHO.

HJoxasaTeuabcTBo. OGosHauum yepe3 P mHOxkecTBO {p;, ...
eees Ppy ...} TIPOCTBIX YHCEJ, PACHOJIOKEHHBIX B NOpPSJAKE BO3pacTaHHA
(p, = 2, p, = 3, p; = 5 u 1. 8.). Kaxxaomy KopTexy (n,, fg, ..., 1)

P

1 Kopmesx — 3TO KOHEUHas IOCJel0BaTesJbHOCTb. JIBa KopTexa (ny, Ny, ..., ny)
H (M, My, ..., Mp) CYHTAIOTCA COBNAJAIOLIUMH, €CJIH R = S ¥ n, = m, npH Jo6oM p.
B npoTHBHOM cjiyyae KOpPTeXH CYHTAIOTCSI PA3JIMUHBIMH, MpHYEM TOrAa MHUIYT:
(nly eevy ns) 7= (mh ooy mk)‘
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HaTypa/bHBIX YHCEJ MOCTaBUM B COOTBETCTBHE HATypasjbHOE YUCJIO Q@ ==
= pi* p3* ... pr*. Hanpumep, xoprexy (2, 4, 3) conocrapJjsercs
ypcso 223%5° = 40500. B cuny TeopeMbl 0 €JHHCTBEHHOCTH Pa3J/IOKeHHUS
yyceJ Ha IPOCThble MHOXXHTEIH, Pa3/IHUYHbBIM KOPTEXKaM COOTBETCTBYIOT
pa3/iMYHble HaATypaJibHbE YUCAA: €CAH (A, ..., Np) 7= (My, ..., M),
TO pit...pk = pTt... pss.

Mbl mocTpounau, TakuMm o6pa3oM, B3aHMHO OJHO3HauyHoe oTobpake-
Hue [ MHOxecTBa K Ha 6GecKoHeuHoe MOJAMHOXecTBO A HaFypalsibHbIX
yuces. Tak Kak A cuerHo, To0 U K cuetHo. |}

Teopema 2.5. /[lexapmogo npousse0eHue’ KOHEUHO20 HYUCAQ CHEMHbIX
MHOXMCECMB CHEMHO.

HJokasateanbcTBo. Ilyctb mHOXecTBa A4, ..., A, CUECTHBHL.
Torma ux sneMeHTbl MOXKHO NepeHyMepoBaTh:

Al = {all’ 012, ese g aln, .o.},

A, = {1 Ao v s Apps oo}
JlexapToBo npousBeneHne A = A; X ... X A, cOCTOMT U3 KoOpTe-
XKeH (in,s ..oy @mn_), COMOCTABHB TAaKOMY KOPTEXKY KOPTEX H3 HaTy-

paJIbHBIX uHcea (A, ..., f,,), noayuum 6uekuuo f: A — K, tne K; —
GeckoHeuHast yacTb MHoxecTBa K (cM. TeopeMy 2.4). A Tak Kak K —
no teopeme 2.4 — cuetHo, T0 H A cuerHo. [}

[Ipumep 2.5. MHOxXecTBO M 1leA0OUHCJIEHHBEIX Y3JI0B Ha NJIOCKOCTH (T. €. TO-
YEeK C ABYyMs LE€JOYHCJIEHHBIMH KOOpH,HHaTaMH) CUYETHO.

B camom mene, M = Z X Z, npuueM MHOXecTBO Z cueTHO (CM. npumep 2.2);
B CHJy TeopeMbl 2.5 MHOXecTBO M TOxKe CUeTHO.

Teopema 2.6. O6veduHeHue KOHEUHOU uau CHemHOU CO80KYnHoCcmu
CUCMHbLX MHONMCECMB CHEMHO.
JlokaszateabcTtBo. [lyctb A = | Ax, rne Bce A, — cuer-
k

Hble MHOXKecTBa. JloKasaTeabCTBO JOCTATOYHO NnpoBeCTH s CJjayudas,
KorJla COBOKYITHOCTb oO6beHHSAEeMbIX MHOXKECTB CYeTHa. EcJin oHa KOoHeu-

n
Ha, T. e. A = |JA,, TO, JONOJHHUB 3Ty COBOKYMHOCTb MHOXKECTBaMH
k=1

A, A,igs .., PaBHBIMH, Hanpumep, A;, NOJYYHUM CUYETHYIO COBOKYII-
HOCTb MHOXKECTB C TeM ke oObeqHHeHHeM A

[lepenymepyem cHayasa obbenuHsiemble MHoxecTBa (A4,, A, ...
ey A, , ...), @ IOTOM — 3JIEMEHTBI KaXXJOTO U3 MHOXKECTB A, ..., 4, , ...:

Al — {au, see g alm, ...},

A, ={au1, s Ay +oo}y

MuoxectBo N2> = N X N cuerHo B cuny teopemsl 2.5. ConocraBum
a/eMeHTy (p, q) u3 N? sjemeHt a,, u3 A, T. €. 3/IEMEHT C HOMEPOM ¢

1 Hanomuum, uto dexapmosoim npoussederuem A; X Aq X ... X A, Ha3blBaer-
Cs1 MHOXKECTBO, COCTOSsIlee U3 BCEBO3MOXKHEIX KopTexed (@, as, +.., Apy), TAC @, € Ay,

aq E Az, veny amE Am.
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u3 MHoxkecTBa A, . Tak Kak moGo# 3eMeHT a € A NPUHALJIEKHT XOTS
Obl ONHOMY M3 MHOXECTB A, H HMeeT B HeM ONpeje/eHHbI HOMeEp g,

TO MBI 3ajia/ik clopbekimo f: N2 — A, a 3to B cuay TeopeMnl 2.3 03Ha-
yaet, yto A cyerHo. |

[Tpumep 2.6. IlpuBeseM apyroe m0Ka3aTeJqbCTBO CUETHOCTH MHOXecTBa Q
pallHOHAJBbHBIX 4HCes (CM. npumep 2.3).

~r m
MuoxectBo Q Bcex npobeit — (m € Z, n € N) MOXKHO NMpeACTaBHTb B BHAE
n

~/ (o o]
Q=UQn
n=|\
rae Q, — MHOXecTBO Apobed co SsHaMeHaTeseM n. Tak Kak Kaxaoe MHOXecTBOo Q,,
OYeBHJHO, PAaBHOMOLIHO MHOXECTBY LeJbiX yHces, T0 Q, cueTHO, a Torja mno Teopeme

~~
2.6 cuetHo ¥ Q. Otciona, B cHJAy TeopeMbl 2.2, BHITEKaeT, YTO CYETHO H MHOXKECTBO He-
COKpaTHMHIX ApoGed, T. e. Q.

Teopema 2.7. O6vedunenue cuemHou COBOKYNHOCMU KOHEYHbIX MHO-
HECM8 KOHEYHO UAU CHEMHO.

o0
JoxkxasateabctBo. [lyctb A = |JA,, rae Bce Ar KOHEYHHI.
k=1
MuoxkectBo A MoXeT oKasaTbCsl KOHeYHBIM (Hampumep, ecii Bce Ar

COBMAJAlOT JPYyr C APYrOM).

Paccmorpum Tenepb cayuail, Korga A GeckoHeuHo. Ilyctb A, ume-
eT n, 3j1eMeHTOB. J106aBHB K HeMY BCe€ HaTypaJbHble uHcsa, O0nbluue,

o0
yeM n, , NOJYy4YHUM CUETHOE MHOXecTBO B, . MHOXecTBO B=kU B, cuer-
=1
HO B cHJy TeopeMbl 2.6. A Tak Kak A < B u A 6ecKOHEeYHO, TO ero cyer-
HOCTb cneayer U3 teopembl 2.2. |
[Ipu HaxoXaeHHMHM MOLIHOCTEH OECKOHEYHBIX MHOXKECTB I0JIe€3HbI
clefylolne ABe TeOPEMBI:
Teopema 2.8. Mowrocme beckoneuroeo mroxcecmea B He usmenumes,
eCAU K Hemly npucoeOuHuUmb CHemHOe UAU KOHEMHOe MHOXMCECmseo S.
JJokasateanbcTBO. He Tepas oOIIHOCTH, MOXHO CUHTATh,
yro B | S = <. CornacHo Teopeme 2.1, MHOXkKeCTBO B MOXKHO npen-
cTaBuTh B Bujge B = S; |J B;, rae S§; — cuerHoe MHOxkecTBO. Torzaa
(N0 CBOMCTBY acCOUMATHBHOCTH omnepauuH OO0LEAHHEHHS MHOXKECTB)
SUB=S U S,) U By. Tak kak S |J S, — cueTHOe MHOX€eCTBO,
To cymectByer Ouekuusa f: S | S, — S;. 3Hauut, orobGpaxkeHue ¢,
onpenessieMoe GopMyJioH

__[[(x), ectm x€SUS,,
(p(x)-—{ X, ecaH x € B,, 1

fBJsieTcsl OueKuuwei MHoxkectBa B |J S Ha MHoxectBo B. Orciona
u caenyer, uro B U S~ B. B

MNpumep 2.7. Unrepan la; bl u npomexyTok la; b] paBHOMOLLHBL
HeficTBHTeIbHO, POMEXYTOK ]a; b] mosnyuaetcs u3 untepBana la; b[ no6aBnenu-

eM OJHOII TOYKH, & NOTOMY €ro MOILHOCTb paBHa MOLIHOCTH HHTEpPBaJa B CHJY Teope-
Ml 2.8.
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BeckoHeyHoe MHOXKECTBO, He SIBJSIOLIEECS] CUETHHIM, HAa3bIBalOT He-
CHEIMHObLM.

Teopema 2.9. Mowrocme Hecuemnozo muoxcecmea M ne usmenumes,
ecau u3 Hezo yoasumes CHemHoe UAU KOHEYHOe MHOMECmeo S.

JlokasateabcTso. IlpencraBum M B Bune M = (M\ S) U
U S. Tak kak M HecuetHo, TOo M\ S OeCKOHeuHO, H MOITOMYy B
CHUJy TeopeMbl 2.8

M\ S| =M\ S) U S|=|M|

[Ipumep 2.8. MHOXKECTBO HppalHOHAJbHHIX 4HceJ | paBHOMOILHO MHOXKe-
CTBY JleACTBHTeJNbHHIX 4ucesa R.

HefictButenbio, 1 = R\ Q, rie Q — MHOXKecTBO pallHOHAJbHHIX YHCeNd. A
TaK Kak Q cueTHO, a R HecueTHO, TO no Teopeme 2.9 noayuaem: | 1| = | R}

Teopema 2.10. Mmuoocecmso A ascebpauueckux 4ucen cuemo.

JJlokasaTteabcTBO. Anre6paHueckue YHCJIA — 3TO KOPHH
MHOTOYJIEHOB (CTeNneHH He HHUXKe MepBOH) C LeJbIMH KO3pdHLHEHTaMH.
[Iycte M — MHOXeECTBO BceX TakKMX MHOrousieHoB, a M, — MHoOxKe-
CTBO T€X M3 HHX, KOTOpble HMelOT GHKCHPGBaHHYIO cTeneHb n. Muoro-
yleHy a, x" + ... + a;x + a, (a, 5 0) u3 MHOXecTBa M, conocraBuM
KoprexX ero KosdduuuenTos (a,, ..., @;, Q). D10 onpeaensier OHEKTUB-
Hoe oToOpa)keHue MHOxKectBa M, Ha wMHoxectBo T = (Z\ {0}) X
X Z". Tak Kak Z cuerHo (cM. npumep 2.2), o u Z\ {0} cueTHO (cM.
TeopeMy 2.2), a notoMy (B cHJy TeopeMbl 2.5) T TOxe CUETHO. 3HAUHT,
M, cuetHo.

[lockonbky M = OCJM,,, TO B cuay TeopeMul 2.6 u M cuerso. Ho
n=1

B TAKOM cJlyyae MHOXKecTBO A mnpejcrap/sieT coboil oObeaHHEHHE CYeT-
HOro CeMeHCTBa KOHEUHbIX MHOXecCTB (KaXKIbl# MHOrOYJIEH HMeeT Ko-
HeYyHOoe YHCJIO JeHCTBHUTEJbHbIX KOpHeH). A Tak Kak A, oueBujHoO, Oec-
KOHEYHO, TO, B CHay TeopeMnbl 2.7, oHO cueTHO. [l

BOITPOCDBI 4Jij1 CAMOITPOBEPKH

1. Kakne MHOXKecTBa Ha3niBaloTca cueTHhIMH? IlpuBeauTe npuMephl CUYETHBIX
MHOXECTB.

2. TloueMy CYeTHO MHOXKECTBO MHOIOYJIEHOB CTENEHH N C PallHOHANbHBIMH K03(¢-
(HIHEHTAMH?

3. ChopmysupyATe NpH3HAKH CYETHOCTH MHOXKECTBA.

4. I'me B JoKa3aTesbCTBe TeOpeMbl 2.4 HCMOJb30BAHA NPOCTOTA YHCEJN Py, Pay «ov)y
Pms---? [ToueMy nocTpoeHHOe B 3TOM JOKa3aTeJbCTBe COOTBETCTBHE [ pa3/IHYHBIM KOpTe-
XKaM CONOCTaBJsieT pa3jiHuHble HaTypaJbHbie 4Hcaa? Haiaute o6pasnl Koprexeil
(2,1,3) u (4, 1, 5) npx 3TOM COOTBETCTBHH. Y KaxKHTe€ HECKOJbKO HAaTypaJbHbLIX YH-
cesi, KoTophie npH oto6paxeHuHu f: K — N He uMeloT npoo6pa3os.

5. Moxer s o6belHHeHHe CYETHOM COBOKYMHOCTH KOHEYHHIX MHOXECTB OLITb
KOHEYHbIM MHOX<eCTBOM?

6. Moxer sau o6befiHHEHHe KOHEYHOH COBOKYMHOCTH CYETHBIX MHOXECTB ObITh
KOHEYHbIM MHOXEeCTBOM?

7. JlokaxuTe, 4TO BCAKOe GeCKOHEYHOE MHOXKECTBO PaBHOMOILLHO HEKOTOPOMY
CBoeMy COGCTBEHHOMY NOJAMHOXECTBY.

YITPA)KHEHHS]
§ 1. Ne 26, 64, 80—81, 83, 105, 119—120,
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§ 3. MHO)KECTBA MOWHOCTH KOHTHHYYMA

MHuoxectBo R HaswbBawoT uucaosoum xonmunyymom. Ilostomy mro-
HCECMBOM MOULHOCMU KOHMUHYYMQ HA3BIBAIOT Ka»J0€ MHOXKECTBO, paB-
HOMOLUHOE MHOXKECTBY A€HCTBHTeNibHBIX YHcea R. B § 1 Mbl nokasaay,
yTo R HepaBHoMouHO N. A Tak kak R © N, 1o | R|>| N|, 1. e. mow-
HOCMb KOHMuUHYyyma 60abuie CHemHou.

[Tpumepn. 3.1. [lpoussosnbHble vrpe3ok, HHTEpBaJ, NOJYOTKPHITHIH MpoMe-
KYTOK UMEIOT MOLUHOCTb KOHTHHYyMa (cM. npumepsl 1.5, 1.8, 2.7).

3.2, MHOXecTBO HppPAaLHOHAJbHBIX YHCEJ HMEeEeT MOUIHOCTb KOHTHHYYMA (CM. NpH-
mep 2.8).

3.3. MuoxectBo T TpaHcUeHAeHTHBIX' YHCesl HMeeT MOIHOCTb KOHTHHYYMa.

3to BhiTekaeT H3 TeopeMbl 2.9, Tak Kak T = R\_A, rie A — MHOXecTBO anre6-
pavyeCcKHX YHCeJ, a OHO CYETHO.

Brie (Teopema 2.5) Mbl BHAEJH, YTO JE€KapTOBO NPOH3BElEHHE KO-
HEYHOrO YHCJia CYETHBIX MHOXKEeCTB cYeTHO. B ciyuae GeckoHeYHOH co-
BOKYIHOCTH CUETHBIX MHOXECTB 3TO Yy>K€ He TakK.

Teopema 3.1. [exapmoso npoussederue cuemHoli COBOKYnHocmu cyem-
HbIX MHONMCECMB UMEENM MOULHOCMb KOHMUHYYMA.

JloKkasaTedbCTBO JAOCTaTOYHO MPOBECTH JJISI MHOXKECTBA

N = N X N X ... 6ecKOHeYHbIX MNocJen0BaTeJbHOCTEH, COCTaBJICH-
HbiX M3 HaTypaJbHbLIX YHCeJ, NPHYEM JOCTATOYHO JOKa3aTb (CM. MNpH-
mep 3.1), uto N* ~ 10; 1].

[lyctb x = (ky, ..., k;, ...) — Kakasg-n1u60 mNoCJENOBATENbHOCTb Ha-
TypaJbHbIX yucesa. CoONOCTaBUM NOC/EN0BATENbHOCTH X CTPOro BO3pa-
CTaoUlyl0 MOCJAeA0BaTeNbHOCTb ¥ = (A4, ..., Hi, ...), WIEHB KOTOPOH
onpejenstorcs no gopMmyaam: n, = ky, Ny = n; + Ry, ..., i = ni_; +
+ ki, ... . lanee, 1oc/ie10BaTeNIbHOCTH ¥ CONOCTABHM NPaBHJbHYIO Gec-
KOHEYHYIO JBOHYHYIO ApPOOb 2, Y KOTOPOH Ha MECTaX C HOMepaMH n,,
Ny, Ng, ... TIOCJE 3aNATON 3aNHCAHBI €JHHHLIbI, @ HA OCTaJbHBIX MeCTax —
Hyau. Hanpumep, nocnenoBatenbHoctd x = (3, 1, 2, 2, 2, ...) cono-
CTaBJIfieTCA CHayaJja TMocJejoBaTesqbHocTh y = (3, 4, 6, 8, 10, ...),
a norom — apobp z = 0,0011010101

Tak Kak nocJsefoBaTe/bHOCTL y CTPOrO BO3pacTawllas, TO CPeau
yHcesJ 3TOH INOCJEN0BATEJbHOCTH HMEIOTCS CKOJIb YrofgHO OOJbliHe;
I03TOMY B COOTBETCTBYIOLUEH JBOHYHOH ApobH 2 Oyaer OGeCKOHEUHO
MHOrO €IHUHHL, T. €. ApoOb 2, KaK NPHHATO TOBOPHTb, CYUIECMBEHHO
beckornewrnas. Ho Kaxaasi mnpaBH/bHAs CYUIECTBEHHO OeCKOHeYHasi
ABOHYHAss ApoOb OmNpefessieT €LHHCTBEHHOE YHCJA0 M3 [POMEXYTKa

10, 11, sHauyuT, Mbl MOCTPOWJH OTOOpakeHHe MHOxKecTBa NB 3TOT
IPOMEXKYTOK.

! HanoMHUM, YTO mMpaHCUeHOEHMHbIM 41 CAOM HA3LIBAETCH BCAKOE JEHCTBHTEJb-
HOe 4YHCJO, KOTOPOe He siBJjsieTcsl ajare6pavyeckuM. Bompoc o TOM, CyleCTBYIOT JH
BOOOWE TPAHCUEHAEHTHbBIE YHCJA, HHTEPEeCcOBaJl MHOTHX MAaTEMAaTHKOB CepelHHbl po-
wJaoro crosetua. B 1849 r. dpanuysckomy Matematuky )K. JiuyBuaaio (1809—
1882) ynmajock ¢ MOMOWbIO AOBOJBHO TPOMO3AKHX PacCyXAeHUH NPHBECTH NepBbie
npuMepsl Takux uuces. [IpuBoanmoe B npumepe 3.3 paccyxJeHHe TMOKa3biBaeT, YTO

TEOpPHSI MHOXKECTB MO3BOJIMJIA [aTh OYeHb NPOCTOE HOKA3aTeJNbCTBO CYLIECTBOBAHHS
TPAHCLUEHJEHTHBIX YHCEJI.
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PasnuuHbiM nocsieoBaTe/bHOCTSIM COOTBETCTBYIOT INIPH 3TOM pas-
JIMUHBbIE CYIUECTBEHHO OEeCcKOHeuHbie JIBOHYHBIE Jpobu. B camom gene,

nycrs (Rq, ..., ki, ...) 5= (ky, ..., ki,...). Torma Halgercss TakoH HO-
Mep S, UTO Ry = ki, ..., Ry = ks, HO k5= ks (Hanpumep, k,<k;).
Torpa ny = ny, ..., n,_; = ns_;, Ho n, < ns. [lo3TOMY Ha n; -M MecTe

MnocJie 3amnsiToM B nepBod apobu OyaeT 3amucaHa eiMHHIla, a BO BTOPOH
ApoObH — HYJ/b, M NOTOMY 3TH ApoOH pasnnuHbl. Tak Kak Jo6oe 4YHC-
710 x U3 ]0; 1] MOKHO eIHHCTBEHHBIM OGPa30M 3aNHCAaTh B BUJE CYLIECTBEH-
HO OECKOHEYHOH [BOMYHOH JpoOH, TO TIOCTPOEHHOE OTOOpaXKeHHe

f: N© — ]0; 1] unnexkTHBHO.

[lokaxkem, uro ob6pasom N~ saBasercsi Bechb mnpomexyTtok J0; 1].
Jlio6oe z € ]0; 1] MoxkHO 3amucaTb B BHAE CYLIECTBEHHO GECKOHEYHOM
NBOHYHOH ApoOH. Ho kaxnoii Takoit n1pob6H COOTBETCTBYET BO3pacTaro-

asi nocJjenoBaTeNbHOCTb ¥ = (1, ..., N;, ...), COCTOSIILIAsi H3 HOMEPOB
MECT, Ha KOTOPBIX CTOAT €IHHHIIbI, a KaXKJO0H TaKo# mnocJienoBaTebHO-
CTH — MIOCJIEJOBATeAbHOCTL X = (Ry, ..., k;, ...), TAe ky=n, u k;, =

= n; — n;_, npu i > 2. §cuo, uro f (x) = 2. 3uauut, orobpaxenue f
6MeKTHBHO, U notomy N©~]0; 1], 7.e. N uMeer MOIIHOCTb KOHTHHY-
yMma. i

AHasloruyHO J0KasblBaeTcs CJefyIoliee YyTBepIKIEHHE:

Teopema 3.2. [lycms A,, ..., A,, ... — KOHeuHble MHONECMBA, KAK-
doe u3 Komopolx umeem He meHee 08Yx dremenmos. Tozda ux Oekapmoso
npouseederue A umeem MOULHOCHb KOHMUHYYMA.

JokaszaTteabcTBo. B cuny 1eopem 3.1 u 1.2 pocraTouHo
J0Ka3aTb, YTO A€KapTOBO npou3BefeHHe A cueTHOH COBOKYMHOCTH MHO-
xectB A, = {0, 1} umMeer MouHOCTb KOHTHHyyMa. MHoxectBo A
COCTOMT W3 InocJjaejpoBaresnbHocTed a = (aq, ..., @,, ...), Tae a =0
nin 1. O6o3HauuM uyepe3 B moagMHOXKECTBO MHoOXKecTBa A, cocrosiiee
M3 TOCJIe0BAaTeJbHOCTEH, BCE 3JI€EMEHTbl KOTODHIX, HauMHasi C HEKOTO-
poro, paBHbl HyJmo. [lo Teopeme 2.4 MHOXKecTBO B cuerHo.

Ilyctb a — npousBoJbHasi MOCJENOBAaTEAbHOCTb M3 MHOXKECTBA
AN\ B. ComocraBuM e#i aBonunyio apobp 0O.q ... @, ... . 310 cCylle-
cTBeHHO OecKoHeuHas ApoOb. Tak Kak J/i000e YHCAO H3 NPOMEXKYTKA
]0; 1] nmpeacraBuMO B BHie TaKO# ApOGH, TO Mbl YCTAHOBHJIY OHEKTHBHOE
cooTBeTcTBHEe MexAy MHoxectBaMH ANB wu 10; 1. 3nauur, A\ B
MMeeT MOIIHOCTb KOHTHHYYMa, a TOrjla U3 TeopeMbl 2.8 BbITEKaeT, 4TO
TaKYI0 e MOIIHOCTL HMeeT U MHOxKecTBO A. I}

PaccMorpuM Jpyrue npu3HakKM MHOXKECTB MOLIHOCTH KOHTHHYYMa.

Teopema 3.3. Ob6vedurnerHue KOHEUHOU uau CHEMHOU COBOKYnHOCMU
MHONMECMB MOULHOCMU KOHMUHYYMA uUMeem my He MOULHOCMSb.

o0
NoxkasateanbcTBoO. Ilyeth A = YA, (B cayyae kKoneu-
n==1
HOroO uHcjaa oO0beIMHSIEMbIX MHOXKECTB JOKa3aTeJbCTBO JIMIIb YNpolla-
ercsl) M nycTb aas Bcex n umeeM | A,| = |R|. PaccMorpum Bcnomora-

TeJbHOe MHOKecTBO — Jyu L = |0; oc[. OHO HMeeT MOLIHOCTL KOHTH-

19



Hyyma. [lpustoML = L,, rae L,= ln — 1; nl. Tak Kak Kaxzneift u3

n=1
NPOMEKYTKOB L, WMeeT MOIIHOCTb KOHTHHYYMa, TO CYILECTBYIOT OHeK-
uiu f,: L,— A,. Ilas moboro x € L nonoxuMm [ (x) = f, (x), rne
k — HOMep mpoMmexyTKa L,, KOTOpOMy NPHUHALJIEKHUT X. ITHM OIpele-
asieTcs cropbekTHBHOe! oTobpaxenue f: L — A. Ilo Teopeme 1.4 nmeem:

1Al <1L| = [R]. (3.1)
C npyroii croponbl, A > A, u noromy
|A] > 1A ] = |R]. (3.2)

Us (3.1) u (3.2) B cuay teopembl Kanropa — DepHiireiina u BhiTe-
kaer, uto |A|=|R|.- B

Mpumep 3.4. MHoxkecTBO M TOUEK MJIOCKOCTH C PallHOHAJbHBEIMH abclHcca-
MH HMEeT MOIIHOCTb KOHTHHYyMa.

Heiicteutensio, M = UM, (r €Q), rae M, — npamas x =r. Tak xkak M,

HMeeT MOLIHOCTb KOHTHHYYMa H MHOxecTBO Q cueTHo, T0 M npexcraBiasieT co6oii
o6beluHeHHEe CUETHOTO CeMeHCTBA MHOMXKECTB MOIIHOCTH KOHTHHYYMa, a cJeloBaTesk-
HO, B CHJIy TeopeMbl 3.3, OHO MMeeT Ty e MOUIHOCTb.

Teopema 3.4*. [lexapmoso npousseOenue A KOHeMHOU uau C4emmHoll
COBOKYNHOCMU MHOMeCm8 A, MOWHOCMU KOHMUHYYMA UMeem my oge
MOULHOCTMb .

JlokaszaTeabCTBO NpOBeAEM 118 caydvasi, Koria A npex-
cTaBJsieT coOOH NMpoH3BeJeHHe CueTHOM coBOKYynHocTH A, . Hmea noxa-
3aTe/IbCTBA COCTOHT B yCT3HOBJIEHHH OMEKTHBHOIO COOTBETCTBHSI MEXY
MHOXKecTBOM A 1 MHOXecTBOM N™, MMeoHM MOLIHOCTb KOHTHHYyMa
(cM. Teopemy 3.1).

Paccmorpum anemesr a = (ay, ..., a,, ...) U3 A. 3necva, € A, (k€
€ N). Tak KaK Kax/0e H3 MHOXECTB A, HMeeT MOLIHOCTb KOHTHHYYyMa,
TO cylnecTByer Ouekuus f,: A, — N%. 3nauut, Kaxnomy ajemenry a,
TIOCJIEIOBATEJbHOCTH a COOTBETCTBYET OINpejeseHHass IOoCJaeL0BaTe/ b
HOCTb HaTypaJ/ibHbIX YHCEeJ:

Ay > (Ny1y « « s Bimy =« +)
Ay —> (Nogy « oy Nopy + -« 2)s
aké(nkl, Y nhm, . .),

HOSTOMy INOCJICENOBATEJIbLHOCTH a COOTBETCTBYET O6ecKoHeuHas TabJulua

Ny o Ny N~ <. . Ny -
/n n - n
N2 22 25 Mlomen
a— r*7/n/n )
31 32 35 . o N5y
. .

1 Ecau A, nomapHo He mepeceKaroTcsi, TO MOCTPOeHHOe oToGpaxeHnue f — GHeK-
uua A uHa L.
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cocrosiuras U3 HATypPaJbHBIX UHCEJI. an 3TOM pas3JHUYHbBIM 3JIEMEHTaM
COOTBETCTBYIOT paaJilidHbIC TaOJIH LbI.

MHOKecTBO uHces B JIFoOOH Takoil Tab/Hlle CUeTHO KaK oObeIuHEHHE
CUETHOrO YHMCJa CYETHBIX MHOKecTB. I103TOMy HX MOXKHO IepeHYyMepo-
BaTb, T. €. 3anucaTb B BHAE MNocJjenoBaTesbHOCTH. Ilpu 3TOM Takue
NoCJIeOBATebHOCTH MOXKHO COCTaBJATb €IHHBIM 00pasoM AJfA BcCeX
tabauu. CocTaBJisisi, HampuMep, IMOCJEAOBATEIbHOCTb TAaK Ha3biBae-
MBIM «IHAaroHaJIbHbIM» CIOCOOOM, MOJIyYHM:

’
a’ = (N33, Nyg Mgy, N3yy Mooy Mgy Mgy oo ).

Torna pasubiM TabauuaMm (flgm) CONOCTABJSIOTCA PasHbIE MOCJ€EN0BaA-
TeJBHOCTH @', M Mbl TMoJyuaeM OHeKTHBHoe orobpakeHne A Ha N%,
3nauut, A uMeeT MolIHOCTb KOHTHHYyMa. [l

ITpumepoM nekapTOBa NpPOU3BEAEHHS CYETHOH COBOKYIMHOCTH MHO-
’KECTB MOILHOCTH KOHTHHYyMa MoxeT cayxuTb R>. Ilostomy us Teo-
peMbl 3.4 BbITEKaeT, UYTO MHOXKECTBO YHCJIOBBIX IOCJI€OBATENbHOCTEH,
COCTaBJIEHHBIX H3 JEeHCTBHUTENbHBIX 4YHCEJ, HMEET Ty K€ MOLIHOCTb,
yto ¥ R. 3aMeTHM, 4TO ¢ HaTypaJIbHbIMH YHCJAaMH [eJ0 OOCTOUT HHaue:
M3 HHX MO>XHO COCTABHTb MHOKECTBO NOC/I€AOBAaTEJbHOCTEH MOLIHOCTH
Gospiuei, 4eM MOIIHOCTb camoro MHoxKecTBa N.

[Tpumepsn. 3.5. MHOXKeCTBO BceX TOYEK MJIOCKOCTH HMeET MOIIHOCTb KOHTH-
HyyMal,

JefcTBHTENBHO, NIOCKOJBKY KaX/asi TOUKa NJOCKOCTH OAHO3HAYHO OnpelessieTcs
CBOHMH KOOpAMHaTaMHu (x; y), rie x, y € R, ToO MHOXeCTBO TOYeK MJOCKOCTH paBHO-
MOLuHI() nexkapToBy npousBefeHHlo R X R. Ho B cuay teopemnr 3.4 umeem: |[R X R| =
= |R|.

AHanornyHo MOXHO Y6eAHTBbCS H B TOM, UTO MHOXKECTBO BCE€X TOUEK TPEXMePHOro
H BOOGLIE n-MEPHOrO MPOCTPAHCTBA HMeEeT MOIIHOCTb KOHTHHYYMaA.

3.6. Jlio6oe MHOXkecTBO F u3 R”, conepikainee NoJAMHOXKecTBO K MOLIHOCTH KOH-
THHYYMa, HMeeT Ty e MOIIHOCTb.

B camom pene, K F < R*u |R?| = |R|. A raK kak K ~ R, T0 1o Teopeme o
npoMe:xkyTouHoM MHoxecTBe | F| = | K| = |R|.

Hanpumep, kpyr, Ky06, napaGo/sioHi HMEKOT MOLIHOCTbL KOHTHHYYMa, TaK Kak CO-
IepKaT OTPe30K WH GHeKTHBHHIH o6pa3 oTpe3Ka.

3.7. MHoxectBo C Bcex QYHKUHiH, OnpefesIeHHbBIX W HENpPePbIBHBIX HA MpSIMOH,
HMEEeT MOIIHOCTb KOHTHHyyMa.

B camom nene, 3aHyMepyeM Bce palHOHAJbHbIE TOUKH 7y, Fgy «ey T'py ... H CONOCTA-

BHM (YHKLHH @ NMOCJ]EJ0BATENbHOCTD AeHCTBUTENbHBIX YHCeJ — 3HAYeHHH QYHKUHUH @
B TOqKaX rl, fz, L XY rn, ooo:‘

((P (r1)9 ¢ (r2)9 ey @ (rn): "-)-

[Monyunm oro6paxenne F: C — R®. 3Oto orto6paxkeHHe HHBEKTHBHO, TaK KaK pas-
JHYHBIM QYHKLUHSAM @ HYP COOTBETCTBYIOT pa3/iMyHble MOCJAEA0BaTeNbHOCTH. [lefACTBH-
TeJIbHO, eC/H GYHKUHH ¢ P pa3JIHyHbBL, TO XOTS Obl B OLHOH TOUYKe ¢ NpsIMOH @ (¢) =
== (¢). Ilyctb ans onpeneneHHocTd @ (¢)> P (¢), T. €. ¢ (¢) —¢ (¢) > 0. Torna, B
CHJly HenpepuIBHOCTH @ H VP , HaijgeTcst OKpecTHOCTb U TOUYKH ¢, B KOTOpO# @ (x) —
— P (x) > 0. Ho sTta OKpecTHOCTb COAEPXKHUT XOTb OJHY PAallHOHAJBLHYIO TOUKY 7y,

1 310t dakT, oTKpuITEl KaHTOpOM, B CBOe BpeMs SIBHJCA GOJIbLIOA HEOXKHIaH-
HocTolo. Bo BpemMena KaHTopa 6bli0 MPpHHSITO FOBOPHTb, YTO HA NMPSMON HMeeTCsl oo
TOYEK, a YHCJIO TOUEK MJIOCKOCTH COCTaBJISIET yxKe oo%, KaHTOp BHauaJjle Takxke aymai,
YTO «HA IJIOCKOCTH TOuek 6oJblle, UyeM Ha ApsIMOii», H 6oJiee Tpex JeT HCKaJ COOTBeT-
CTBYy!OLIlee I0KA3aTeJbCTBO, TOKa He OOHApyXKHUJI, UTO MOLIHOCTH 3THX MHOXECTB OJH-
HaKOBHL. «BHXYy, HO He Bepio», — MHCaJ OH MO 3TOMY noBoAy leneKHHAY.
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M Mbl nosydaeM, uto @ (r;) — ¢ (r;) > 0, a ncroMy nocsienoBaTe/IbHOCTH 3HAYEHHHA
GbyHKUHE @ HYP B pallHOHANbHBIX TOYKAX HEOJAHMHAKOBHI.

Hrak, oto6paxkenHe F — HHBEKUHS, a 3HAuUT, MHOXKecTBO C PaBHOMOIUHO Ya-
cti R®. Tlostomy

1C1 < | R® =|RIL (3.3)

C npyro#t cTOpoHbl, MHOMXecTBO C COAepKHUT MOAMHOXKeCTBO PyiKUHA BHAA y = a,
rie a € R, a 3T0 NOAMHOXKeCTBO HMeeT MOUIHOCTb KOHTHHYyMa. 3HAUYHT,

|Cl = |RI. (3.4)
3 (3.3) u (3.4) Boirekaer, uto | C| = | R}

BOITPOCHI OJIsI CAMOITPOBEPKH

1. Uro 3Hayar c/0Ba «MHOXXeCTBO A HMeeT MOWIHOCTb KOHTHHYyMax?

2. Kakue yncJsia HMeIOT JiBe€ 3alHCH B BHAe JBOHUYHBIX ApoGei? [louemy npu pac-
CMaTpHBaeMOM B J0Ka3aTesbCTBe TeopeMul 3.1 oToGpaxeHHH [ nosayuaiotcs cyumiect-
BeHHO GecKoHeuHble apo6u? Haiaure ob6pas nocnenosartenbuoctu (1, 1, ..., 1, ...) npH
3TOM OTOGpaXKeHHWH HJIM OHeKTHBHBIH 06pa3 oTpe3Ka.

3. KakoBa MOIIHOCTb MHOXKECTBA, fBJsOLIErocss OObeJlHHEHHEM COBOKYIHOCTH
MHOXECTB MOIIIHOCTH KOHTHHYYMa, €CJIH caMa COBOKYIHOCTb HMeer Ty e MOILHOCTb?

4. BepHo /M, 4TO KBaApaT COJAePKHT OoJsblle TOYEK, YeM OTpPe30K?

5. BepHo JiH, 4TO IIAp COJEePKHT 6GOJibllle TOUEK, YeM KPyr?

6. KakoBa MOIIHOCTb MHOXXeCTBAa BCeX YHCJOBBLIX MOCJeJOBaTe/bHOCTEli?

7. O6BscHHUTe, KAKOBA MOILIHOCTb MHOXeCTBa BceX: a) KopTtexkeil u3 N; 6) Gecko-

HeYHbIX mocJiegoBatebHOCTeHd H3 N; B) KOHeUHbIX MOAMHOXKeCTB U3 N; r) 6eCKOHEYHBIX
noaMHoxKecTB H3 N; a) moamHoxecTB H3 N.

YTIPA)KHEHHS
§ 1. Ne 94, 98—104, 106, 109—110.

§ 4. CYILECTBOBAHHUE MHO)XECTB
CKOJIb YIOAHO BbICOKOH MOLL{HOCTH

Briiie MpI 06Hapy2KHJIH, YTO UMEIOTCS, MO MEHbLIEH Mepe, ABa KJjac-
ca GeCKOHEYHBIX MHOXKECTB pPa3/IMYHOH MOLIHOCTH — CYETHblE MHOXKe-
CTBa H MHOXKECTBa MOIIHOCTH KOHTHHyyMma. BBISICHHM, He HcuepIibiBa-
IOTCSl JIH HMH BCEBO3MOKHbI€ BHJbl 6ECKOHEYHBIX MHOXECTB.

Jlna oTBera Ha 3TOT BOMPOC PacCMOTPHUM, HAPSAAY C AAHHBIM MHOXKe-
CTBOM M, apyroe MHOXKECTBO, COCTOsILE€ U3 BCEX 4YacTedl MHOXKeCT-
Ba M. DTo MHOXKECTBO HasbIBaIOT Oyaearom’ mHosxecmsa M v 0603HaYaIOT
1ak: B (M). Hanpumep, eciu M = {1, 2, 3}, 1O

p (M) = {@, {1} {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.

B stomM nmpumepe momHoCTb 6y/jieaHa MHOXKECTBA BHILLE MOLIHOCTH ca-
MOTO MHOKecTBa. JloKaxkeM, 4TO 3TO BCE€raa Tak:

Teopema 4.1. Mowrocme 6yreana B (M) danrnoeo muoscecmea M
boabLue mMowHOCMU camoeo mHoxcecmea M.

JJokaszaTeabcTBO. CONOCTaBHB KaxAOMY 3JIEMEHTY X H3
M onHo3anemeHTHOE MHOXKecTBO {x}, 3ameuaeMm, 4To M pPaBHOMOILIHO

*» [To umenH aurauiiekoro matematuka I xopaxa byasa (1815—1864),
OJIHOTO M3 TBOPLIOB MaTeMATHYECKOH JIOTHKH.
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MOAMHOKECTBY cBoero Oyneana [} (M), cocrosuiemMy H3 OJHO3JIEMEHT-
HbIX MHOKECTB.

Ocraercsa nokasatb, uto M u P (M) HepaBHOMOUHH. [Ipexnoso-
XM nporuBHoe. Toraa cyuecrByer Ouekuus f: M — f (M). Has
J1o0oro x € M BO3MOKHBI IB€ CUTyallHH: 3JIEMEHT X JHOO BXOAHT B MOJ-
MHO2KeCTBO [ (x), siBasiomeecss ero o6pasoM, JUOO He BXOAMUT B HEro.
DneMeHT, o0ganarlii nepBbIM CBOHCTBOM, OyJeM HasbiBaTb Oeabim,
3JieMeHT, 00/a1atoiuid BTOPbIM CBOHUCTBOM, — uepHbim. JICHO, YTO BCH-
KUH 37emeHT u3 M nu6o yepHbid, JubO Gesbli.

PaccmorpuMm noamuoxkectBo P < M uepHbiX 3jeMeHTOB. Ilockosib-
Ky P — 3neMeHnt OyJseaHa, a [ — Ouekuus, 10 y P uMeerca npoobpas
E € M, u nputoM TOJBKO OAMH. BBISICHUM «IBET» 3TOr0 3JIeMEHTa

[Ipennonoxum, uto £ 6enniéi. Torga, mo onpenenenuio 6esoro sJe-
meHTa, § € f (E) = P, T. e. § uepHHIi.

[Ipennonoxxkum, uro & uepHbid. Torga, mo omnpejeseHHIO YEPHOTO
sneMenTa, § ¢ f (E) = P u noromy § GeJbiii.

Hrak, £ non:xeH ObITb «IBYLBETHLIM», YTO HEBO3MOKHO. [losyueH-
HOe NpPOTHBOpeUYHE MOKa3blBaeT, YTO CAeJaHHOe HaMH NpPEANoJOXKeHHe
JOXHO, T. €. He cyuecTByer Ouekuuun M — [ (M). 3nauur, M| <

<[p M) N

Mpumepo. 4.1. Bysean f (R) mMHOKecTBa R JeHCTBHTE/NbHBIX YHCEJ HMEET
MOLLLHOCTb GOJIbLIYIO, YeM KOHTHHYYM.

4.2. MouiHocTh MHOKecTBa F BceX GyHKUHH (Kak HempephlBHBIX, TAK U pa3pbiB-
HbIX), ONpeJesieHHbIX Ha NpsMOH, 60Jbllie KOHTHHYYMA.

JlelicTBHTE/IbHO, PacCMOTPHUM NoAMHOXkecTBO [7  F, B KoTOpoe BXoAsT GyHKIHH,
MPpUHHMaIOLMe TOJMbKO JBa 3HaueHHs: 0 U 1. Kaxjoil Takod QyHKLUHH MOXKHO COTO-
CTaBUTb YacTb ee 06JIaCTH ONpenesieHHs, COCTOSIIYIO M3 TeX Touek x, rae f (x) = 1.
Tem caMmbiM onpejiesneHo O6uekTHBHOe oro6paxeHue F' — f (R). IMostomy | F| =

= |F=1B(R]|>]R]

Mtak, MBI BUJHM, YTO CYIHECTBYIOT MHOXKECTBA MOILHOCTH BbIllE, 4eM
KoHTHHYYM. DoJsiee Toro, cnpasennuBa ciaenymoouas Teopema:

Teopema 4.2. Cpedu GeckoHeurbix MHONMCECMB He CYujecmeayen MHoxe-
cmea Camoll 6bICOKOU  MowHoOCmU.

JokaszaTteabcTBO. JlonycTUM TMPOTUBHOE. CYUIECTBYET
MHOXKecTBo M HauboJbluell MomHocTH. Paccmorpum ero Oygean f§ (M).
B cuay teopembl 4.1 Haxomum: |B (M)] > |M|. Tlporusopeune! i

YTIPA)KHEHHW A

1. Hoxkaxurte, yto 6yJleaH MHOXKeCTBAa HaTypaJIbHBIX YHCEeJ HMeeT MOILHOCTh
KOHTHHYyMa.

2. Jloka:XuTe, YTO MHOXKeCTBO BceX (UTyp HA MJOCKOCTH HMeeT MOIHOCTb 60JIb-
LIYI0, YeM KOHTHHYYM.

3. YKaxuTe TpH GeCKOHEYHbIX MHOXKECTBA pa3/IMYHOH MOLIHOCTH.



['JTABA 11

METPHYECKHUE INPOCTPAHCTBA

§ 5. METPHYECKHE NPOCTPAHCTBA U UX TEOMETPHU A

1. Mertpuueckue npoctpaHcrea. OaHOH M3 BaKHEHIIMX 3ajay Mare-
MaTHKH SIBJISAETCS HCCJENOBaHHE H3YyYaeMbIX €l0 MOHATHH B MaKCHMaJb-
HOH OOIIHOCTH, BbisiCHEHHe TIJIyOHHHBIX OCHOBAaHHH MaTeMaTHYeCKUX
TeopeM. DyHAaMeHTaJlbHBIMH MNOHATHSAMH MaTeMaTHYECKOTro aHaJjIu3a
AIBJISIIOTCA TMOHATHUA TMpeiesa W HenpepoiBHOCTH. OmnpenesyieHHe 3THX
MOHATHH TpeOyeT JIMUIb 3HaHUSl TOrO, YTO TAKOE PACCTOSHHE MEXY TOY-
KaMH MpsIMOH, MJIOCKOCTH MJIM MpocTpaHcTBa. [loaToMy HX MOXKHO pac-
NMpOCTpaHUTb Ha OoJiee LUHPOKHE KJjacChl OOBEKTOB, JHIIb Obl OBLIO
ONpeJeseHO TOHATHE «PacCTOSIHUA» MeXAYy 3THMH oObeKTaMH. CMbIC
XK€ TOHATHS «PacCTOsiHHE» PACKPBbIBAETC B TpPeX XOPOLIO H3BECTHHIX
akcHoMax reomeTtpuu'. TakuMm nyTeM Mbl NPHXOAHM K MOHSTHIO METpPH-
4YeCKOIr'o NPOCTPaHCTBaA.

ITycte M — npousBosbHOe MHOxecTBO. Yuc/0ByI0 (yHKUHIO P,
onpeneseHHyo Ha MHoxectBe M X M, HasbiBatoT mempukoid Ha M (a
KOHKpETHOE 3HauyeHue p (x, y) — paccmosiHuem om x 00 y), €CJIH TPH
JoObIX X, y, 2 U3 M BBLINOJHAIOTCA CJEAYIOUIHE YCJAOBUS (aKCUOMbL
Mempuku):

1) p(x,y) 2 0; p(x,y) =0 Torna u ToJbKO TOTJa, KOrja x = y
(aKkcHOMa HEeOTPHLATEJbHOCTH H TOXKJECTBA);

2) p(x,y) = p(y, X) (aKCHOMa CHMMETDHH);

3) p(x,y) <p(x,2)+ po(2 y) (akcHoMa TpeyroJbHHKA).

MHoxecTBo ¢ BBeJeHHOH Ha HeM METPHKOH Ha3bIBalOT Mempude-
CKUM NPpOCMPAHCmMEoMm!; 371eMEHTHl HCXOJAHOTO MHOKECTBA HAa3bIBAIOT NPH
3TOM 31eMeHmamu UM moukamu npocTpaHcTBa, [lpuBenem npumeps Me-
TPHUYECKH X NPOCTPAHCTB, NpejJaras YUTaTeNl0 CaMOCTOSITENbHO TpoBe-
PHTb BBLINOJIHUMOCTb AKCHOM METPHKH.

[Ipumepun. 5.1. Eskaudosa npamas. PaccrosiHue Mexiy AByMsi pacnoJo-
KEHHbIMH Ha HeH TOYKaMH C KOOpJAHHATaMH X H y onpeje/sieTcs, KaK H3BECTHO, IO
hopmy.ie

p(x,y)=|x—yl

} Cwm., Hanpumep: FeoMeTpusn. Yue6Hoe nocobue A/1a 8-r0 KJaacca CpefHell WKOJILL
[Ton pen. A. H. Konmoroposa. M., 1978.

2 Tlonsatue mMeTpHyeckoro npocrpaHcrsa Beeqa B 1906 r. ¢ppaHuy3CKHA MaTeMaTHK
Mopuc ®pewe (1878—1973).
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5.2. Esxaudosa naockocms. PaccTosinue MeXay ToukaMu A, (x;; y1) B Ay (xg; ¥g)
BblUHCASieTCST MO (opMmyJe

p(4,, 4, = V(xl — %)% + (y1— ¥2)*

5.3. Eexaudoso npocmpancmso. PaccTosiHHe MeXAy TOUKaMH A; (xy; y452) ®
A, (X3, ¥o3 25) BHIUHC/ISIETCS, KaK H3BECTHO, MO GopMyJie

p(Ay Ay = V(X — %52 4+ (y1 — ¥2)2 + (21— 25)%

5.4. MeTpuueckoe MPOCTPaHCTBO L — MHOXeCTBO MNPSAMBIX HA MJOCKOCTH, mNa-
pajsiesbHbIX MPAMON y = X, C PacCTOSIHHEM

o (lg) Ip) = |a— b,

rge [, — mpsaMas y = x + .
5.5. Merpuueckoe npocTpaHCTBO N — MHOMXKECTBO HaTypaJbHBIX uHCcesq C pac-
CTOSTHHEM

(Y (m9 n) = Im_ nl'

~~/

5.6. MeTpuueckoe mpocTpaHCTBO N — MHOXeCTBO HaTypaJbHBIX 4YHcea ¢ pac-
CTOSIHHEM

0, ecit m = n,
p(m, n)= | 1

m T o €CJIH m=%~n,

[locnennue nBa mpuMepa MOKa3biBalOT, YTO B OJHOM H TOM K€ MHO-
JKeCTBe METPHKa MOXKeT BBOAUTBLCSA MO-Pa3sHOMY. MoxXeT BOSHHKHYTb BO-
MpoC: CYLIEeCTBYIOT JIM MHOXECTBA, B KOTOPBHIX HH OJHHUM H3 CrniocoOOB
HesJb3sl BBeCTH MeTpuKy? OTBeT Ha Hero mno3BoJisieT MOJNYYHTh cJjaeny-
IOIMH TpUMep:

[Tpumep 5.7. Jlioboe HenmycToe MHOXecTBO M sBAseTCss METPHYECKHM Mpo-
CTPAaHCTBOM C METPHKOH

1 npu x=£y,

P (% y)={O MpH X = ¥,

Kaxnoe MeTpHueckoe MpOCTPAHCTBO eCTeCTBEHHbBIM 06pasoM Mopo-
XKnaeT psjg APYruX MeTpuueckux mnpoctpaHcTB. Ilycetb P — kakoe-
J1H60 TOAMHOXKECTBO MHOXKecTBa M, Ha KOTOPOM BBeJleHa METPHKA P,
H nycTb B P MeTpHKa onpelensieTcs paBeHCTBOM Pp (X, ¥) = pm(x, ¥),
rne x, y € P. Torna MHOXKecTBO P Takxke siBJsieTCS METPHYECKHM IIpo-
ctpaHcTBOM. OHO Ha3bIBaeTcsi noonpocmpancmeom (UM 4acmsro) Tpo-
crpaictBa M. Ilpu 3TOM ropopar, urto MeTpuka B P undyyupyemcsa mer-
pUKOH, 3aiaHHON B M, uau uto merpuka B P 3aumcmeosana w3 M.

Hanpumep, ob6biuHasi MeTpHKa B €BKJIMJOBOM IPOCTPAHCTBE HHAY-
uMpyer Ha cdepe METPHKY, NMPH KOTOPOH pacCTOSIHHE MeXAYy TOYKaMH
cepbl paBHO JJHMHE COENMHAIOUIEH HX Xopabl. JIpyryio MeTpHKYy Ha
cepe nonyyaem, BbiOPAB 32 PACCTOSTHHE MEXKJY TOYKAMH X H y HaHMEHb-
VIO U3 IJIMH KPHUBBIX, JIeXKalllHX Ha cdepe ¥ COeHHSIOUHX 3TH TOUKH;
MOX>KHO J0Ka3aTb, YTO 3TO AJHHA AYTrH OOJbILOH OKDPYXKHOCTH, COEIH-
HsOEH TOYKH X H y. Bo3HHKalolee T a K H M 006pa3oM MeTpHUecKoe

NPOCTPAHCTBO YK€ HE€ SAIBJAETCS TMOANPOCTPAHCTBOM €BKJHAOBA MNpO-
CTpaHCTBa.
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2. T'eomeTpusi MeTpHUeCKOro npocrTpaHcTa. [losBUBLIMHCA B 3TOM
naparpadge (NIpYMMEHHTEJbHO K MHOXKECTBaM OOLUEel NPUPOJLI) reOMeTPH-
YeCKHH A3BIK {IPOCTPAHCTBO, TOYKA, PACCTOSIHHE, AKCHOMa TPEYTOJib-
HUKa) He cayyaeH. [IpuB/eyeHHe «reoMeTpHyecKoro sisblka», reoMeTpH-
YeCKHX TOHSAATHH W TeoMeTpHuYeCKMX oO0pa3oB TMO3BOJISIET CAesaTh
HAIVIAAHBIMU pa3JMYHble GaKThl U3 anreOpbl, aHaau3a, MEXAHUKH H JIpY-
ruX PasjesioB MaTeMaTUKU U ee npuJoxeHHd. [Ipu 3ToM yacto BO3HH-
KaeT BO3MOXKHOCTb YCTaHOBUTb HOBbl€ 3aKOHOMEPHOCTH, NMPOBOAS pac-
CYXKJAE€HHUA, aHAJOTHUHbIE HU3BECTHLIM PaCCYKAEHUSM IJIs cJydas OIHO-
MEPHOT0, JBYMEPHOrO WJIM TPEXMEPHOro MPOCTPAHCTBA.

Pacnoniarasi NMoHATHEM «pacCTOsiHHE MEXAY ABYMSI TOUKAMH», MBI
MOXKEM OIIpeeNHTh B TNPOU3BOJIBHBIX METPHUYECKHX TNPOCTPAHCTBAX
pAL reoMeTpUYEeCKUX NMOHATHUH. HauyHeM ¢ MOHATHH OTKPLITOrO H 3aMK-
HYTOro Lapa U cgepsl.

3amKHymoeim wapom B METPHUYECKOM IpOCTpaHCTBe M HasbiBaercs

MHoxkecTBO U (a; r) Touek u3s M, paccTrosiHHe OT KOTOPbIX O HEKOTOPOH
(GUKCHPOBAHHOH TOYKM @ € M He npeBOCXOAHUT HEKOTOPOro YHCJa
r > 0:

Ula;r) = {x € Mlp (a, x) < r}.

[Ipu 3TOM TOYKa a Ha3bIBaeICs YeHmMpOM JAHHOTO lLiapa, & YHUCJO 7 —
ero paduycom.

Ccepoli B METpHUUYECKOM mnpocTpaHcTBE M HasbIBaeTcsi MHOXKECTBO
S (a; r) Touek u3 M, paccTOSIHUA OT KOTOPBHIX IO HEKOTOPOH (PHKCHPO-
BaHHOH TOYKM a € M paBHBI HeKOTOpOMY uucay r > 0O:

S(a;r)= {x € M|p (a, x) = r}.

Touka a npu 3TOM HasbiBaeTcs yeHmpom cepbl, a YUCJIO I — ee pa-
ouycom.

Hanpumep, 3aMKHYTHIH L1ap B €BKJHJOBOM MNPOCTPAHCTBE — 3TO
OOBIYHLIN 1Iap BMECTE ¢ OrpaHHUUYHBaIOLIEd ero cgepoi; Ha eBKJHAOBOH
IIJIOCKOCTH — KPYT BMECTe CO CBOEH rpaHulUeH; Ha NpsIMOil — OTPE30K,;
B npoctpanctBe M mpuMmepa 5.7 — ofHa ToyKa (coBmajampiunas ¢ LeH-
TpoM 1uapa) npu r < 1 u Bce MHOxkecTBo M mipu r > 1.

Cgepa B €BKJIULOBOM NPOCTPAHCTBE — 3TO OOblUHAs cdepa, Ha IJIo-
CKOCTH — OKPY2KHOCTb, Ha NPAMON — mnapa Touyek. B npocrpanctBe M
npuMepa 5.7 cepa ¢ LIEHTPOM B TOUKE a paauyca r — 3TO NYCTOE MHO-
JKECTBO IIPH 7 5= | U BCe NpoCcTpaHCTBO 6€3 TOYKU a npH r = 1.

PasHoctb 3amkHyToro wapa U (a; r) u cdepsl S (a; r) Ha3biBaeTcs
omkpoimoim wapom U obosnauvaerca U (a; r). Takum obpasom

U@ry=U(@ar)\ S(ar)={x € M|p(a, x) <r).

Otkproiteiil wap U (a; €) Ha3bIBaeTCsl TaKKe &-0KPECHOCMbIO MOYKU Q.
OTMETHM HEKOTOpbleé CBOHCTBA OKPECTHOCTEH, KOTOpHIE HaM IOHALO-
651TCs B JaJibHEHIIEM:
a) KastOdas mouxka a npurHadarexcum 6cem C60UM OKPECMHOCIAM.
B camom pene, eciu r >0, 10 p(a,a) =0 <r, u noromy a €
€ U (q; r).

26



6) [llepecewerue arwbbix 08Yx OKpPECMHOC-
med mouKu a codepaum OKpecmHocme 3mod
MOYKU.

B camom pene, ecau r; < 1y, TO

Ulg, ) N Ulairy) = Ulain).

B) Ecau x € U (a; r), moy mouku x ecme
OKPECMHOCMb,  YEAUKOM  NPpUHAOAexaas
U (a; r).

B camoMm pene, myctb p (a, x) = d. Tak
Kak x € U (a;r), To d <r u noromy § = Puc. 7
=r—d >0.Ilyctrby € U (x; 6). Torna B
CUJIy aKCHOMBI TPeyroJibHHKa umeeM (puc. 7):

pla,y) <plax)F+pxy <d+8d=d+4 (r —d)=r
u noromy y € U (a; r). 3uauur, U (x; 8) < U (a; r).

r) Jltobvie 08e pasauurbie mMouKu u3 mempudeckoeo npocmpancmea M
UMeom HenepeceKkarouyuecss OKpecmHocmu.

Ilyctb a, b € M, a5~ b, p (a, b) = r. IlokaxeM, uTO, Hanpumep,

okpectHocTH U (a; €) u U (b; &), rne e = %, He mnepecekatorcsi. [leH-

CTBHUTEJ/IbHO, MYCTb 3TH OKPECTHOCTH HMeloT obuiyio TOuky x. Torza
p(a, x) <& p(b x) <e u moromy p(a, b) < p(a x)+p(b x) <

2
<2 = E’- < r, YTO NPOTHBOPEUYHT YCJIOBHIO.

MuoxectBo F u3 merpuyeckoro mnpocrtpanctBa M (B 4acTHOCTH,
caMoO MpocTpaHcTBO M) Ha3blBaeTcsi oepaHuteHHuim, €can B M cyue-
CTBYET OTKPBITBLIH 1tap, coaepKalliil 3TO MHOXKECTBO.

HeTpyaHo npoBepuTb, UTO AaHHOE OMNpejieIeHHE PABHOCHJILHO clle-
AYIOIIEMY . MHOXKECTBO F M3 METpPHUYECKOro mpocTpaHcrsa M Ha3biBa-
eTCsi OrPaHHYEHHBIM, €CJIM CYUIeCTBYET TaKoe IMOJIOXKHTEeJNbHOE Yucao K,
yto p (x, ¥) < K nnsa Bcex x u y u3 F.

OnHo u TO e MHOXecT1BO F, paccMarpuBaemoe ¢ OLHOH METPHKOH,
MOKET O0KasaTbCsl OrpPaHHYEeHHbIM, a C JpYroil — HEOrpPaHHYEHHEIM.
Hanpumep, MHOXKeCTBO HaTypaJibHBIX YHCeJ C METPHKOIil mpumepa 5.5,
OYEeBUAHO, HEOTPaHHYEHHO, a ¢ MeTPHKOH mnpumMepa 5.6 orpaHuyeHHO,

TaK KakK B 3TOM cJydae p (1, n) = 1—_1‘_——,1 + 1 < 2 npu moboMm n 5= 1,

T. €. [pY TaKOH MeTpPUKEe BC€ HaTypaJibHble YHcJa NPHHAAJEXar OT-
KPbITOMY L1apy € LEHTPOM B TOYKe 1 u paauycom 2.

O6o611eHHeM HepaBeHCTBaA TPeYroJibHHKa B METPHYECKOM INPOCTPaH-
cTBe M SIBJISIETCS HEPABEHCMBO MHO20Y20NbHUKAY:

P (x]’ xn) < P (x]’ x2) + P (X2, x3) + + P (xn—l’ xn)’ (51)

rae Xy, ..., X, — NPOH3BOJIbHbBIE TOYKH U3 M, KOTOpOe NOKa3biBaeTcs Io
HHAYKUMH. M3 Hero caenyer, yto A/s JroObiX TOYeK X, Yy, 2, U HMEEM:

p(x,2) < px,y)+ 0y, u + p(4 2,
e, u) <o, x)+p(x2)+p( u).
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Briutsi M3 00eHX yYacTeinepBoro HepaseHCTBa P (Y, i), a BTOPOro p (x, 2),

TOJTYYHM CHCTEMY JBY X HEPABEHCTB, PABHOCHJIBHYIO CJIELYIOWIEMY Hepa-
BEHCTBY:

lo(x,2) —p (y, W) < p(xy) + p (2 u). (5.2)

DTO HEPABEHCTBO HA3BLIBAIOT «HEPABEHCIMBOM HemblipexyeorsHuka». B cay-
yae IJIOCKOCTH OHO O3HauyaeT, YTO MOJAYJb Pa3HOCTH JABYX HECMEX-
HBIX CTOPOH YETHIPEXYTrONbHHKA He NPEBOCXOAUT CYMMbl JBYX APYTHX
CTOPOH.

BOITPOChBI OJ1i1 CAMOITPOBEPKHU

1. Iaiite onpeleneHHe METPHYCCKOro npocrpancTsa. IlpuBeauTe npuMepnl Met-
pPUYECKHX NPOCTPAHCTB. 3allaiiTe KaKyl-HHOYAb METPHKY Ha NPAMOMH, OTJIHYHYIO OT
€BKJIHJI0BOH.

2. Yto npexacrasasieT co6oit MHOXecTBO S (a;7) | U (a; r)?

3. JIBasioTcs JIM npocTpaHcTBa NpUMepPoB 5.5 U 5.6 MOANPOCTPAHCTBAMH €BKJIH-
JOBO TNpSIMOK?

4. SIBnsierca JIM OrpaHHYEHHBLIM MeTPHYeCKOe NMPOCTpaHCTBO L H3 npumepa 5.4?
JIoKaxKuTe paBHOCHJBHOCTb ABYX OlpelesieHHHl OrpaHHYeHHOCTH MHOXECTBa,

YTIPA)KHEHMWSI
§ 2. Ne 4—7, 10, 12—14, 20, 34—36, 38; § 4. Ne 57—61.

§ 6. IMHHEAHBIE HOPMHPOBAHHDBIE NMPOCTPAHCTBA

1. Hopma u meTpuka. Bo MHorux Bompocax coBpeMeHHOil Marema-
THKM HCIOJb3YIOTCA JHUHEHHble (BEKTOpHBbIE) MpocTpaHcTBa. J[las
Lesed aHaJiu3a BaxKHO, YTOObI TaKoe NMPOCTPaHCTBO 00/1afano METPHKOH.
MeTpuKy B JHHEHHBIX NpPOCTpPaHCTBaX OOBLIYHO BBOAAT, 3ajaBas IJd
KaXXJIoro WX 3JeMeHTa HOpMYy, T. €. 4HcJo, obJsajnaroliee CBOHCTBaMH
IJHUHBl BEKTOpa.

[Tycte L — HekoTOpoe JIMHEHHOe MPOCTPaHCTBO' Haj MoJeM JaeficT-
BUTENbHBIX 4yucesq R (uam kommiekcHbix uyucesa C). Hazoeem nopmoi
Ha L uuciaoByro ¢yHKUMIO X — || x||, KoTOpas npu JwbbIX X, y € L
H A €R (umn A € C) yaoBJeTBOPSIET CJAEAYIOLUM YCJOBUAM (QKCUOMbL
HOpMbL):

DHIx| >0, Ix]l=0 & x=0 (09— Hyab npocrpancra L);

2) [|Axl[ = IAl - llxll;

3) llx +yll < MxIl =1yl

JINHEeHHOe NPOCTPAHCTBO C BBEAEHHOH Ha HEM HOPMOH HasbIBaeTCH
AUHELHbIM HOPMUPOBAHHbIM NPOCMPAHCMEOM?.

} Onpenenenue U cBoficTBa JIMHEHHBIX NPOCTPAHCTB NPEANOJATAIOTCS H3BECTHHIMH
H3 Kypca «Anre6pa U TeOpHs YHCEJ».

¢ CucTeMaTHyecKoe HCC/JAefOBaHHE HOPMHPOBAHHBIX NMPOCTPAHCTB ObLIO NpoBeje-
HO B HayaJse 20-X rofioB TEKYIIero CToJIeTHsl NOJbCKUM MateMaTHKOM CTed aH O M
banaxowm (1892—1945) u amepukanckum mateMatTikoM Hop6eptom B u-
HepoM (1894—1964). Onu HaWIM MHOTOYMCJIEHHBIE [PHJIOXKEHHUS IOCTPOEHHOI
TEOPHU K pasiHyHbIM NpobseMaM MaTeMaTHYECKOro aHaJH3a.
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Teopema 6.1. B kaxedom nHopmuposarrHom npocmpaxcmeée ¢hopmyra
p(x,y)=Illx—yll (6.1)
3adaem mempuky.

IHHokasartenabcTBo. IIpoBepHM BLINIONIHEHHE AKCHOM METPH-
K 1715 GYHKIHH P. [To onpenesnenyio H nepBoil akcHOMe HOPMBI P (X, y) =
=|lx —yl|| > 0. Ecilu x =y, To no cBoiicTBaM JHHEHAHBIX TpO-

crpaHcTB x — y = 0, a moromy p (x, y) = ||0]| = 0 B cuny nepsoit
akciombl Hopmbl. Ilycrb, HaoGopor, p (x, y) = 0. 1o o3Hauaer, 4yTO
|x— y|| = 0. Ho Toraa mo nepso#i akCHOMe€ HOpPMBI X — y = 0 uJu

x = y. Hrak, akcHuomMa HEOTPHUATEJbHOCTH H TOXKJAECTBA BBINOJ-
HAETCA.

B suHEeHHOM NpOCTpaHCTBE CNpaBelJIMBO PABEHCTBO X — y= (—1)X
X(y — x). IloaToMy B cu/sy BTOpOH# akCHOMbl HOPMBI HMeEeM:

px,y)=llx—yll=I(=)—xl=I-1"lly—=xll=
=lly —xll=p @ »).
Takum o6pa3oM, BBHINOJHSETCS H aKCHOMa CHMMETPHH.
B cuny Tperbeii akCHOMBI HOPMbI

px,y)=Illx—yil=llx—2)+ =9I Ilx— 2| +
+[z—yll=0p(x,2) + p (2 ).

CnenoBaresbHO, aKCHOMAa TPEYTOJNbHHKA TaKxke BbinojHsercs.

['oBOpsA O METpPHKE JIHHEHHOTO HOPMHPOBAHHOI'O NMPOCT PAHCTBA, BCEr-
Ja 1ofipa3dyMeBaloT, 4TO OHa 3ajaercs ¢opmyJon (6.1).

OrMeTuM cJeaylolHe OYEeBHJHLIE CBOMCTBA METPHUKH, 3ajJaBaeMoi
HOPMOH!

a) p(9, x) =|lx]|l, T. e. |Ix|| —amo paccmosrnue sremenma x om
HYAS NPOCMPAHCMEQ,

6) p(x +a,y+a)=p(x,y) (paccmoanus mexody moukamu He
UBMEHAIOMCA NPU «NAPAAIEALHOM NEPEHOCED);

B) p (Ax, Ay) = |Alp (x, y) (paccmosrnus mexdy moukamu ymHoOICQ-
romca Ha | M| npu «comomemuuy ¢ Kosgppuyuenmom A»).

HerpyaHo nokasatb u obparHoe: Jito6asi METPHKA B JIMHEHHOM IpO-
cTpaHcTBe, oO/ajatolias CBOHCTBAMH a)—B), 33aeT HOPMY B 3TOM
MPOCTPAHCTBE, ONpPEAENSEMYI0 PAaBEHCTBOM

| x|l = p (x,0).
2. lNpumepbl JUHEAHBIX HOPMHUPOBAHHBIX MPOCTPAHCTB

I[Tpumep 6.1. MHoxkectBo R" KopTexell AMHHBL 7, COCTaBJeH-
HbIX H3 JEHCTBUTEJNbHBIX YHCEJ, fABJAETCA JIMHEHHBIM IMPOCTPaHCTBOM
(n-mepHoe apugmemuueckoe npPocMpPaHcmB0) OTHOCHTENBHO Onepalui

(al’ sesy all) + (bh sey bN) — (al + b17 eory Qp + bn )a
A(ay, ..., a;) = (A, ..., Aa,).
HasoBem HOpMO#i 3seMeHTa @ = (ay, ..., @, ) YHCJIO

n

lall = X la; |.

(=1
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vl Jlerko npoBepHTb, UYTO BC€ aAKCHOMbI HOPMbI
BBIMOJIHAIOTCA; NpocTpaHcTBo R™ ¢ Takon

* HopMo#i oGosnauaercsi yepe3 RY. Pacctosnue
MEXAy 3JeMeHTaMH a = (a, ..., @,) H b=
=(by, ..., b,)onpenensercs, coraacHo Gopmy-
ae (6.1), Tak: n

=1

ITpu n = 2 sra ¢opmyna 3apaer cBoeoO-
PasHYI METPUKY Ha IJIOCKOCTH: PacCTOsIHHE
MEKIY TOUKaMH (x;;y;) H (X y,) paBHO

| X3 — x| + 1y1 — ¥2 .

Takoli crnoco6 H3MepeHHs1 paccTOAHUSA
€CTeCTBEH, Hanpumep, C TOYKH 3pEHUSA Tak-
cucTa, paboTamwllero B ropoie ¢ HAeaJbHOH

y+ IJIaHMPOBKOH, TAe KaxJas yJula napas-
- JleJibHa OJJHOH H3 JBYX B3aWMHO TIepIeH]H-
1

Puc. 8

KYJSIpHBIX MPSMBIX.
OTKpHITHI# 118D C LEHTPOM B Touke (a; b)
x r, H PajlHyCOM 7 Ha TUIOCKOCTH C TaKOH METpH-
(a;b) KOH 3ajiaeTcsi HepaBeHCTBOM
0 X lx—al+ly—0b| <r,

. a cthepa (puc. 8) — ypaBHEHHUEM:
x—al+ |y—bl=r

Puc. 9 [Ipumep 6.2, B nuHeliHOM mpocTpaH-

crBe R"” MOXXHO BBeCTH HOpDMY H HHaue:

lall = max|a,|. (6.2)

I<i<n

[MpocrpancTBo R” ¢ Takoii Hopmo# oGosHauaercsi uepe3 RZ,. Pac
CTOSIHHE MexX1y 3jeMeHTamu a U b B RG, onpejensiercs Tak:

p(a, b) = max|a; —b; |.

1<i<n
Dra MeTpUKa BO3HHKAeT, HAallpuMep, B ceayolieid cutyauuu. I1ycTb
a = (a, ..., a; ) — Habop 3HAUYEeHHUH KaKHUX-TO n nokasareneil. MlHoraa

MO CMBICJY 3afayM Leseco00pa3HO OLEHHBATh OTKJIOHEHHE NaHHOTO Ha-
6opa nokasareJsied OT cTaHpapTHoro Habopa b = (b, ..., b, ) no makcu-

MaJbHOMY H3 OTKJOHEHUH OTAEJbHBIX IOKasaTeneH, T. €. Nno gopmy.Je
(6.2).

OTKpHITHIH 11ap C LEHTPOM B TOYKe (a; b) W paiuycoM r Ha MJIOCKO-
CTH C TAKOH METPHKOH 3a1aeTcs yCJIOBHEM

max {|x —al, ly—201} <r,
a cpepa (puc. 9) — ycyaoBueM

max {|x —al, |y —bl} =r.
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[Ipumep 6.3. EcrectBeHHEIMH OCOOIIEHUAMH TOCTPOEHHBIX BhILLIE
npocTpadcTB RS, v R} SIBASIIOTCS OMMCbIBaeMble HHXKE TMPOCTPaHCTBA

RZ, RZ, RX u RY, sneMeHTaMH KOTOPBIX SIBJSIIOTCS GECKOHEUHBIE YHC-
JIOBBIE TIOCJIENIOBATEbHOCTH.

[TpoctpancTBO RS, COCTOMT M3 BceX OTpPaHHYEHHBIX MOCJE0BaTe b

HocTell a = (a4, ..., Q,, ...) C HOPMOH (NIPOBEPKY BBINIOIHUMOCTH aKCHOM
HOPMBI IIPEAOCTaB/SIEM UYHTATEJIO):

Ila\|=sgplanl;

”~~

R % — MOANpPOCTPAHCTBO MNpocTpaHcTBa Ry, cocTosiliee w3 cXomsmux-

cs rnocjaenoBareJbHocTeH; R — MOANPOCTPAHCTBO, cocToslee K3
TOCJIeJIOBAaTeNbHOCTEH, CXOASIIUXCA K HYJI0 (OECKOHEYHO MaJblX II0-

caegoBareqabHocreil). OueBuano, uto RY — Rx — Rx.
[MpocTpancTBo RI° COCTOMT H3 TaKHX IOC/ENOBaTeIbHOCTE a =

00

= (Agy «eey Qny ...), YTO Pl 2 |a, | cxoautcsi. Hopma B R| 3anaercs
n=I

lall= ¥ a.l.

n=I

pPaBEHCTBOM

-~/
OueBHaHO, YTO J106Gast mocjenoBareabHOCTb U3 R mpuHamiexxkur Roa.

DnemeHTh npocTpaHcTB R, R — KOpTeXM MJIHHBI 1 — MOXKHO
paccMaTpHBAaTh KaK YHCJOBbIE (PYHKLUH, 3aJaHHble Ha MHOXKecTBe N, =
= {1, 2, ..., n}. TouHO TaK e YMCJOBBLIE MOCJENOBATENbHOCTH, H3

KOTOPHIX cocTosAT mpocTpaHcTBa R, R, R, RY, fABASIOTCS YHCAOBLIMH
dbyHKUMAMH Ha MRoxkecTBe N nartypaabHbIX uduces. JlanbHeHllne npu-
Mepbl JIHHEAHBIX HOPMHPOBAHHBIX MPOCTPAHCTB CTPOATCH U3 YHUCJOBBIX
GbyHKUMH, 3alaHHBIX Ha OTpe3Ke HWJIM Ha HHOM UHCJOBOM MHOXKECTBE.
I[Ipumep 6.4. PaccmoTpuM MHOXecTBO GyHKUMH, onpeie/eH-
HbIX M HenpephBHLIX Ha orpeske [a; bl. Has-
BECTHO, YTO 3TO MHOXKECTBO 00pasyeT JuHel-
HO€ TPOCTPAHCTBO OTHOCHTEJbHO OOBIYHBIX y*

onepauuil cJjOXKeHHs (YHKUUH H YMHOXKe-
HUA GYHKUMM Ha uncsao. [lokaxeM, 4TO B iy \
3TOM IPOCTPaHCTBe HOPMOH  QyHKUuH [ Slsl
MOXKHO HasBarb HanOojbllee  3HaueHHe 0 =
(puc. 10) pyukuuu |f| Ha orpeske [a; bl. 21 |
JleficTBHTENbHO, TaK KakK Bce 3HAYeHHUSH {\\ = |
¢gyukuuu |f| HeoTpuuaTeNbHB, TO M Hau- g | A b X
GoJsibllee K3 HHX HEOTpHUATEJNbHO, T. €. \/
1l > 0.
[lycrb f= 06, 1.e. f(x) =0 npu x €
€la; bl. Torna u HanGoabluee 3HaueHHe PYHK- Puc. 10

31



y* uud | f| Ha la; b] pasro Hymio, uan || 0] = O.
y=r(x) HaoGopor, ecan ||f||=0, T.e. HauGosbluee
~ 18 II 3HaueHue | f| paBHO Hymo, TO U f (x) = O npH
Q | JaioboM x u3 [a; bl u, caenosarenbno, f = 6.
T | [TepBasi akcHOMa HOPMBI BBLIMOJHSETCH.
| s : [Mockosbky npu Jo6om x € [a; bl
| S A, X = »
N € {b’__ o IAf (x)] A ()],
a 0 X
/ ' max |3/ ()] = | 4] - max | ()],
\_,!_\ a<x<b a<x<b
/S T. €. ||MIl=|Al-]||f]|| — BTOpPas akcHoma
HOPMBI BBITIOJIHSIETCS.
A Jlna npoBEePKH BHINOJHEHHS TpeTbel akK-
CHOMBI HOPMBI 3aMETHM, YTO
Prc. 11 [Fr () + R0 [ <A )] 4 [ F ()<
IR+,
a notomy H || f1+ f; || = ﬂi’iljl(x) + @I < N+ F )

[TocTpoeHHOe 31ech HOPMHPOBAHHOE IPOCTPAHCTBO OGO3HAYAIOT
C la; b). Cornacuo (6.1), B C [a; b] MoxHo BBecTH MeTpuky (puc. 11):
p(f, @) = max|f(x) — o )] (6.3)

as<x<

Takoe noHumanue paccTOsiHHA MeXJYy OYHKLUHMAMH HaIIO IIHPOKOE
NpUMEHEHHe, B YaCTHOCTH, B HCCJEJOBAaHHAX MO TEOPHH NPHOJHKEHHA
¢byHKUMA MHorouneHamu, BbinoAHeHHBIX [I. JI. Ye6biweBbiM!. TTosTo-
MY paccMaTpHBaeMylo METPHKY HAa3bIBAIOT 4eObile8CKOL.

Orkpuiteiit wap U (f; r) B C la; b] cocTrout u3 Bcex HenmpephBHBIX
Ha orpeske [a; b] byHkuMii, rpadukH KOTOPHIX JieXKaT B OTKPHITOH IO-
Jioce, orpann4eHHol rpadukaMu GyHKuMiA x — f (x) + rux — [ (x) —r.

IIpumep 6.5. B Tom ke nrHeiHOM npo-
CTpaHCcTBe (PYHKLMH, HempephiBHLIX Ha OTpe3-
Ke [a; bl, MOXKHO BBECTH HOpMYy H O (opMmy.ie

b
Il = Slf(x)ldX-
I'eomerpuuecku || f|l osnauaer (puc. 12) mo-
y\ manb GUIYphl, 3aKJIIOUYEHHOH MeX1y OCbIO

abcuucc, KpHUBOH ¥y = [ (X) U NpAMBIMH X =
=q,XxX=0

JlaHHO€ HOPMHPOBAHHOE MPOCTPAHCTBO
o6o3nauaercs uepe3 C, [a; bl. Paccrosiue B

1Tlagpunytut JlbBoBuy YeObimes
(1821—1894) — xpynnefliuHii pyccKuit mateMaTHk, OC-
HOBOMOJIOXKHHK 3HameHHTOH [letep6yprcko#i Matemartu-
yeckOl WKoJb. EMy npHHaasexar ¢yHAaMeHTaJbHbIE
_ pe3yJbTaThl B TEOpHH ¢fHKUHMH, TEOPHH BepOATHOCTEH
Puc. 12 H TEOpHH YHCeJI.
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3TOM IIPOCTPAHCTBE BBIUYHCJ/SETCH 110 (bopmy.ne
b

o (f, g) = j I (x) — @ (x)|dx

a

M PaBHO Muowagd (uUrypbl, OrpaHuYeHHOH JHHHAMH y = [ (x), y =
= ¢ (x), x =a, x = b.

BOITPOCbBI OJ151 CAMOITPOBEPKH

1. Ilaftite ompefesieHHe JIHHEeHHOro npocTpaHcTBa. Kakod 3jieMeHT JIMHEHHOro
MPOCTPAHCTBA Ha3hIBaeTCHd HYJeM (HJH HEHTpaJbHbIM)?
2. Jlafite onpenesieHHe HOPMbI H JIHHEHHOrO HOPMHPOBAHHOIO MNPOCTPAHCTBA.

3. Kakoe H3 noHaTHA saBaserca GoJee OOLIHM: «METPHYECKOE MNPOCTPAHCTBO»
HJIH «IHHeHHO@ HOPMHPOBAHHOE NPOCTPaHCTBO»?

4. [lo xakuM dopMmyJaaM onpezesnseTcss HOpMa B MPOCTPAHCTBaX R} H Réo? 3anaft-
Té KaKylo-HHOYyIs APYTyl0 HOPMY Ha NpSMOH.

5. Kakyio ¢Hrypy Ha KOOPAMHATHOH MJOCKOCTH NOKPHIBAIOT rpadukH GyHKUHH,
npuHanexamux saMkuytomy wapy U (f; 7) B C [a; b, ecan f (x) = x?

YTTIPAJ)KHEHHA
§ 3. Ne 3—6, 35—36, 39—43, 56, 60.

§ 7. NIPEAHJIbBEPTOBBI NMPOCTPAHCTBA

1. Onpenenenne npearuybGeproBa npocTpaHcTBa. B cucreme akcH-
OM €BKJUAOBOH reOMETpPHH, NMPUHATOH B HACTOsAILEe BpPeMA B LIKOJe,
paccTosiie sABJIAETCS NePBHYHLIM MOHATHEM. [Ipyroi mHpPOKO H3BeCT-
HOM' cHCTeMOH aKCHOM €eBKJIHJAOBOH reoMeTpHH SIBJSETCS aKCHOMaTHKa
Beiina. B Hell JnuHa BekTOpa (a caeqoBaTesbHO, H PacCTOSIHHE MEXAY
TOYKaMH) BBOAMTCS Yepe3 MNOHATHE CKaJsipHOro NPOH3BEAEHHS C IIO-

- -_ -
mouibio GopMydibl |x | = V(x, x). Taxo# cnoco6 BBeJeHHSI HOPMbI (a
C/1€0BaTeJbHO, H METPHKH) YA006€H H B HEKOTOPHIX APYIHX JIHHEHHBIX
IPOCT PaHCTBAX.

['oBopsT, uro B /NHMHeAiHOM npocTpaHcTBe L (Haj mnoJseMm faeficTBH-
TeJIbHbIX YHCeJ) OIpelesieHO CKaAsipHoe npoussedeHue, €CJIU KaxKJoh
fnape 37eMeHTOB (BEKTOPOB) X H ¥y H3 L mocTaBJjieHO B COOTBETCTBHE Jeli-
CTBUTEJIbHOE 4Hcao (X, y), npuueM AMs BcexX X, y, 2 U3 L u mwoboro A

13 R BBIMONHAOTCA CJAEAYyIOLHE YCJOBHUSl (AKCUOMbL CKAAAPHO20 NpO-
useedeHus):

1) (x, y) = (y, x);

2) (x+y,2) =(x2)+(y, 2

3) (Ax, y) = A (x, ¥);

4) (x,x) 20, (x,x) =0 x=0.

1Cu.: baswanes B. T.,, HOyunuen K. U, HUBamuunkasa B. I
Feomerpus, 4. 1. M., 1974,
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JIHHeHHOe MPOCTPAHCTBO C BBEJEHHLIM HAa HEM CKaJIipHBIM MPOH3Be-
LleHHEeM Ha3bIBaeTcsi npedeusbbepmossim npocmpancmeom’.

Teopema 7.1. B npedeurvbepmosos npocmpancmee 04 a100b6ix
INCMEHMO8 X U Y CAPABEOAUBO HEPABCHCMBO

e, NSV (%, %) - V (B, ). (7.1)

HokaszarteabcTBo. [lyctb x, y — npousBo/ibHbIE, HO HK-
CHPOBAHHbIE 3JIEeMEHTHI MpocTpaHcTBa L, a A — soboe JeHCTBUTEIbHOE
yncao. PaccMoTpum ¢yHKIHIO

¢ @A) = (Ax —y, Ax —y).

CorJlacHO 4eTBepTOH aKCHOME CKaJsipHOrO Mnpou3BefeHus ¢ (A) > 0.
C Ipyroit CTOpPOHBI, ¢ NMOMOUIbIO BTOPOii U TPETbeH aKCHOM HaXOJHM, YTO
@A) = (x, YA* — 2 (x, YA + (¥, y),

T. €. GYHKUHA ¢ sBJsSETCS KBaAPaTHBIM TPeXUJEHOM. ITOT TpPeXuJieH
He MOXKeT UMETb Pa3/IMYHHIX JEeHCTBUTEJBHBIX KOPHEH, TaK KakK B Ipo-
THBHOM cJy4yae OH He MOr Obl UMETb OJHOTO W TOIO Ke 3HaKa JJIs BceXx

3HayeHH# A. IlosToMy ero AHCKpUMHHaHT (X, ¥)® — (x, x) (y, y) He
MO2KeT OBITh MOJIOXKHTeNbHBIM. CilefioBaTesIbHO,

(% ) < (6 %) - (9, 9).

M3Bsiekass KBajpaTHbI! KOpeHb, MoJy4yaeM TpeOyemoe HepaBeH-
ctBO. |

HepageHncreo 7.1 HasbiBaoT Hepaserncmsom Kowuw — Bynaxosckoeo®.
Teopema 7.2. B npedzuarvbepmosom npocmparcmee ¢gpopmyaa

Ixll =V (x, x) (7.2)

3a0aem HOPMY.

JokasaTteabcTBO. DBromnonHeHHe mnepBbHIX JIBYX aKCHOM

HopMbl 114 || x || oueBuaHO, a TpeTbs cjenyer U3 HepaBeHcTBa Kown —
ByHsikoBcKoro. [leHCTBUTENBHO,

fx+ylP=EF+y,x4+y9)=0x)+2y + 0y <
SUHxIB4+210x0 - llyll4+1yl2=lxIl + [lylh?
u notomy [[x +yll < llxll +1lyll.

Hcnonpaya HopMmy, HepaBeHCTBO Kolin — DyHSIKOBCKOIO MOXKHO
nepenucatb B 6ojiee KOMNAKTHOM BHJeE:

[ Il - Tyl

! BoriHuHe OTTH N b6 e P TO B a MPOCTPAHCTBA, KOTOPOE AIBJISIETCS €ro 4acT-
HbIM CJIyYyaeM H C KOTOPbIM Mbl MO3HAKOMHMCS Mo3jHee (cM. § 13). Dtu npocTtpaHcTBa
CBsi3aHbl ¢ HMeHeM ['mabbGepTa MoToMy, YyTO UM ObL1A MOCTpoeHa B Havaje XX B. Teo-
pusi 6eCKOHeUYHOMEPHBIX JIMHEHHBIX NIPOCTPAHCTB CO CKa/sAPHbIM Nnpou3BeleHueM. OGo6-
lleHHe 3TOH TeOpHH NPHUBEJO K CO31aHHIO TEOPHUH JIHHEHHBIX HOPMHPOBAHHBLIX MpO-
CTPaHCTB.

20rwcted Komwu (1789—1857) — kpynHeiltunit dbpanuysckuit martema-
THK nepBoii nosoBuHbl X1X B., OAMH H3 OCHOBONOJIO:KHHKOB MaTeMaTHYeCKOro aHa-
Jiu3a.

Bukrtop AkosneBuubyuskoBckuft (1804—1889) — pycckuit
akaJeMHK. 3aHHUMaJiCsl BOIIPOCAMU TEOPUH YHCeJs, MAaTeMaTHYeCKOro aHa/u3a, TeOpHH
BEPOSITHOCTEH, a TaKXKe NPHUKJIAJHOH MaTeMaTHKOH. HanucanHble UM pa3nuyHble yye6-
Hble pYKOBOACTBA OKa3aJu 60JblUOe BJAHAHHE HA pa3BUTHE MaTeMaTHKH B PoccuH.
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2. Mpumeps! rpearnab6epTOBLIX NMPOCTPAHCTB.

[Tpuwmep 7.1. Paccmotpum n-mepHoe  apudMeTHYecKoe mpo-
crpancTBo R" u 1/19 nmpoU3BOJIBHBIX 3/eMeHTOBa = (qg, ..., a,), b =
= (byy ..., b, ) NONOKHM

n
(a, b) == Z, a; b;.
=1
Jlerko nposeputb, uto (a, b) o6nafaer BceMd CBOHCTBAMH CKaJsip-
Horo npousBefeHus. Iloatomy corsacHo Teopeme 7.2 dopmyJa

r

nan-——V ;a

onpenensier sopmy Ha R", a ¢opmysa

pla, b)= Z (@i —b; )?

i=l

3ajaer MeTpuky Ha R”.
OnpeneneHHoe TakuM 00pa3soM HOPMHPOBAHHOE MPOCTPAHCTBO 060-
3Hayaercs R2, 3T0 — n-MepHOe eBKJIMIOBO MPOCTPAHCTBO.

3ameuanue. Merpuku npocrpancts Rf, Ri, R% npu n = I,
T. €. B CJyyae npsiMoH, coBmagawT. [lostomy npu n = 1 Jo6oe u3
3TUX MPOCTPAHCTB Mbl OyneM 0603HayaTh npocto GykBoii R.

[Tpumep 7.2. O6o6mas npumep 7.1, paccMOTpHM MHOKeCTBO P, cocTosiee
U3 OecKOHEYHBIX YHCJOBBIX MOCJeJ0BaTeJbHOCTell x = (X1 eeey Xpy +ee) TaKHX,

(00
2 o
YTO PAN an cxoautcsl. MHoxecTBo P, BMecTe ¢ KaAOH MOCJENOBATENbHOCTBIO X
n=1
(00

COJEPKHT M TNOCJAeN0BATeNIbHOCTb Ax, TaK KaK M3 CXOAHMOCTH pja ng BLITEKaeT
n=1

(00
CXOIMMOCTb psiia ) xzxg.
n=1
Ianee, NPeanosoKHM, YTO ¥ == (Y1, «sey ¥y, eoo) — APYTOH BJEMEHT MHOXKECTBa

o0
P. Torna psan Z)’ﬁ cxoautcs. Tak Kak, OYeBHAHO,
n=1\

(xn + yn)? < 2x7 + 292

MpH J1060M 1, TO MO Npy3HaKy CpaBHEHHs PSIAOB C HCOTPHUATEJIbHBIMH YWiI€HAMH psA

o0
D! (x, + yp)? cxonutess, T. e x4y € P.

n=l\
HMrak, mMHoxectso P BMecTe ¢ JiIOOBIMH ABYMS MOCJIEJOBATEJNBHOCTAMH X H ¥ CO-

JepKHT NOoc/ef0BaTesNbHOCTb Ax -+ ny. 3HauuT, P — JHHeliHOe MPOCTPaHCTBO.
oo

1
Tak kak | x,y,] < 5 (x,f + 3’?1) npu Jio6oM n, TO paj 2 XY, a6COJMIOTHO CXO-
n=1
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autca., Ha3oBeM cyMMy 3TOro psia CKajasipHbIM NMPOU3BEleHHEM 3JIEMEHTOB X H Y!

(x’ )’) = Zxrz)’n'

n=1\

He cocraBasgeT Tpyra npoBepuTb, uTO (X, y) YAOBJIETBOpPSIET BCEM aKCHOMAaM CKaJsip-
HOro npou3BeleHus. OnpeleneHHoe TaKUM 00pa3oM NpeArunb6epTOBO TNPOCTPAHCTBO

ofosnayaior R3’- B stom npocrpancrse

21l = ]/ S

n=l|

I[ITpumep 7.3. B muHeiiHOM npocTpaHCTBE AEHCTBUTEIbHBIX (DYHK-
LHH, HempepuBHBIX Ha oTpe3ke la; bl, mosoxum

b
(@) = |f () @ (x)ax.

M3 cBoiicTB ompepeneHHOro uHTerpana chaeanyer, uro (f, ¢) yunos-
JIeTBOpsieT BCEM AaKCHOMaM cKaJjsipHoro mnpousBejeHHs. [lostomy Ha

YKa3aHHOM MHOKecTBe GyHKUIUH MOXHO €elle OJHUM Croco6oM (CpaBHUTE
¢ npumepamMu 6.5 u 6.4) BBeCTH HOpMY:

b
| Fll = Sf2 (x) dx.

BosHuKamolee npd 3TOM HOPMHPOBAHHOE MPOCTPAHCTBO 0603Ha-
gyaercs Tak: C, la; bl. Paccrosinne B HeM BbluHc/sieTcss mo ¢opmyJie

/b
p(f, ) = l/ S(/‘ (X) — @ (x) dx.

Takoe paccrosinue p (f, ¢) uHOrjga HAasbIBAIOT CPEOHEKBAOPAMUUHBIM
yKaoHeHuem GYHKUUH [ OT GYHKIHH @.

Yxke ceflyac MOXKHO BHJETb, HACKOJIBKO IOJIE3HO paccMOTpeHue ab-
CTPAKTHBIX METPHUYECKHX MpocTpaHCTB. IIpuMenuM teopemy 7.1 K KOHK-
peTHHIM MeTpHYecKuM mnpoctpaHcTBaM Ry, R3’, C, [a; bl. Bcmnomuus
dopMyJbl I8 CKaJdspHOro MpoHU3BeAeHHUA B 3THX IPOCTPAHCTBaX,
nojsiyyaeM, 4To AJs JOObIX AeHCTBUTENBHBIX YHCEJ

@by + o + 80 bn | <) a2 4 a2 ) 02+ B
lahy + ot aubn + o ISV @4t @+ o - V g2+t b2+

(u3BectHBIE Hepasercmea Koww) n pis JlOOBIX HENpEpLIBHBIX Ha [a; b]
dbyHKIUHA
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be (%) @ (x) dx | < bg f2 (x) dx“/ Ijgcpz (x) dx

(u3BecTHOE HepaseHcmBo byrHsarxosckoeo).

Takum o6Gpa3oM, HeT HEOOXOAMMOCTH TPOBOAHTb JOKa3aTelbCTBa
KaXKJIOTO U3 5THX HEePaBeHCTB OTAeNbHO. «HToObl H36exkaThb oKa3aTelb-
CTBa TeopeMbl B KaxJI0H OTAeNbHOH ob6JacTH, — mnucan baHax, — uro
6b10 Obl HEONpaBJAHHOH TpaTod BpeMEHH, si BhiOpas NyTh, KOTOPHIH
COCTOUT B cjeaylolieM. B ofiieM BHe 1 pacCMaTPHBal0 MHOXKECTBO 3Jie-
MEHTOB; [JIfl 3THX 3JIEMEHTOB §1 NOCTYJIHPYIO ONpelesieHHbie CBOHCTBA,
M3 KOTOpBIX BBIBOXKY T€ODEMBl, H 3aTeM J0Ka3biBalo, YTO IJISl KaXJIOH
OTIeNbHO!N 0671aCTH MaTeMAaTHKH MPHUHSTHIE MOCTYJIAThl CpaBeiuBhy».t

3. FeoMeTpus nNpeAruyibOepToBBIX NPOCTpaHCTB. CyllleCTBOBaHHE
CKaJIfipHOTO MPOU3BENEHHsA B MNPEArHJIbOEPTOBLIX MPOCTPAHCTBAX IO-
3BOJISIeT ONpeleNUTb B TaKHX MNPOCTPAHCTBAX psii reOMETPHYECKHX
MOHATUH, aHAJIOTHUHBIX TeM, KOTOpble BCTPEYAlOTCA B 3J1€MEHTapHOH
reoMeTpHH.

Cpenud HUX OCOOEHHO BaKHO TMOHSTHE OPTOTOHAJILHOCTH BEKTOPOB.
Kak u3BecTHO, B €BKJIMJIOBOM NPOCTPAHCTBe 1Ba Bektopa a U b opro-
rOHAJbHBl, €CJH HX CKaJipHOe Mpou3BeJEeHHe PaBHO HyYJI0. JTO MNpel-
JIoXKe€HHe MPHHHUMAIOT B MPEATHJIbOEepTOBHIX MPOCTPAHCTBAX 3a Omnpene-
JleHve OPTOTOHAJbHOCTH: [Ba BeKTOpa @ M b mnpearuanbepToBa MNpo-
crpaHcTBa L Has3bIBAIOTCA opmoeoHasbubimu, ecau (a, b) = 0. Tak,

HanpuMep, GYHKUUH a (x) = cos X H b (x) = sin X opTOroHa/jibHbHl B
npoctpanctee C, [0; 2n], Tak Kak

2n
(a, b) = SCOS x sin x dx = 0.
0

B reoMerpuH OpTOTOHAJbHOCTH BEKTOPOB @ U b 03Hayaer, 4To yrou
]
MEK]y HHMH paBeH —-. OnpenenuM oOllee NMOHSATHE YIJa MEXIYy Bek-

TopaMHu a ¥ b npenruap6epToBa NpPOCTPaAHCTBA.
V3BecTHO, YTO B TpeXMEPHOM €BKJHIOBOM INPOCTPAHCTBE YIroJ @
MEX1Yy JIIOOBIMH JBYMSI BeKTOpPaMM YJOBJIETBOPSIET COOTHOIIEHHIO

(a, b)
= 0 < p K<) 7.3
CoS @ |\a|\-||b||( <O T (7.3)

OnpegenuM 3ToH QOpMYJ0iT H yros ¢ MEXKAY BEKTOpaMH a H b
npearuabbepToBa npocrpancrtsa L. Takon yrosa 3aBeioMO CYIIECTBY-
eT, TaK KakK no HepaBeHcTBY Komu — ByHSIKOBCKOro

(a, b)
Nall-Qolll =

a noroMy Haiaercs Takoe ¢, uto 0 < ¢ < @, M BuimoJHsierca (7.3).

! Cm. VY. Cotiep. [TyTs B coBpeMeHHYI0 MaTeMaTHKy. M., 1972, c¢. 223.
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Ha npearuns0epToBH NPOCTPAHCTBA MEPHOCATCH TaK¥XKe HEKOTO-
pLie TeopeMbl 3JIeMEHTapHOH reomerpuH (teopema Ilucaropa u T. 1.)

4. NMpearnapGepToBbI NPOCTPAHCTBA HAM MOJIEM KOMIJIEKCHBIX YHCEJ.
CkansipHoe TpOH3BENEHHE pPacCMaTPUBAOT M B  JIMHEHHBIX IIpO-
CTpaHCTBaxX Hal noJieM KoMrieKcHbIX yHcea C. [las HUX cKansipHoe
Mpou3BeJleHHe MOXKET INPHHHUMATh KOMIIJIEKCHblE SHAaueHHs; IPH 3TOM
TpeGyoT, 4YTOObl OHO YJOBJIETBOPSJIO IPHBEJEHHBIM BhIIIE aKCHOMaM
2—4, a BMECTO MepBOH aKCHOMBI BBIMOJHSANIOCH ycaoBHe: (x, y) = (y, X).

Hanpumep, B JauHeliHOM npoctpaHcTBeC®, ajeMeHTaMH KOTOPOro
C/Iy:KaT KOPTEXH JVIHHBI 1 H3 KOMIUVIEKCHBIX YHCEJ, MOXKHO CJIeYIOLHM
006pa3oM BBECTH CKaJfpHOe NpOH3BeLeHHe 3JEeMEHTOB a = (ay, ..., 4, )

H b = (bl’ coey bn):

(a, b) - 6117).1 + oo + an_(;n.

Hopma 3nemenra a = (a;, ..., @,) HaXOAUTCS B 3TOM MNpPOCTPAHCTBE
no ¢opmyiie

” a H = V(a’ a) = V—al‘a—l + eee + an En == V‘al lz + voe + Ian lz.
OueBupHo, uto || a|| > 0, npuuem||a||= 0 aumwbecana;= ... =a,=0.

B npocTtpaHCcTBe HENpephIBHBIX KOMIJIEKCHO3HAYHBIX QPYHKUUH CKa-
JIsIpHOE NPOHU3BE/ieHHe onpejensieTcss GopMyJoH

b
(@) = |7 (%) @ (x)dx.

Hepasencrso Komu — ByHAKOBCKOrO HCTHHHO U B IpeAruJnoep-
TOBbIX npocTtpaHcTBax Hax C.

BOITPOCHI OJ1s1 CAMOITPOBEPKH

1. TTepeunciuTe aKCHOMBI CKaJISIPHOTO MPOH3BEJEHHS.

2. YacTHbIM cAyuaeM KaKoro fIOHAATHSl SIBJISeTCA MOHATHE NMpeAruab6epToBa npo-
CTpaHcTBa?

3. UTto Takoe JByMepHOe npeiruab6epTOBO MPOCTPAHCTBO?

4. Kak 3apaercs B ApeariHjb6epToBOM mnpocTpaHcTBe Hopmar? Kaxk 3amaercs B
HeM MeTpHKa?

5. Kakue BekTOpHl MNpeArHab6epToBa MPOCTPAHCTBA HA3LIBAIOTCA OPTOrOHAJb-
HbIMH?

6. [louemy KocHHYC yrJa B npeAru#b6epTOBOM NPOCTPAHCTBE MO MOAYJIO He Mpe-
BOCXOIHT YyHcJaa 1?

7. 3anuiuxTe YacTHhIE cJyuau HepaBeHcTBa Komn — ByHsiKoBckoro.
8. 3anuwmuTe opMyJy AJst HOPMEI BeKTOpa B mpoctpanctBax R, RS, Cyla; bl.

9. 3anumute dopmysy s KocHHyca yraa B mpocTpanctBaxRj, RS, Cola; b].
10. M3 KakKuX 371eMEHTOB COCTOSIT eAMHHYHbIE IIAPHI C LIEHTPOM B HYJe AJsl Npo-
ctpanctB R7, R;O, C, [a; b]?

YTIPAXKHEHUY
§ 3. Ne 16—17, 19—20, 29—31, 44—46, 61—62.
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Ta6auua OcHOBHHIX JAHHEHHBIX HOPMHPOBAHHBIX MPOCTPAHCTB

DN eMeHTHh NpPOCTpPaAaHCTBa

TeJIbHBIX 4YHCe.l

x=(Xg, «.} xn)

KopTcxkH H3 n AefCTBH-

BecKkoHeuHble NocJeaoBaTelb-
HOCTH H3 AefCTBHTEJIbHBIX YH-
ceJ

x = (x4, ... , X, )

@ YHKUHH, HenpepbiBHbIE Ha
oTpe3ke [a; b]

x = x({)

RS

—
i 9
lx]l = 2"1

i=1

o0

1 9

X TakHe, 4TO PAA Xy
(=1

CXOJHTCA

C; [a; b]

b
| x || =]/§x2(t)dt

O6o3Hauenne ¥ dopMyJa AN HOPMbI

R

Ixl=¥ %]

i=l

0
X TakHe, YTO pAl 2 | x; |

i=l1

C, [a; b]

b
Ll =S e (1) | de

CXoaHuTCco
RS R Cla; b]
]\xll-———miaxlxi| l\x\|=8?p1xi| “xltll":tmé’;lx(t)l

X — OrpaHHY€HHbIE MOCJIe-
AOBATEJ/IbHOCTH

§ 8. EXOAUMOCTb B METPHUYECKHUX MPOCTPAHCTBAX

1. Mpenen nocaeposarenbHocTH. [lepeitnem Terepb K omnpeneseHito
OCHOBHBLIX MOHATHH MaTeMaTH4YeCKOro aHajiu3a B MeTpHYeCKHX MpocT-
paHcTBax. [lepBbiM M3 HuX OyneT MoHsATHE CXOAUMOCTH IOCJEe10Ba*
TeJbHOCTH TOUEK METPHYECKOro NpOCTpPaHCTBA. TaK Kak omnpesesieHue
npenena 4uMcJOBOH TOC/ENOBaTeNBHOCTU ONHpaercs Jumb HA MOHATHE
paccTosiHUA, TO OHO MOXKeT ObITb JOCJOBHO MepeHeceHo B IPOH3BOJbHOE
MeTpHYEeCKOoe IPOCTPAHCTBO.

Touka a Merpuueckoro mnpoctpatctea M Ha3wiBaercss npedesom

nocaedosamesvHocmu  movex (x,)

3 npocrpaHcTea M, ecan paas
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JII000ro TOJIOXKHTENBHOTO UHC/Ia € MOXKHO YKa3aTb Takod HoMep N, 4To
HPH BCeX n > N BHINOJIHACTCS HepaBeHCTBO

o(x,,a <e.

ITpu sToM numyT x,— a uau lim x, = a u rosopaT, yTo nOCAe006a-

n-—-oo

meavbHocmb (x,) cxodumcsa K mouxe a (o MeTpuke npocTpaHctsa M).
Ecan nocnenoBaTeJbHOCTb (X,) HE CXOOMTCS HH K KaKOMY 3JIEMEHTY
U3 M, ee Ha3bIBalOT pacxodsauelics.

OnpenesneHue mnpeneja B INPOH3BOJBLHOM METPHUYECKOM, NPOCTPaH-
CTBE MOXXHO, OYEBHJIHO, CBECTH K IOHATHIO Ipejesa YHCJIOBOH NocJe-
JOBATEJILHOCTHU: TOUYKA a € M HaswIBaeTcsl npedesom nocaedo8arneabHo-

crmu mouex (x,) U3 M, ecau uHca0Basi moc/enoBaTesNbHOCTD P (a, X, )
CTpPEMHUTCH K HYJIO npu n—- oo, lim p (a, x,) = 0.

=00

HepaBenctso p (x,, @) < & o3Hauaer, 4TO X, HAaXONHUTCH B €-OKpe-
CTHOCTH TOUKH a. [103TOMYy MOXKHO JaThb M «TreoMeTpHYecKoe» OmpejeJie-
HUe IpejeJa.

Touka a HaspiBaercs npedesom nocaedosamervHocmu mouex (x, ),
ecsu J106asi OKPECTHOCTb TOYKH @ COINEPKHUT BCE TOYKH JAHHOH IocJie-
JIOBaTeJbHOCTH, HauuHas ¢ HEKOTOPOH.

[locko/bKy 3JIeMEHTaMH METPHYECKOrO NPOCTPAHCTBA MOTYT OBLITb H
YyHCJa, U YUCJIOBbIE KOPTEXKH, H TOUKH €OMETPHUYECKOro NMPOCTPAHCTBA,

U JUHUH, U QYHKUMH, TO JaHHOE BHILLIE ONpejleJieHHe HMEeeT BechMma IiH-
POKYI0 06JIaCTb IPUMEHEHHUS.

[Tpumep 8.1. TIlocnenoBartesnbHocTh QyHKUMHA X, (f) = " cXomuTcs B npo-
crpanctse C, [0; 1] kK dyukuuu 8 (¢) = 0.
B camom jJene, B 3TOM MPOCTPaHCTBE

o(x, 0)— j’ pndf —

a 3Hauwr, p (x,, 0) > 0 npu n — oo.

Dra ke nocJeloBaTesibHOCTb GyHKUHE B mpocTtpaHctBe C [0; 1] He cxomutes k
$yHKUMU O, MOCKOJNIBKY B 3TOM CJyuae

p(x, 0)= maxt®=1.
0<t<l

B xoHeyHOMEPHOM JIMHEHHOM HOPMHPOBAHHOM IPOCTPAHCTBE Haps-
Ay CO CXOAMMOCTbIO IO HOpME yJIOOHO pacCMaTpHUBATh ellle TaK HasbiBa-

eMyl0 INOKOOPAMHATHYI cXoaumocTb. Ilyerb x® =(x¥, ..., ),
k € N, mocienoBaTelbHOCTb TOYEK H3 rn-MEpPHOTO NpocTpaHcTBa L”.
Dynem roBopHTb, 4YTO nocaedosamevrocme (X®) cxodumces nokoopdu-
HAMHO K mouke X = (xy, ..., X, ) U3 L" , ecsiv KaxkJasa yHcJI0BAs NOCE0-
BaTeJbHOCThb (xf-k)) CXOAHMTCA NpH B — o0 K yucay x; (i =1, ..., n).

HoKaxeM, 4TO 8 41000M KOHEUHOMEPHOM AUMELHOM HOPMUDPOBAHHOM
npocmpancmee L" u3 noxkoopOunamnoi cxodumocmu nociedosamens-
rnocmu (x®) Kk x eoimexaem, umo (x(®)) cxodumes Kk x no Hopse.
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n n
B camom meie, x‘k)=2 xPe, , x =ine , rae (e, ..., e,)—He
= =

KOTOpbif Oasuc npocrpadcTBa L” . [TosToMmy

Pl 1) =[x — x| = | S —sxgec | <X [ —x: |- fle I
[ =1

i=l1

Orciona BHIHO, YTO €CJOH X¥ —x, mpu k—-oo (i =1, ..., n), To

p (x®, x) >0 npu k£ — oo, T. e. (x(k)) CXOJHUTCA K X IO HOpMe.
CripaBefyinBO W 0OpaTHOE YTBepIKIEHHUE: eCAu nocaedosamenbHoCmb
anemermos (x(*)) KoHeuHOMEPHO20 AUHELIH020 HOPMUPOBAHHO20 NPOCMPAH-
cmea L™ cxodumcs K aaemenmy X no Hopme, Mo oHa cXo0umcs K X u no-
KOOPOUHAMHO.
B ofimeMm ciyyae 3To yTBepiKlIeHHe NoKa3niBaercsl HempocTo. [loka-

’KeM ero 1Js mpocrpaHctBa R;. Tak Kak B 3TOM HpPOCTpaHCTBE

n

k
[x®— x || = 2 (x} - X; )%

=1

o | xP—x, | < |l xP— x]|| npu mobom i, a IOTOMY H3 TOrO, 4TO

lim || x» — x || = 0, BhiTeKaer, uto lim x{" = x; .
kR—> k =00

AHaJIOTHYHO NPOBOAMTCS 10KA3aTeNbCTBO H IS IpocTpaHcTB RY
u R%.

JlBe MeTpHKH Ha MHOXKecTBe M Ha3bIBAIOTCS 3IKBUBANCHIMHbIMU, €C-
JU U3 TOro, uto lim x%* == x o ogHO# U3 HUX, BLITEKaetr, YTO TO Ke

k> oo
paBEHCTBO clipaBeliuBoO U A7 Apyroil. Tak kak B R” nobas u3 Hopm
3a/laéT CXOAMMOCTb, PaBHOCHJILHYIO NOKOOPAHHATHOH CXOAHUMOCTH, TO

éce Hopmbl 6 npocmpancmée R" 3adarom 3sxsusarenmusie Opye Opyey
MEMPUKU.

I[Tpumep 8.2. B npoctpanctae Ry® TakxkKe HapsAy CO CXOQHMOCTBIO N0 METPH-
Keé MOXHO pacCMaTpHBaThb KU MOKOOPIAMHATHY:0 cXoauMocTb. 1 B sToM cayuae cxonu-
MOCTb TOCJIeOBaTeNbHOCTH (x(R)), x(k) = (x(l"), cens x,(zk), ...) K TOYKe a = (ay, ...,

ap, ...) IO METPHKe BJeyeT 3a co0oll MOKOGPAMHATHYIO cXoAHMOcThb: lim x,(f) = a,,
R—co

n € N. O6parHoe, 0OIHaKO, HEBEPHO —MOCJ/Ie10BATeJNbHOCTD 3/1eMeHTOB H3 RZ° Moxer
CXOJHTbCA K a NOKOOPAHHATHO, HO HE CXOAMThCA K a no MeTpuke. Hanpumep, noso-

KHM x(k) = (x(lk), ., xff), ), e x¥) = O npu i £k u x,gk) = 1, Toraa A1s Kax-
Joro hHKCHPOBAHHOIO i HMeeM: lim: x(’? = 0, TaK KaK TOJbKO OJHO H3 YHCeJ 3TOH mo-
R—+ o0

CJIeI0OBATEJbHOCTH OTJHYHO OT HYJIsI, @8 HMEHHO x(?. Ho ata nocaenoBaTeJibHOCThL He
CXOAHTCA K saementy 6 = (0, ..., 0, ...) no MeTpHKe NpPOCTpaHCTBA Rgo. TaK Kak
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oo
p (x®, ) = (x0— O = 1
H p (x(k), B) He cCTpEMHUTCS K HYJIO NPH B — oo,

[Mockonbky Merpuku B mpoctpanctBax C [a; b], C, [a; bl, C, [a; b]
pas/HYHBl, TO MOXXHO FOBOPUTb O Pa3sHLIX BHAAX CXONHUMOCTH IIOCJENO-
BaTeJIbHOCTeH (YHKUHUH.

[Tycte nocnemoBatenbHOCTh (yHKuM# u3 npoctpaHctBa C [a; bl
CXOJHTCS B 3TOM NIPOCTPaHCTBe K PYHKUMH f. DT0 3HauuT, uto limp (f, , /)=

n—-»oo

= 0, rae
p(fn ’f) — maxllfn (X)—-—f(X)\

as<x<

Ho torna pas mo6oro € > 0 naigerca takoe N, uto npu n > N jaa
Bcex X € [a; b] BoimosiHsercss  HepaBeHcTBO  |f, (x) — [ (x)] < e.
3TO 3HAUYHUT, YTO NOCJAENOBATENbHOCTD (f,) paBHOMEPHO CXOAMTCS Ha
la; b] x f.

O6paTHO, ec/H MOC/eA0BaTeNbHOCTh (f, ) PYHKIHH, HenpephIBHLIX
Ha otpe3ke [a; b]l, paBHOMepHO cxojuTCa Ha [a; bl K f, TO, Kak u3BecTHO,
¢yHkuus f Toxe HenpepniBHa Ha la; b], 1. e. f € C la; bl. Tlpu s1OM,
B CHJYy oIpeneieHUss paBHOMEpHoO#H cxogumocTH, limp (f,, f) = 0,

n—-+oo
T. e. (f,) cxoautcs K f no merpuke C la; b].

Hrak, cxodumocme no mempuxe npocmpancmea C la; bl pasnocunrs-
HQ PAaBHOMEPHOU cxodumocmu.

2. CoWcTBa CXOAAIMXCA TnocJenoBaTesbHocTell. Cxopsiiyecs ro-
C/1€0BATEJIbHOCTH MPOU3BOJILHOIO METPHYECKOTO MPOCTPAHCTBA 06Ja-
AaloT NPHBBLIYHBIMH CBOHCTBAMH CXOASIIHXCHA YHCJOBBIX I10CJ€10Ba-
TeJbHOCTEH.

Teopema 8.1. Hukaxaa nociedosamervnocmv motek mempu4eckoeo
npocmpancmea He mogxcem umems 6osee 00Ho20 npederq.

JlokaszaTteabcTso. [lpeanosioxkuM, YTo B HEKOTOPOM MeT-
pHUYECKOM IPOCTPAHCTBE HMEETCS MOCJeNoBaTeNbHOCTL (X, ), HMelollas
iBa npegena: a v b, a s<b. Torpa limp (a, x,) = limp (b, x,) = 0.

n—=oo n—-»oo

Kpome Toro, B CHJIy aKCHOM METPHKH

0<p@b)Lpla x,)+p b x,)

[lepexonss B 3TOM 4YHCJIOBOM HepaBeHCTBe K IMpefeny, MOJydyaeM:
o (a, b) = 0, YTO NpPOTHBOPEUHT aKCHOME TOXKIECTBA, MOCKOJbLKY
a*b.1R

Teopema 8.2. Ecau nocaedosamesbrocms mouex mempudeckozo npo-

cmpancmea umeem npeden, mo u Abas ee no0NOCA008AMEALHOCTL UME-
em mom e npedea.
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JlokasaTenbCcTBO TaKoe Xe, KaK H B CJyuae YHCJIOBHIX
nocjaenoBarenbHocTed. i

Teopema 8.3. Bcaxasa cxolsawasnca nocaedosameabHocmo motex (x,)
mempusecko2o npocmparcmea M oeparuuera.

HoxkxaszarteabcTBoO. Ilyerb limx, = a. Torga Ha#izercs

n—» oo
Takoe N, 4to p (a, x,) <1 npu n > N. O603Hauum uepe3 r HauGob-
wee u3 yucen 1, p (a, x1), ..., p (a, xn). Bce Touku paccmaTpuBaemoit

MOCJIeI0BATENbLHOCTH MMpHHALJIeXKaT 3aMKHYTOMY IHapy pajauyca r

C LUEHTPOM B TOUKE a. JTO U O3HAYAET, YTO MOC/EJ0BaTEIbHOCTb OrpPaHu-
yeHa. i}

Teopema 8.4. Ecau nocaedosameavrocmu (x,) u (y,) us mempuue-
CKO20 NPOCMpAaHCmea cxo0ames, mio

limp(x,,y,) =p(limx,, limy,). (8.1)

n—»oo n—>o00 n—>00

HokasarteabcTBoO. B cuny HepaBeHcTBa (5.2) nmeeM:

10 (X ¥2) — 006 NIKPE,, X)F00n Y-

[Tepexonst B 3TOM COOTHOLIEHHH K mpeneny, nosaydaem (8.1). |l

B JiMHeAHBIX HOPMHPOBAHHBIX INPOCTPAHCTBaX, TIJe OlNpeae/eHbl
onepaudd CJAOXKEHHS 3JEMEHTOB U YMHOXKEHHS 3/JeMEHTOB Ha 4YHCJIO,
CrpaBefJIUBbl TaKHE TEOPEMbI:

Teopema 8.5. Ecau 6 AuHEUHOM HOPMUPOBAHHOM NPOCMPAHCHEE NO-
caedosameavocmu (x,) u (y,) cxodamcs, mo u nocaedosamesbHoC mb
(x, + y,) cxodumcs, npuem

lim(x, +y,)=Ilimx, 4+ limy,. (8.2)

n-> oo n—oo n—+oo

HokasarteanbctBoO. Ilycts x,—>a, y, = b. Toraa

0@+ b) —(x, 4+ y )l = lll@a—x,) + (b —y Il <
Slla—x, I+ 116 — y, |l.

[Tlepexonss B 3TOM HepaBeHCTBe K mpefeny, noayuum (8.2.)1R

Teopema 8.6. Ecau uucaosas nocaedosamenrvrocmo (A,) cxodumcs K
qucay A, a nocaedosamesvHocms (x,) U3 AUHEUH020 HOPMUPOBAHHOR0
npocmparncmsa L cxodumces k a€ L, mo nocaedosameavrocmo (A, X, ) cxo-
dumcs 8 L K aremenmy Aa.

,HO Ka3aTeJdbCTBO BLTEKaeT H3 COOTHOUIEHHS
Ogn}"nxn'—'xan‘—:Il}"n(xn_a)+(}"n—}")a‘\<l}"nl'“a_xn“+
+ A, —A el W

BOITPOCHI IJ151 CAMOITPOBEPKH

1. Jlafite onpejesieHHe CXOASILLIEHCS ITOCJEJOBaTeJIbHOCTH TOYEK METPHUYECKOro
NpOCTpaHCTBA. .

2. [laiiTe onpejesieHHe cXOAslIEHCs NMOC/AEA0BATEJbHOCTH TOYEK JIHHEHHOIO HOP-
MHPOBAaHHOIO INPOCTPaAHCTBA.
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3. Kakoe /inHe#iHOe NPOCTPaHCTBO Ha3hiBaeTcsl Ko-
He¥yHOMepHbIM? UTO HasbiBaeTcsi 6a3MCOM TAKOro NpocT-
paHcTBa? UTo Takoe «KOODAHMHATBI BEKTOPa»? YKaxKure
6a3uc B npoctpaHctBe R”, nafite onpeaeseHue MNOKOOp-
AMHATHOH CXOJAMMOCTH B KOHEYHOMEPHOM JIHHEHHOM
NpOCTPAHCTBE.

4. YKaxHTe Kakyl-HHOyAb pacXoAsiulylocs mnocJe-

J0OBaTeJbHOCTb TOYEK M3 MPOCTPAHCTBA Rf. Moxer Jn

3Ta [OCJel0BaTeJNbHOCTb CXOAMTbCS K KakOH-HHOYIb
TOYKEe MNOKOOPIHHATHO?
5. Ilposeaure noka3zaTesbCTBO COOTHOLIEeHHS (8.2).

Puc. 13 6. [loueMy He WMeeT cMbiC/1a TOBOPUTbL O CIpaBeAJH-
) BOCTH TeopeMbl 8.5 B IPOH3BOJILHOM  METPHYECKOM
IpOCTpaHCcTBe?
YTTPA)KHEHUSI

§ 5. Ne 3, 7, 9—14, 22, 23—26, 32.

§ 9. OTKPbITBIE U 3AMKHYTbBIE MHO)XECT BA

1. BHemiHHe, BHyTpeHHHE H rpaHuulbie Toukd. Ha pucysnke 13 uso-

OpaXeHo MOAMHOXKeCTBO E myocKocTH R5. Bce TOUKM IVIOCKOCTH je-
JISITCS IO OTHOUJEHHIO K 3TOMY MHOXKECTBY Ha TPH KJacca — BHYTpeH-
HUe (HanmpuMmep, TOuKa a), BHeUlHHe (HalpuMmep, Touka b) U rpaHHYHbIE
(nanpumep, Touka c). Takylo xe KjaaccHbHKALHUIO MOXKHO BBECTH IJis
TOYeK J1000ro METPHYECKOr'o IPOCTPAHCTBA IO OTHOLUEHHIO K J06OMY
MOAMHOXKECTBY 3TOro NpocTpaHcTBa. IIpuBeneM cooTBeTCTBYIOLLHE O pe-
HeJeHus.

[Iycte M — merpuueckoe npocTpaHcTBo, E — kakoe-nu6o ero
NOAMHOXKECTBO. Touka a€ M Ha3biBaeTcsl 8HympexHel 1751 MHOXKecTBa £,
€CJIH Y Hee CYLIeCTBYET OKPeCTHOCTb, LEJHKOM COCTOfLAS U3 TOYEK
MHOxKecTBa E

Touka b € M nasbiBaeTcsl gnewreld N MHOXKecTBa E, ecau y Hee
CYLLECTBYET OKPECTHOCTb, He coJep:xalllass HH ONHOH TOYkH u3 E.

Touka ¢ € M Ha3sbBaercsl epanuuHod IJs1 MHOXKectBa E, ecan B
KaXXI0OH ee OKDPeCTHOCTH HMEIOTC KaK TOYKH, NpUHALIexxalllhie MHO-
sKecTBY E, Tak M TOUKH, He NpHUHajMexKallve emy. MHOXeCTBO Bcex
rpaHHYHbIX Touek Ajas E HasbiBaercs epanuyed E u obosnauaercs OE.

Kak caenyer u3 3tux onpeneneHut, arobas mouka a € M sasasemcs
048 OanHo2o mHoxucecméa E aubo enympenned, aubo gnewnel, aubo epa-
HUYHOU, npudem Kaxc0as ud 3mux 603MoxCHocmell uckarouaem 08e ocmans:
Hble. $ICHO TakKe, YTO MHOXKECTBO E CONEpKUT BCe CBOM BHYTPEHHHE
TOYKH H HEe COJEPKHUT BHEUIHHX TOYEK; IDAHHUYHBbIE TOUKH MOTYT Kak
npyHajiexarb, TaK U He NpPHHAL/NeXaTb 3TOMY MHOKECTBY.

Cnenyer umerb B BHAY, YTO BHYTPEHHAS TOuKa MHOXectBa E Mo-
JKeT 0Kas3aTbCsl TPaHHYHOH, €C/IM 3aMEHHUTb METPHUYECKOe IPOCTPAHCTBO
M ppyrum npocrpaHCTBOM, coiepxawiuM E. Hanpumep, sobas Touka
MHQxKecTBa £ = R sBJssiercs BHyTpeHHeH oTHocuTeqbHO R. Ho ecau
paccMaTtpuBaTh E = R Kak yacTb IVIOCKOCTH, TO Bce TOYKH M3 E oka-
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XKYTCA TPaHHYHBIMHM, TaK KaK B JOOOH HX [F oo
OKDeCTHOCTH, Hapsaay C Toukamu u3 E, ume- [
I0TCSI TOUKH, He npHHagiexalue E (puc. 14).
Hoecau E < M < M, ua — epanuunasn
mouka 028 E 6 M, mo ona 6ydem eparuuroti |:E.. \ 7
0212 E u e M,. B camom fJenie, 10 YCJIOBHIO B NG
J060H OKPECTHOCTH TOUKH @ B M €CTb TOUKH  [:; ixi
u3 E v Toukn w3z M \ E, atorna tem Goiee
B J1I000H OKPEeCTHOCTH 3TOH 2Ke TOYKH B M,

HaHAyTCA KaK TOYKH M3 E, TaK M TOYKH M3
M, \ E.

Puc. 14

[Tpumep 9.1. Bepxusass u HHXKHSISI TPaHH Or-
paHHueHHOro MHoXecTBa E u3 R sIBJSIIOTCS TPAaHHYHBIMH TOYKaMH 3TOr'0 MHOMKECTBA.
HefictButenbHo, nyctb f = sup E. CorsiacHO H3BeCTHOMY CBOHCTBY BepXHeH
rpaHy, s Jqwoboro € > 0 MOXKHO yka3aThb Takoe 4YHceao x € E, uto

B—e<x<P
Otciona ficHO, Y4TO 8-OKPeCcTHOCTb TOUKH [ CONePXKHUT Kak TOuKy x u3 E, Tak H, HanpH-

8 L] “
Mep, Touky B -+ PL He npuHajaexamyio E, a notomy P siBasieTcsi rpannuHoOil Toukof

ans E.
Ananornyno nposepsiercs, yto ¥ o = inf E — rpaHnuHas touka aas E.
I[Tpumep 9.2. Bce Toukn mpoctpaHctBa R — rpaHuuHble fjs MHOKecTBa Q.
IT0 cJeayeT K3 TOTO, YTO B Jl06OH OKPECTHOCTH TOYKH a € R HMeloTcs Kak pauuo-
Ha/IbHble, TAK H HPPALlHOHAJIbHbIE YHCJIA.
[Tpumep 9.3. Ilyctb E — MmHOXKecTBO QPyHKUMH npoctpanctBa C [—1; 1]
Takux, 4to f (x) < 1 npu x € [—1; 1]. INokaxkeM, uto GyHKUHSA fo (x) = 2x sBAsETCH
BHELIHEH «TOYKOH» JJisi MHOXKecTBa E |

PaccMoTpuM okpecTHOCTL pannyea rY ¢yuxkunn fy (puc. 15). Ilyctb f— npous-

BOJIbHAsl QYHKUHUSA H3 3TOH OKpPeCcTHOCTH. Toraa

1=/l = max|f () —fo (9| < 4
—1<x<1

a 3HauyHr, 21

FO—fo)| < —=IF1)—2| <

<~=f()>25f¢E. (i
2 2 ::.:f;-f Y= f ()( )
Takum 06pa3oM, HH OAHH 3JIeMEHT M3 BbIGPaHHOM
OKPECTHOCTH He IPHHANJIeXXHT MHOXecTBY E, a rmo-
TOMY fo — BHelIHss1 «TOYKa» Aas E. 1h
[Tpumep 9.4. T'panuuelt orkpeiTOro Iuapa
U (a; r) B 1uHefiHOM HODMHPOBAHHOM IpocTpaticTBe L
sBasercs cbepa S (a; r).
JloxasarteqbCTBO MNpPENOCTaBJ/sIEM MPOBECTH YHTA-
TeJIIO.

(S
~
x

Teopema 9.1. [@'panuya mHoxmecmea @

Nof~

MempuHeckom npocmpancmee cosnadaem ¢ _
epanuyell eeo donoanenusa 00 6ce20 nPocm-
paxcmea. Puc. 15
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JJokasaTeabcTBO. B omnpeneneHun rpaHuyHol TOYKH MHO-
’KeCTBa KakK caMo MHOXKeCTBO E, Tak u ero gononHeiue CE «paBHOIpaB-
Hbl» — B JII0O60H OKPECTHOCTH 3TOH TOUKH JOJKHBbI ObITH U TOUKH U3 E,
U toukd U3 CE. Orcioma u caenyer Hawe yTepxieHue. i

Teopema 9.2. [Tycmbv OaHna awbas co8oKynHocmb HOO0MHONECME
{Ex } mempuueckozo npocmparcméa M. Touxa a, sHympennas xoms 6ol
048 00H020 U3 3mux noOMHONCECMS, ABAAEMC BHYMPpPEHHeU u 045 ux

obvedurenus E = JEqo. Ecau uucao noomuosrcecms Eq rorneuno, mo
¢
mouka, 8HewHAs 0aa kamcooeo u3 Ey, ssasemca snewrel u Oaa E.

HoxasateabcTBO. ECaM a — BHyTpeHHSA Touka 1Jjs Eq,
TO y Hee CYLIeCTBYeT OKpecTHoCcTb U, IEeNMHMKOM COCTOfllas H3 TOYeK
mHOxecTtBa Ey. Tak kak E, — E, To U COCTOUT 1I€JIUKOM M3 TOYEK
MHOxKecTBa E, W moTtoMy a siBjsieTcsl BHYTpeHHeH TOoukod H pasa E.

Ecau a — BHewnas touka aaa E,, E,, ..., E,, To y Hee cyulecT-
BylOoT okpectHoct U,, U,, ..., U,, He colepxKalllie COOTBETCTBEHHO
touek u3 Ey, E,, ..., E,. Ho Torna HauMeHb11asi 43 3TUX OKpPECTHOCTEH
He COAEpKMT Touek MHoxecTB E,, E,, ..,. E,, T. e. He colepKUT HH

n
ofHoil Touku u3 E = |J E, . D10 U O3HAuaeT, YTO TOYKA a SBJseTCH
k=1

BHemHed 15 E. |

Teopema 9.3. I'panuya o06Bedurenus 08yx mroxcecms E u F codep-
HUMCS 8 00BEOUHEHUL 2PAHUY, 3MUX MHOXCeCmS.

0(E | F) c 0E | OF. (9.1)

JokasarteanbcTBo. Ilycte Touka a u3 npocrpanctea M
He MPHHALJIEXKHUT HU IpaHuUle MHOXecTBa £, HH rpaHuue MHoxecTBa F.
Torma a nnu6o siBssieTcsi BHyTpeHHEH XoTs Obl AJI1 OXHOTO M3 3THX MHO-
XKecTB, 1ub0 BHemHel Ajas oboux MHOxkecTB. CorsiacHo Teopeme 9.2,
B IIEPBOM CJjyyae OHa OyJer BHyTpeHHeH, a BO BTOPOM — BHeEIlHEH
Toukod a1 E |J F u nmoromy He MOXeT ObiTb I'PAaHUYHOH TOUYKOH O/
E | F.

Hrak, ecniu Touka a He npuHapnexut 0E |J dF, To oHa He MoXeT
npuHagiexatb U 0 (E |J F), a noTtoMmy cHpaBelHBO BKJIOUEHHE
@9.1). B

GaMeuaHue. Teopema 9.3, oueBHaHO, ClIpaBeAauBa AJjig 00be-
AMHeHHs Jn1000H KOHEeYHOH COBOKYINHOCTH MHOXecTB. (OJHAKO OHa

nepectaeT ObITb BepHOH B ciyuae oObelMHEeHUs1 OECKOHEYHOro ceMeHCTBa
MHOXKECTB.

JleficTBHTe/ILHO, PAacCMOTPHM, HanpuMep, B Rj KOHIEHTpHueCKHe
1
kpyru E, paguycoB 1 — ooy (n € N). Ux obbenuHeHueM siBJsieTCS
n

OTKpHITHIH Kpyr paguyca 1. I'panuua storo kpyra (OKpy»KHOCTb €nu-
HUYHOTO pajuyca) He fABJSIETCS MOAMHOXKECTBOM OObeJHHEHHS FPaHHIL

E, (oxpymnomeﬁ paguycoB 1 —

n - l)'
Teopema 9.4. /[ .1a awbold epanuurod mouku a mHoxcecméa E cy-

wecmeyem nocaedosamenbHOCmb mouex (x,) 3moeo MHoxecmea, cxo0s-
wasca K a.
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JlokKaszaTteabcTBO. Tak Kak a € 0E, 1o B /0060H OKpecT-

1
HOCTH @ uUMeIoTCA TOuKH U3 E. B yacTHOCTH, B —-OKPeCTHOCTH TOYKH
n

a MOXHO HaHTH ToukKy u3 E. O6o3Hauum ee x,. IlaBasg n 3HaueHuUSA
1, 2, 3, ..., HOMy4YHM MOCJIEA0BATENbHOCTD Xy, X,, X3, ..., TOUEK H3 E.

[Tockoabky p (x,, @) < —’lz—-, 10 lim p (a, x,) = O u moromy x,— a.l

n—-»2o0

Teopema 9.5. [Ipeden a aw0boll cxolawelica nocaedosamesbHoOCmU
mouexk (x,) u3 mrnoacecmea E sersemca aubo enymperret, Aubo eparus-
Hot moukoi ora E.

JHJokasartenbcTBO. TaK Kak a = lim x,, To B /060 OK-

n—>o0

PECTHOCTH TOYKH @, UMEIOTC TOUKH MOCJIeN0oBaTeJbHOCTH (X,), T. €.
TOUKH M3 E. 3HauuT, a He mokeT OBLITb BHelnHell TouKoH nasa E, urto
H yrBepxkpaaerca B Teopeme. |l

2. Bcioay nnoTHble noaMHoxecTBa. Ecau E—Takas yacTb MeTpH-
yeckoro npocrpaHcrsa M, 4to B M HET HU OJHOH TOYKH, BHeEIHEH
ana E, to rosopar, uto E ecrody naomno B M. MHeIMH cioBamu, E
BCIOAY NJIOTHO B M, ecau Jio6as Touka a u3 M saBasercsa ansa E BHyT-
peHHEH WJW rpaHuyHod, T. e. M = E |J OE.

[TockonbKy B /1000H OKPECTHOCTH TOUYKH, paHHYHON aaa E, ecTob
TOYKH U3 E, MOXKHO CKa3aTb, 4yTo E BCioay NJOTHO B M B TOM H TOJIBKO
TOM CJy4ae, Korja B Jo0oi okpectHoctd U (x; r), rme x € M, r >0,
eCTb XOTb OAHa Toyka u3 E.

[Tpumep 9.5. MHOXeCTBO pallHOHANbHBIX YHCeJ BCIOJY NJOTHO B R.

B camom nene, B mpuMepe 9.2 6blI0 MOKa3aHO, YTO Bce TOYKH H3 R sBJasioTcs
rpaHvYHBIME Aas Q.

[Tpumep 9.6. MHoxecTBO E HenmpephIBHBIX KYCOYHO-JTHHEHHBIX OYHKUHMH Ha
otpeske [a; b] Bciony miotHo B C [a; b] (yHKIHMS HA3BLIBAETCS KYCOUHO-AUHELUHOI Ha
[a; b], ecan cyuiecTByeT Takoe pasbueHHe a = xp < ... < X, = b oTpeska [a; b],
YTO Ha KaXKIOM NpPOMEXYTKe [xp; Xpy,] 3Ta OyHKUUS sMHHeiHA).

B camoM nene, nast so6oii HenpepblBHO# GYHKUHMH f H Jio6oro € > 0 HafigeTcs
Takoe pasbueHue a = xp < ... < X, = b orpeskala; b], uto ansa Bcex k(k=0, ...
..., n — 1) BhIMosHsieTca HepaBeHCTBO: M, — myp < € (3nech M, — HauGoJbluee,
a mj — HauMeHblllee 3HaueHUst GYHKUMUH [ Ha oTpe3ke [x,; Xp.,]). [TocrenoBaTennvHo
COEIMHSAST OTPe3KAMH TOYKH (Xo; Yo), ..., (X,, ¥,), The Yp = [ (xp) (R =0, ..., n),
MoJyyuM rpadHk KycOo4YHO-JHHEHHOH QyHKUHH @. ScHo, uto | f (x) — @ (x)] < & ans

no6oro x € [a; b] u motomy p (f, @) < e, T.e. @ € U (f; €). 10 ¥ 3HauuT, 4tO E BClO- °
ny niotho B C [a; b].

Teopema 9.6. Yacmv E mempuueckoeo npocmparcmea M écrody
naomHa 6 M 6 mom u moabKo mom cayuae, KoeOa 0As At000L mouxu
a € M moxcno nHadmu 6 E nocaedosameavrocms (x,), cxodawyrocs K a.

HoxkxaszateabcTBoO. Ilyete E Bciony ninotHo B M. Touka
a €M aBnasierca pasa E nubGo BHyTpeHHeH, aubo rpanuuHodi. Ecau
@ — BHYTPEHHAdA, TO B KayecTBe HCKOMOH I10CJE€N0BATENbHOCTH MOXKHO
B34Tb (a, a, ..., a, ...). Ecau xKe a € 0E, To HCKOMas MocJjenoBaTeb-
HOCTb CYLUECTByeT B CHJY Teopemnl 9.4.

O6patHo, eciu Jobass Touka H3 M ecTb npenesl HEKOTOpOH mo-
caeoBaTeJbHOCTH U3 E, To B cu/y Teopembl 9.5 3Ta Touka BHYTpPEHHSS
pau rpannunas aaa E. Tlostomy E Bciony miotHo B M.JH
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Teopema 9.7. Ecau F sctody naomno 6 E, a E eéctody naomuo 8 M,
mo F eciody naomno 6 M.

JlokasaTteabcTBO. BosbMmem Jiobylo Touky a € M H pac-
CMOTPHM IPOHU3BOJIBHYIO OKpecTHOCTb U (a; r) atolt Touku. Tak Kak
E Bcropy niotHo B M, 10 B U (a; r) Halinercst Touka b u3 E. Cyiect-
Byer okpectHoctb U (b; r;) Touku b Takasi, uto U (b; ry) <U (a; r)
(cMm. ¢. 27). Tak kak F Bciony miotHo B E, To B okpectHoctd U (b; ry)
Halzercsi Touka ¢ € F. flcHo, uto ¢ € U (a; r). 3Hauur, B mo6ok oKpecT-
HOCTH Ka)JIoH TOYKH a U3 M ecTb Touka u3 F, a notomy F Bciony mior-
HO B M.

3. OTKpbiTbie W 3aMKHyTble MHOXecTBa. Ha miockocTH pas/HuaioT
OTKPBITBHIH H 3aMKHYTHIH KPYTH, OTKPBITHIH M 3aMKHYTHIH KBajpaThl U
T. 1. TouHOo Tak ke Ha NpsiIMOH pa3HyalOT OTKPHITHIA M 3aMKHYTHIM
MPOMEXYTKH (MHTepBaJs H OTpe30K). Pa3jnune MeX1y 3THMH MHOXECT-
BaMH COCTOHMT B TOM, 4YTO IepBLIE He COAEep:KAaT HHU O J H O CBOeH
TpaHHYHOH TOYKH, a BTOpbIE COAEPKAT B C € TaKHe TOUKH. AHaJOrHu-
Hbl€ KJ/ACChl MHOXECTB BBIJEJISIOT H B IIPOH3BOJIbHBIX METPHUYECKHX
POCTPAHCTBAX.

MuoxectBo E W3 MeTpHYeCKOro mnpocTpaHcTBa M, copepxkalnee
BC€ CBOM I'paHHYHbIe TOYKH, HA3bIBaeTCs 3amKHymoim B M. UHbIMH cil0-
BaMH, E 3aMKHYTO B M B TOM M TOJBKO TOM Ciyuyae, Koraa OF < E.

MuoxectBo E u3 M, He cojep:Kalllee HH OJHOH CBOeH rpaHHYHOM
TOUKH, HasblBaercsi omkpoimoim B M. HMHbiMu ciioBaMH, E oTKpHITO B
M Torga M TOJIBKO Torja, kKorga OF (| E = .

Tak Kak ToukH J1060ro MHOXKECTBa B M fe/isiTcs Ha BHYTpeHHHe
U TPaHHUYHbIe, a OTKPBITHIE MHOXECTBA He COAepKaT I'PAaHHUYHBIX TOUYEK,
TO 6Ce MOuKU omKpbuimozo mHoxcecmsa snympernnue. O6patHo, ecau 6ce
mouku mHoxcecmsa E enympenrnue, mo oHo omkpeimo.

Touno Tak »Ke nokasmbiBaercs, uTo mHoxmcecméo E moeda u moavko
moeda 3amxkHymo 8 M, koeda éce mouku, He npuradiexcauue E, asasom-
cA 6HewHumu 0aa E.

['pannna Bcero Merpuueckoro npocrpaHcrBa M nycra: oM = .
[TostoMy OM <~ M u OM | M = (. 3ro 3Ha4YuT, YTO 6Ce npocm-
pancméo M o0HOBpemeHHO U 3amKHYymo u omxpouimo. TaKUM ke CBOH-
CTBOM, OUYEBHJHO, oO/iaiaeT U NYCTO€ MHOXECTBO.

HImeloTcs1 MHOXKECTBA, KOTOpble He SIBJSIOTCA HH OTKPBITBIMH, HH
3aMKHYTHIMH. TakoB, Hampumep, npomexyTok 10; 1] us R, KoTophiit
CONEP2KHUT ONHY CBOIO TDAHHYHYIO TOYKY H HE COAEPKHUT APYroH.

[Tpumep 9.7. B moGoM METPHYECKOM NMPOCTPAHCTBE KaXJblH OTKPHITHIN Liap
IBJISIETCS OTKPRITbHIM MHOXKECTBOM (4eM H OOBSCHSIETCS ero Ha3BaHHe).

JleficTBHUTENIbHO, COIVIaCHO CBOHCTBAM OKpecTHocTed (cM. c¢. 27), y yo6o# TOYKH
mapa U uMeercss OKpeCTHOCTb, HEJIHKOM NnpuHajnexamas U, T. e. Bce TOUKH MHOXe-
ctBa U — BHyTpeHHHE H NOTOMY OHO SIBJISIETCS OTKPHITHIM.

IIpumep 9.8. B o6oM METPHUECKOM NMPOCTPAHCTBE KAXbIA 3aMKHYTHIH Liap
V = U (a; r) aBasieTcss 3aMKHYTbHIM MHOMECTBOM (u4eM H OOGbSICHSETCS ero Ha3BaHHe).

B camowm pese, nycTh b % V. Tornap (a, b) > r,uecan 8 < p (a, b) — r, T0 1a4
Bcex x U3 U (b; 6) umeem:

p(a,x)=p(a b)—p(b, x) >plab—05>n
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Mostomy x ¢ V u V | U (b; 8) =g, 1. e. b— BHewHsas Touka ans V. Hrak,

KaxJaas He npHHaasexamas V touka — BHewHss Aas V, 4TO H JOKa3blBaeT 3aMKHY-
ToCcTh V.

ameuanue HM3 paccMOTpeHHBIX NPHMEpPOB He BbITEKAaeT, YTO HHKAKOH
OTKPBITHIH LIAp HEe MOXeT 0Ka3aThbC 3aMKHYTbIM MHOXXECTBOM (a 3aMKHYTHIH wwap —
OTKPBITHIM MHOXXeCTBOM). Hanpumep, B npocTpaHcTBe Q paliHoHaNbHBIX YHceJ C OObIY-

HON METPHKOH OTKpHITHIH Iap ¢ LeHTpoM B Touke O M paauycoM J 2 coBnajnaer ¢ 3am-

KHYTBIM LIAPOM C TE€M JXe LIEHTPOM H PaJHYyCOM, a MoToMy (cM. npumep 9.8) saBasercq
3aMKHYTHIM MHOXECTBOM.

OnHako B JMHeiiHOM HOPMHPOBAaHHOM mpocTpaHcTBe L, B uacTHocTH B R, Bcd-
Kuit oTkpmThIX Wap U (a; r) He 3aMKHYT, NOCKOJIbKY ero rpanuuna — cdepa S (a; r)

(cM. mpuMep 9.4) — He mycTa U He MPHHAMJNEKHUT 3TOMY lIapy. 3aMKHYThHIE Ke Wapsl B
L He OTKpHITHL

M3 TeopeM 9.4 u 9.0 BbITeKaeT, YTO NPHHATOE HAMH oOlpeaeseHHe
3aMKHYTOTO MHOKECTBA DAaBHOCHJIbHO TaKOMY: MHoXkecTBO E u3 Mer-
pUYECKOrO IPOCTPAHCTBA M Ha3bLIBaAeTCSA 3AMKHYMbIM, €CJIH Tpenen
BCAKOH cxoisllelicss nocnenoBateqbHOCTH (a,) U3 E mpuHapnexur E.

B camom pene, nyctb MHOXecTBO E B M 3amkHyTO, H (a,) — cXo-
ASLAACA MOCJE€J0BaTeJNbHOCTE B M, cocToslas U3 3/1eMEHTOB MHOXKECT-
Ba E, lim a, = a. Torpa no reopeme 9.5 Touka a 1160 BHyTpeHH s, JHO0

n—-oo
rpanuyHas piaa E. ITockosnbky E 3aMKHYTO, OHO CONEpPXKHUT CBOM rpa-
HHUHBIE TOYKH, a ITOToMy B oOoux ciayuasax a € E.

O6GpatHo, nycTb MHOXecTBO E < M conepxKuT npelesibl BceX
CXOAALIUXCS IOC/eN0BaTeNbHOCTEH, COCTaBJIEHHBIX M3 €ro 3JeMEHTOB,
H NYCTb @ — I'paHHYHas TOYKA 3TOr0 MHOXKECTBA. TaK Kak no Teopeme
9.4 @ —npezes HEKOTOPOH MOCJA€IOBATENIbHOCTH Touek u3 E,toa € E.
3HauuT, E coaepKuT Bce CBOM rPAHHYHBIE TOUKH H [IOTOMY 3aMKHYTO B M.

D10 onpejeneHHe HHOraa ynobHee NepBOHAYaJILHOTO.

4. CBoiCTBA OTKPbITBIX M 3aMKHYTbiX MHOXecTB. OIHO U TO XKe
MHO2KecTBO £ MOKeT ObITb OTKPHITHIM (COOTBETCTBEHHO — 3aMKHYThIM),
ecJli ero paccMaTpHBaTb B OJHOM METPHUYECKOM MpocTpaHcTBe M,,
H He ObITb OTKPHITHIM (COOTBETCTBEHHO — 3aMKHYTbIM), €CJIM €ro pac-
CMaTpHBaTb B ApYyroM npocrpaHctBe M,. Hanpumep, wuHTepBan —
OTKPBITOE MHOXECTBO Ha NpPSIMOH — He SBJISIETCA OTKPBLITHIM Ha IJIOC-
KOCTH.

TeM He MeHee cnpaBelJiMBHl CJELYIOLIHE TEOPEMBI:

Teopema 9.8. Ecau E — uwacms npocmpancmea My, a M; — uwacme
npocmparcmea My u E samxnymo 6 My, mo E samknymo u 6 M,.

HJoxaszateabcTtBo. Jlonyctum nporuBHoe. Torma B M,
CylllecTByeT TOYKa a, rpaHuyHas niasa E, Ho He mpuHamiexamas E.
Takasi Touka a siBjsiercsd rpaHuuHodt 1yt E u B M, (cM. c. 49), ¥ Tak
Kak a ¢ E, To E He 3amkHyTO B M,.1

Teopema 9.9. Ecau M —uacmes npocmpancmea P, a mHoxicecmeo
E us P omxpeimo ¢ P, mo E N M omxpaimo 6 M.

HokasarteabcTBo. Ilyctb a € E () M. Torma a €E,
a Tak Kak E orkpeito B P, TO cyuecrtByer okpectHocts Up (a; 0),
neaukoM gexawas B E. Ho Torma tem Gosee Uy (a; 6) < E (Tak Kak
M —uvacts P) u noromy Upm(a; 60) < E 1 M. 310 3HayuT, YTO
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Jao6as touka u3 E(\ M siBasiercs BHyTpeHHelt B M u mnoromy E M
oTkpeiTo B M.

CaenctBue. Ecau Ec M, <« My, u E omkpeimo 6 M,, mo
E omkpoimo u 8 M,.

YacTo HEKOTOpOe MHOXKECTBO IMOJy4aeTcsl H3 JAPYTHX MHOXKECTB
C TIOMOULbIO TEOPETHKO-MHOXKECTBEHHbIX onepauuii. [loaToMy MoJie3Hbl
CJEeLYIOUHe TEeopeMbI:

Teopema 9.10. B aiobom mempuueckom npocmpancmee OONOAHEHUE
K 3QMKHYMOMY MHONCECMBY OMKpPbIMO, a O0NOAHEHUE K OMKPbIMOMY—
BaAMKHYMO.

JokxasaTteabcTBO. B cuny teopembl 9.1 MmHoxectBa A
u CA umeoT ogHy U Ty Ke rpaHuny. ITostomy, ecain A 3aMkHYTO,

T. €. COIePXKUT BCE CBOW TpaHUUHbIE TOUKH, TO0 CA He CconepKHUT HH
ONHOH CBOeH TpaHMYHOH TOUKH, T. €. OTKPHITO.

AHanornyHo JoKa3biBaeTcss W BTOpasi uactb TeopeMbl. [l

Teopema 9.11. B arbom mempuueckom npocmpancmse o6sEOUHEHUE
KOHEUHO020 HUCAQ 3AMKHYMbIX MHONCECME 3AMKHYMO.

JlokasaTeabCTBO MNpOBeleM CHauasna s caydass oObenu-
HeHUSl JBYX 3aMKHYThIX MHOxecTB: A u B. CorsacHo Teopeme 9.3

0(A | B)y—odA | 9B.

Ho Tak kak A u B 3aMkHyTH, TO0 04 < A u B < B, a notomy 04 |J
UdB< A |y B. 3nauur, 0 (A U B)< A | B, T. e. MHOXeCTBO
A | B conepXHT CBOI0O I'paHHIly. DTO H O3HAYAET, YTO OHO 3aMKHYTO.

[TocKonbKy obbefvHeHHe J100ro KOHEUHOro YHC/JAa 3aMKHYTHIX
MHOKECTB MOKeT ObITb MOJYYEHO MyTeM IOC/ef0BaTeJbHOro mnomap-
Horo ofbenuHenuss (Hanpumep, A U BUC=A U B) Y O), T0
Teopema JoKasaHa ¥ B oOumem cayyae.jil

OtmeTHM, uto Teopema 9.11 nepectaer OGLITb BepHOH, €CH CEMEHCTBO
o0bennHsIeMbIX MHOXKECTB GeckoHeuHo. Hampumep, ob6benvHeHue cuer-

1 -
HOro Habopa 3aMKHYThIX MHOXECTB [—; 1} u3 R npexncrasasier coboit
n

He3aMKHyToe MHoxectso J0; 1.
Teopema 9.12. B awbom mempureckom npocmpancmee ob6veduHeHue
206020 cemelicmea OmKpuImbLX MHONMCECMS8 OMKPBLIMO.

JloxkaszatTeabcTBoO. Ilyerb {Eq} — ceMeHCTBO OTKPHITHIX
MHOXeCTB U E = |J Eo. [lokaxeM, uTo E OTKpHITO.
0/

[Iycte x € E. Torna x npuHagieXuT XoTs Obl OJHOMY H3 MHOXKECTB
Eo. Ho E, no ycaoBuio OTKphITO. [lo3TOMY X — BHYTpEHHSISI TOUKa
Eq . Ho Torna no Teopeme 9.2 ona 6yner BHyTpeHHe# u ans E. 3Hauur,
Bce TOYKM H3 E BHyTpeHHue. CienoBarenbHo, E — OTKpBITOE MHO-
kectBO.

Teopema 9.13. B a06om mempuueckom npocmparcmee nepecederue
KOHEYHO20 YUCAQ OMKPLIMbIX MHONCECHE OMKPLIMO.

HokasareabcTtBo. Ilyctsb E=ﬁEk, rae E, (k= 1,...
k=l
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.+.y M) — OTKpHITBIE MHOXecTBa. [lo npaBunam [le Moprana umeem:

n n

CE=C( E,)=U CE,.
k=1 k=l

Tak kaxk, B cuny teopeMnl 9.10, mHOxecTBa CE, 3aMKHYTHI, TO U3 T€O-

pembl 9.11 BoiTekaer, yto u MHOxectBO CE 3amkHyTO. A 3Hauut, E

IBJISIETCSA JONOJHEHHEM K 3aMKHYTOMY MHOXKECTBY H NOTOMY OTKphITO. |l

[Tpumep 9.9. MuHoxectBo D Tex ToueK (X; y) MJIOCKOCTH Rg, KOOPAHHAThHI
KOTOPbIX YAOBJICTBOPSIIOT YCJIOBHSAM

{ x4y >5,
x* -+ y® > 36,
OTKPBITO.

HeictBuTesibHO, MHOXKecTBO D mnpexcraBasieT co60it nepeceyeHHe MHOXKECTB
Dy={(x;y)|x+y>5} u Dy= {(x;y) | x*+ y2 > 36}. Iru MHOXKeCTBa OT-
KPBITHI, TaK Kak D, — 3T0 OTKpHITass MOJAYMJIOCKOCTb, a Dy — oTKphITHI Kpyr. [lo-
3TOMY, B cuay Teopembl 9.13. D otkpwito.

GameuaHue Teopema 9.13 mepecraer GbiTb BepHOH B CJay-
yae rnepeceyeHusi 6ECKOHEYHOro CeMEHCTBA OTKPHLITHIX MHOKecTB. JleHcT-
BUTE/JbHO, HaNpHMEp, MepeceYeHHe CUETHOro Habopa OTKPBLITHIX MHO-
XKeCTB ]—-’11—; 1—}—%[, n € N, u3 R npencrasiasier co6oit oTpe3ok
[0; 1], He sBasiOWHiiCS OTKPLITHIM MHOXecTBOM B R.

Teopema 9.14. B arobom mempuyeckom npocmpaHcmee nepeceqerue
200020 cemelicmsa 3amMKHYMmMolX MHONCECm8 3AMKHYMO.

JJoKasaTenbCTBO AaHAJOTHYHO [I0KA3aTENbCTBY TEOPEMBI
9.13.

5. KantopoBo MHoxecTBOo MW KoBep CepnuHckoro. B HeKOTOpHIX
TEOPETHUECKHUX BOIIPOCAX MAaTeMaTHKH BCTPeYaloTCs BeCbMa IpHUYMIJIH-
Bble 3aMKHYTble MHOXecTBa. PaccMOTpHM 1Ba H3 HHX.

[Tpumep 9.10. KaHTOpPOBO TpPOHUHOE MHOXECTBO.

1
Paspenum orpesok [0; 1] Ha TpPH KOHIPYSHTHBIX OTpe3Ka TOYKaMH 3

" 1 o
H -:2-3- U yAaJuM cpeqHUHA HHTepBanl G, = }3; %[ Kaxapli# u3 ocTtae-
T

ILIKXCS1 IBYX OTPE3KOB lO; 3] H [%, 1] pasobbeM Ha TpU KOHTPYIHT-

HbIX OTpe€3Ka H YyJAaJuM Cpe€lHHe HHTEpBaJibl, T. €. HHTEPBaJIbI

1 27 7 8
G, = ]—9—, ol ¥ G, = ]—9—; 5—[ . C KaxiapiM H3 OCTaBIUMXCS YeThpex

[ 1 2 1 2 7 8
orpeskoB | |0; —|, | = —|, |—; —|, |—; 1| | nocTynum aHajOrHyHo:
9 9 3 39 9

pa3soObeM KaxKIbld H3 HHX Ha TpH KOHTPY3HTHBIX OTpe€3Ka H yIaJauM
cpenHH#l uHTepBan (puc. 16). YkasaHHBIA mporecc IPONOIKHM He-
orpaHHuyeHHo. B Hrore Ha mnpsiMofi OCTaHETCS HEKOTOpPOe MHOXECTBO
ToueK Fy, KOTOpoe Has3biBAIOT KAHMOPOBLIM MPOUHHBIM MHONCECTBOM.
[lTokaxkeM, 4tO OHO 3aMmKHyTO B R.
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Puc. 18

Jlna 3TON weJM NpenBapUTeNbHO paccMOTpuM obbenuHeHue G Bcex
ynajneHHbiX HHTepBanoB': G =G, | G, U Gg U ... . TlousarHo, uro
G oTkpeiTo B R Kak 00belyHEHHe OTKPBLITHIX MHOXECTB (CM. Teopemy
9.12). I'lostomy mMHOX)ecTBO CU 3aMKHYTO KakK JIONOJIHEHHE K OTKPHITOMY
(cM. Teopemy 9.10). Tak kak F, = [0; 1] N CG, 10 u F, 3aMKHYTO
KaK IepeceueHHe JBYX 3aMKHYTBHIX MHOXKeCTB (cM. Teopemy 9.14).
Hrak, Kanmoposo mpouuroe mMHOMCECMB0 3aAMKHYMO.

MuoxectBo F, cocTouT W3 Takux uucen orpe3ka [0; 1], koroprie
JONYCKAlT 3anucb B BHIe OECKOHEYHOH TpOHYHOH ApobH, Kaxiaas
uudpa koropoét paBHa O uaM 2. IloCKOJBbKY MHOXKeCTBO GECKOHEUHBIX
[10CJ/IeI0BATe/bHOCTEH, COCTOALIMX U3 uucesg O M 2, HMMeeT MOILIHOCTDb
KOHTHHYYMa (CM. TeopeMy 3.2), TO KaQHMOPOBO MHOMCECIBO UMEEN MOUY-
HOCMb  KOHMUHYYMA.

OTmeTHM ellle CJelylolliee CBOHCTBO 3TOTO MHOXKECTBA: 8 Kai0ou
OKpecmHocmu At000l MouKU KAQHMOoPoBa MHOXCecmea Hatoymces OMmAUYHbLE
OM Hee MOYKU 3Mo20 MHONCeCcmea.

B camoMm pene, TOYKy a MHoxkecTtBa [y MOXHO H300pasuTb TpoO-
HYHOH apobObio Buaa ¢ = 0, a,a, ... a, ..., T1e BCe a, UMEIOT 3HaUeHH

o 1
O uau 2. 3agagum & > 0. Haligerca takoe n, uTo 3 < e. Ho Torpna,

HCIIpaBUB B TPOHYHOH 3allUCH uYucaa a UHPPH a,,,, Q,.,, ... C O
Ha 2 ¥ ¢ 2 Ha 0, MONYyYHUM TOYKY, KOTOpAsA NMPUHALJEKHT Fy U JIEKHUT
B €-OKPECTHOCTH TOUYKH 4.

3aMKHYTOe MHOXEeCTBO, B JIl0OOH OKPECTHOCTH KaxKJ0H TOUKH KOTO-
pOrO eCTb TOYKH TOTO K€ MHOXKECTBA, OTJHUYHBLIE OT Hee, Ha3blBaeTcs
cosepuieHnbim. Takum o0pasoM, KAHMOPOBO MPOUYHOE MHOMCECMBO CO-
sepuienno. OTMETHM, 4YTO JI0OOH OTPE30K TOXKEe SIBJSETCS COBEpIeH-
HBIM MHOXE€CTBOM. HO KaHTOpPOBO MHOXKECTBO o0O6/JajaeT elle OAHHM
CBOHCTBOM, KOTOPOIr'O HeT y OTpPe3Ka: Ha Ji000M NMpPOMexyTKe YHCJIOBOH
OCH HaHAeTCs UHTEpBaJ, He COJNEepKAallUUi HH OJNHOH TOYKH KaHTOpOBa
MHO2KECTBA (3TO cpasy cjenyeT U3 NOCTPOEHUS YKa3aHHOIO MHOKECTBA,
IpH KOTOPOM H3 JIO60Oro CKOJb YrOAHO MaJIoro OTpe3Ka YyaaJsijach
CpelHsAs TpeTh).

[Tpumep 911. KoBep CepnuHckoro® Ilocrpoenue,
aHaJloTH4YHOe yKa3aHHoMy B npumepe 9.10, MOXHO BBHIOMHATL H Ha
IIJIOCKOCTH. Bo3bMeM 3aMKHYTbIH KBajpat K coeTopoHOH 1 U pa3obbeM
€ro Ha 9 KOHIpPy3HTHBIX KBajapaToB (oOliHe TpaHHYHBIE OTPE3KH Ka-

1
A YIX Ha3bIBalOT cMexcHbimu JAsl Fo HHTepBaNaMH; HHTEpPBaJ JJIHHbI ~, HasbiBaIOT

UHMepsasom n-20 paxea.
? BaunaBCepnuunckuit (1882—1969) — uspecTHh# mNOJAbCKHHA Ma-

TeMaTHK. Pemua psa BaxKHbIX npo6jeM H3 06J1IaCTH TEODHH MHOXKECTB, TOINOJIOTHH,
TeopuH GYHKUHH, TEOPHH YHCEJI.
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KHX-IH60 IBYX W3 3THX KBajpa- 1
TOB CYHTaeM [PHHAIJIEKALHMH B “H. I TH THTE

oO0HUM KBajaparam). ¥YaaauM us K o I B I o« I o I s O = M = I

BHYTPEHHOCTb (G, LIEHTPaJbHOrO -

KBajJpaTa (ero rpaHuily OCTaBJIsi- ‘

eM). C KaxapIM U3 ocTaBLIUXCH 8 : I @ - O R i B

KBaJpaToB CO CTOPOHOH, paBHOH 1_4: S s
i ©

i

........

1
3-, NNpoBeAEM AaHAJOTHUYHYIO OIl€-

pauMio: pasobbeM ero Ha 9 KOH- : T EEENN
TPYSHTHBIX KBaApaToOB H yJa/JHM W W jH s Ml
BHYTPEHHOCTb LIeHTPaJIbHOI' O KBa - T T

.
oooo

pata (puc. 17). AHajoruuHo mo- N 5 e R e R
CTYyNHM C KaXIbIM U3 OCTaBLUHXCH TTH I T T THTE
64 kBaJpaToB €O CTOPOHOH, paB- ‘

o 1 o
HOH 3 YKasaHHbIH npouecc Mnpo- Puc. 17

JO/KUM HeorpaHuueHHo. B pe-

3yJbTaTe OT KBajpaTa oOCTaHeTcs Hekotopasi ¢urypa @, KoTopad
HOCUT Ha3BaHue «koBep CepnuHCKoro». Paccyxkiasi Tak e, Kak IpH
pPacCMOTpPEHHH KAaHTOPOBA TPOWYHOro MHoOxecTBa F,y, MOXHO yOenHThb-
cd, yto Py — coBepllleHHOe MHOXKECTBO.

BOITPOCHI OJ151 CAMOITPOBEPKH

1. daiite onpefesieHne BHYTpeHHeH, BHelIHEH U IPAaHHYHOH TOYeK MHOXecTBa E
M3 METPHYeCKOro npocTpaHcTBa M.

2. [afite onpeneseHne rpaHUlbl MHOXKECTBA.

3. IlpuBeauTe npuMepbl BHYTPEHHHX, BHEIUHHX H TPAaHHUYHBIX TOYEK AJdA pas-
JIMYHBIX PUTYP HA MJIOCKOCTH.

4. Ilyctb rpanuueit MHoxectBa E B M saBaserca A. KakoBa rpaHuua gomoJiHe-
Hus E B M?

5. MoxeT Jin rpaHHlla MHOXKeCTBA ObiTb MycTOH? [IpHBeanTE NMpHMEpHI.

6. MoxeT Jii rpaHHLla MHOXKeCTBa COBNajaTh co BceM mpoctpaHcTBoM M? [lpu-
BellTe MpPHMEpHL

7. MeHsercs au rpaHulia MHOxecTBa E, ec/iM 3aMeHHTb NpocTpaHcTBo M jpy-
TMM MPOCTPAaHCTBOM, TaKxke cojep¥aumum E?

8. IlpuBeauTte mpHMep, Korja rpaHdulia OObeAHWHeHHS JBYX MHOXECTB He COB-
najgaer ¢ o6beHHEHHEM HX TpaHHL.

9. Ilycrs lima, = a u lim b, = a, rae Bce a, € E u Bce b, ¢ E. Ilokaxure,
n—-+oo n—-+oo

YTO @ — TIpaHHyHas ToukKa aJasa E.

10. [TpuBeauTe npuMep BCIOAY IVIOTHOrO MHOMXecTBa Ha otpeske [0; 1], oTanuHo-
ro OT 3TOr0 OTpe3Ka.

11. IHa#ite onpeaesieHHs OTKPBHITHIX H 3aMKHYTRIX MHOXECTB.

12. Tlepeuncaute CBOACTBA OTKPBITHIX H 3aMKHYTHIX MHOECTB.

13. B nokaszatesnbcTBe KakKOH TeopeMbl O 3aMKHYTHIX MHOXECTBAX HCIOJb30BaHa
TeopemMa 9.3?

14. TlpoBenute nOKasaTenbcTBO TeopeMhl 9.14.

15. IlokaxuTe SKBHBAJICHTHOCTb JABYX ONpelesieHHH 3aMKHYTOrO MHOIKeCTBa
(uepe3 rpaHUyYHbIe TOYKH H Yepe3 npefleibl NOCAeJOBaTeNbHOCTEH).

16. IloxkaxuTe, yTO MHOXKecTBO E OTKpbiTOo B M B TOM H TOJBKO TOM CJyuae,
KOrjla BCe ero TOYKH BHYTPEHHHE.

17. Hokaxure, yto MHOxecTBo E |] OE Bcerja 3aMkHyTO.
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18. Ilokaxure, 4to KoBep CepnHMHCKOTO COCTOHT H3 TakKHX Touek A (x; y), uTo

0< < ;0 y< 1, npuuem xoTst 6bl OAHO M3 YHces X, y JOMYCKaeT TPOHUHYIO
3alHchb, Bce UHPPLI KOTOPOH OTJAHYHBLI OT l.

19. Hoxaxwure, uto koBep CepIHHCKOro — COBEpIICHHOE MHOXECTBO B Rg.

YIPA)KHEHU S
§ 4. Ne 4—8, 10—15, 17—18, 20, 22, 27, 29, 42, 51, 55.
§ 5. No 40—44.

§ 10. KOMINAKTHBIE METPUYECKHE NMPOCTPAHCTBA

1. OnpegeneHne komnakTHocTH. IIpu H3yueHHH cBOHCTB yHKUMH,
HenpephiBHBIX Ha METPHYECKHX IPOCTPAHCTBAaX (ompejesieHHe 3TOro
MOHATHA jaercsd B § 11) xesnaTeqbHO BbIAEIUTb HPOCTPAHCTBA, aHAaJIO-
THYHBIE OTPE3KY, a He, CKaxKeM, HHTepBaJy — Belb Mbl 3HaeM, HallpHu-
Mep, YTO ec/ii QYHKLHS HenpepbiBHA Ha OTpe3Ke, TO OHa OrpaHuye-

1
Ha, a QyHKUHUSA —, HenpepbiBHasi Ha uHtepBaje JO; 1l, He orpanuuena
X

Ha HEM.

AHanusupys 10Ka3aTelbCTBO TeOpeM O (YHKUHSX, HElpephBHLIX
Ha oTpe3Ke, yOeknaeMmcsi, 4TO B HHX HIHPOKO HCIIO/Nb3YyeTCcsA CBOHCTBO
OTp€3Ka, BblpaxKaeMoe TeopeMOH O BJIOXKEHHOH CHCTEME OTPe3KOB.
[TpocrpancTBa, obsafaroiiie aHaJOTHYHBIM CBOHCTBOM, MOTYT CJIYXKHTb
«aHaJjiorom» otrpe3ka. OnHaKoO yno0Hee BMECTO 3TOH TeopeMbl MOJIOKHTD
B OCHOBY TEOpPHH €€ CJeACTBHE, KOTOpPOe Mbl ceiiyac JOKaxKeM.

Teopema 10.1 (Bosnbnano — Beiiepwirpaccal). H3 awbodi nocaedo-
sameavrocmu (x,) movex ompeska la; bl moxcrHo evidesumsv nodnocae-
008ameabHOCMb, CX00AUYIOCS K HEKOMOpOl mouKe 3mo20 ompesKa.

JHokasaTteabcTBo. Paso6bem orpe3ok A, = la; b] nomno-
naMm. Torja xors Obl 0fHA U3 MOJYYEHHBIX IIOJIOBUH CONEPKHT TOUKH
JIAHHOH IOCJ/Iel0BaTebHOCTH, HMEIOIHe CKOJIb YrogHo OoJbliiHe HO-
M€pa, HHaye BCSl NOCJEJOBAaTeJbHOCTb cojepkaJa Obl JIHIIb KOHEUHoe
YHCJIO YJIEHOB, YTO NPOTHBOpeuuJso Obl ee GeckoHeyHocTH. OGO3HaAUYMUM
BbIOpaHHyI0 NMOJIOBHHY uepe3 A, W CHOBa pasjenuM ee nonosam. Ilpo-
JloJKasi 3TOT Ipouecc (KOTOpbl HEKOTOpble MATEMaTHKH IIYTJIHBO

1 Bo MHOrMX Kypcax MaTeMaTHUecKOro aHajiM3a HMeHHO Teopema Bosbuano —
BeiiepumiTpacca KJaanercssi B OCHOBY BLIBOJA CBOHCTB HenpephIBHBIX PYHKUMI.

Bepunapaboabunano (1781—1848) — uewickuit MaTeMaTHK H Guocod.
On panbuie Kowun u Beiiepmitpacca 3aHsics 060CHOBaHHEM MaTeMaTHYeCKOrO aHaJH-
3a, BBeJ1 COBPEMeHHbIe NMOHSATHS Npellesia, HeNPePLIBHOCTH, CXOJHMOCTH Psia, NOJYyYHJ
TaK Ha3biBaeMblil «kpu1epuil Kowu» u ap. B ero tpyae «<Hayko3naHue» npeaBocxuiie-
Hbl HEKOTOPhHIE HJAEH COBPEMEHHOH MaTeMATHYECKOH JIOTHKH.

KapnBeftiepmrpacc (1815—1897) — xpynueiiuuii HeMeukuft Mare-
MaTHK, KOTOPHH MHOroe BHEC B pa3BHTHE MAaTeMaTHYeCKOr0 aHaJ/u3a, TEODHH aHaJsH-
THYECKHX (PYHKUHMH, BapHaUHOHHOIO HCYHCJeHHS, AH(pdepeHUHANbHOH reoMeTpHH H
JinHeliHOH anre6pel. Oco6oe BHHMaHHe OH YJeJfiJl MaTeMaTHYeCKOH CTPOrOCTH M CH-
CTEMATHYHOCTH H3JIOXKEHHUS MaTeMaTHYeCcKHX TeopHH. Ero yuyeHukamu ObliM MHOTHE
BuiHble MaTeMaTHkH: C. B. Kosaanesckas, I. A, lllsapu, I, Kanrtop u ap.
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Ha3bIBaIOT «IOBJIEH JIbBA B NMYCTbIHE»'), MBI MOJYYHM CTATHBAIOULYIOCS
MOCJ/IEIOBAaTENIbHOCTL OTPe3KOB (A, ), Takylo, 4TO KaxKIbli M3 HHX CO-
JEPKHT TOYKH IIOCJIEN0BATENILHOCTH, HMEIOLIHE CKOJb YyrofHO GoJbllHe
HOMeEpa.

BriGepem Tenmepb Ha KaxXaoM oTpe3ke A, TOUYKY Xn, 3alaHHOH 1O-

C/Iel0BaTeIbHOCTH TakK, YTOObI HOMEpa 3THX TOYEK Bo3pacratu: n, <
<n, <.. <n,<...3TO BO3MOXHO, NIOCKOJIbKY OTpe3KH A  co-

JepKaT TOYKH CO CKOJIb yrogHo OoJsbliMMH HomepaMHu. CucreMa ofT-
pe3koB (A,) umeer o6yl TOuKy ¢. [lokaxeM, 4TO BhIGpaHHas HaMmu
I10CJ/Ie10BaTENbHOCTD (x,zk) CXOOUTCA K C.

B camom pene, Tak kak lim [A,| =0, To ana /moGol okpecr-

n—-»oo

HOCTH TOYKH C HaHAercsi Takod HOMep m, YTO OTPe30K A, HeJTHKOM
COJIEPXKUTCS B 3TOH OKpeCTHOCTH. Ho 3TOT OTpe3oK comepKHT Bce Tou-
KH TOC/IeOBAaTeJIbHOCTH (X,, ), HAYHHAf ¢ X, . SHAUHUT, Jo6as OKpecT-

HOCTb TOYKH C COLEPXKHT BCE€ TOYKH IOC/IENOBATEe/NbHOCTH (Xn,), HauyH-
Hast C Xp,, @ 3TO WU 3HAYHT, YTO X, — C.[H

Tenepb Mbl MOXKEM BBIIENIHTh HHTEPECYIOLHH HAC KJIAacC METPHYECKHX
MPOCTPAHCTB. JTO MPOCTPAHCTBA, B KOTOPBHIX BLIMOJNHSETCH IPHHIHUII
bosbuano — Betnepiurpacca. Takue nmpocTpaHCTBa Ha3kIBAlOT KOMMAKT-
HBIMH.

Hrak, Merpuueckoe mpoCTpaHCTBO HashIBAeTCA Komnakmuoim (WiH,
Kopoue, KOoMnakmom), ecaud BcesiKas OGecKOHeuUHasi MocJ/eloBaTebHOCTh
ero TOYeK COJAEPXKHT MOANOC/IeI0BATENBHOCTD, CXOAALLYIOCH K HEKOTOPOH
TOYKE 3TOr0 IPOCTPAHCTBA.

2. Cpoiictea komnakrtoB. I[IpuBesem HeoOXoiuMBle NMPH3HAKH KOM-
MAKTHOCTH.

Teopema 10.2. Bcakoe komnaxkmroe noonpocmparcmeo A mempuue-
ckoeo npocmparcmea M samxnymo 8 M.

Joxka3zaTeabCTBO IpoBeAeM OT IPOTHBHOro. JlOMyCTHM,
uto A He 3amkHyTO. Toraa (cM. c. 49) B A cyuiectByer cxoxsiascs B
M mnocnenoBatesbHOCTD (X, ), Mpefes Kotopoit (0603HAUUM ero uepes b)
He npuHamiexutr A. U3 3Toli mnocnenoBaTeqibHOCTH HeJb3si H3BJIEYD
HUKAKOH IOANOC/EA0BaTeNbHOCTH, CXOAALIEHCA K HEKOTOPOMY 3J/eMeH-
Ty @ u3 A (TaK Kak HHade 3Ta INOANOCJEN0OBATe]bHOCTh HMesa Obl B
npocTpaHcTBe M 1Ba npenena a U b, 4yTo HeBO3MOXKHO). Ho B Takom
ciyyae A He dBJseTcs KOMMAKTOM, YTO NpPOTHBOpeuYHT yciaoBHiO. [l

[Tpumep 10.1. Orkpurteiéi wap U (a;r) u3 JNHHEHAHOrO HOPMHPOBAHHOTO

npocTpaHcTBa L (B 4aCTHOCTH, HHTEpBaJ HA NPAMOH, OTKPLITHIH KPYr Ha IVIOCKOCTH)
He KOMIIAKTeH, TaK KakK OH (cM. ¢. 49) He 3aMKHYT B L.

Teopema 10.3. Bcaxui xomnaxm M oeparuuer.
JJokaszaTeabcTBO MNpoBeaeM oT NpoTuBHoro. Itycte M He
orpaHuyed. PalcMOTpHUM INpPOHU3BOJIbHYIO TOYKY ¢ € M. BBuay Heorpa-

! VTBepxaawT, UTO OAMH MaTeMaTHK NPEIJIOXKHJ AJ5 NOUMKH JIbBd B NMYCThIHE
nocJiel0BaTesIbHO AEJNHTh ee NOmnoJsiaM, BbIGMpas KaxAbli pa3 JJs AajbHeHIlero faeJe-
HHS 4acTb, rje B AaHHbIH MOMEHT HaXOJAMTCS JIEB,



HuyeHHoctH M pas Joboro n Hakjercss Takas Touka x, € M, uto
p (x,,c) > n. Jlobas noanoc/eioBaTeNbHOCTb (X,) NOCTPOEHHOH MO-

C/leJ0OBaTe/JbHOCTH He OrpaHudyeHa, a noroMy (cMm. Teopemy 8.3) He
MoxxeT ObIThb cxoasiuelics. 3HauuT, U3 (x, ) HeJb3s U3BJIEUb CXOAALLYIOCH
floanocsenoBaTeNbHOCTb, Bonpekn kKomnakTHoctH M.

[Tpumep 10.2. Uucnosas npsamas R, nonoca Ha NJOCKOCTH, LHJHHADHYEC-

Kas NOBEPXHOCTb B TPEXMEDHOM IPOCTPAHCTBE HE ABJAIOTCA KOMINAKTHBIMH, TAK KadkK
OHH H€ OrpaHHYEHBl.

JloKaxKeM OJAHWH JOCTATOUHbIA NpPHU3HAK KOMIAKTHOCTH.

Teopema 10.4. Bcakasa samknymas wacmbs A Komnakmuozo npocm-
pancmea M Komnakmua.

INokasatTeabcTBO. BrifepeM B A GeCKOHEUYHYIO MOCJENO0-
BaTeJbHOCTb 3JeMeHTOB (x,). Tak kak A < M, 10 x, € M 1 noromy
(x,,) — mocJjenoBaTeJbHOCTbL 3JIEMEHTOB KOMITAKTHOTO NTpocTpaHcTBa M.
B TakoMm ciyuae H3 Hee MOXXHO H3BJeUb CXOAAULYIOCA K HEKOTOpOH
Touke a u3 M noanocnenoBaTeNbHOCTb (X,.,). Ho (¥4,) onHoBpemeHHO

ABJIfAeTCS roc/eqoBaTesbHoCcTbio U3 A, © A 3aMKHyTO. 3HauuT, a € A
(cM. c. 49). Hrak, u3 mo0o# noc/efoBaTebHOCTH TOYEK MPOCTPAHCTBA
A MOXHO u3BJieub cxonsulytocs (K Touke u3 A) noanocsaenoBaTe/ibHOCTb,
YTO H JOKa3biBaeT KoMnakTHoCTb A. [

3. Kpurepuit komnaktHOoCTH B R}. COBOKYMHOCTb YCTaHOBJIEHHBIX

Bblllle HEOOXOAUMbIX NPU3HAKOB KOMINAKTHOCTH — 3aMKHYTOCTb M Orpa-
HHYEHHOCTb — B cJlyyae noanpocTpaHcTB H3 R} sBasercs u pocratou-
HbIM NMPU3HAKOM.

Teopema 10.5. [Todnpocmpancmseo T n-meprozo esxaudosa npocm-
pancmeéa R} moz0a u moavko moeda komnaxkmuo, ko20a ono 6 R?
BAMKHYMO" U 02PAHUYEHO.

JloxkasaTteabcTBO. Heo6XxonuMocTb yC/JIOBHS BBITEKAET H3
teopeM 10.2 u 10.3. Octaercsd n0kasaTh €ro AOCTaTOYHOCTb.

B cayuae korga T sBjsercd n-MEpHbBIM MNapajJesenunenoM (T. e.
COCTOMT H3 TOUYEK X = (X, ..., X, ) TaKuX, uyto-q;, L X, < by, [ = 1,...
...y N), KoMnaktHocTb T JoKasblBaeTcs TOYHO TaK e, KaK TeopeMa
boabuano — Be#epurpacca. ToabKO Napasgenenunensl Halo AeMUTh
He mnornoJsiaM, a Ha 2" yacted (Ha
pucyHke 18 mnokaszaHo jeseHue
ABYMEPHOTrO  IapaJjiiesienunesa,
T. €. NPAMOYTOJIbHUKA).

Ilycte Tenepp T — mobasi or-
paHHuyeHHasA 3aMKHyTasi 4acTb

npoctpanctBa Rj. Tak kak T or-

1 O6pamaeM BHHMaHHE YHTATeJsl Ha
OJHY TOHKOCTb: ecsii T paccMaTpuBaTh
KaK CaMOCTOsITeJIbHOe NMPOCTPAHCTBO, TO
OHO Bcersa (cM. § 9) samkHyTo. B Teope-
Me HMeeTCsl B BHJy 8aMKHyTocth T Kak

n
Puc. 18 MHOKECTBA B TNPOCTPaHCTBE R2'

56



paHHYEHO, TO HAHJAeTCs N-MepHbIH
napaJjienenunex P, comepKaliuH
T. Ho no nokazaHHOMY BbIlLIE 3TOT ”
napaJjJesenune] KommnakTeH, a
noromy 7 KOMINAKTHO, KaK 3aMkK-
HyTasi 4aCTb KOMIIAKTHOIO NpPOCT-
paHctBa. | 3
4. OTKpbITbIE NOKPLITHSI KOM-
naktoB. Ilyctb F — HekoTropoe
TMOANPOCTPAHCTBO ~ METPHUECKOrO
npocrpanctea M, a {Gg } — ce-
MeHCTBO NOAMHOXeCTB M (BO3-
MOXKHO, 6eCKOHeYHoe U NaxKeé He-
CYeTHOe) Takoe, UYTO OObeAUHEHHe N
Bcex mHoxkecTB M3 {Gq } conep-
xkut F. Taxkoe cemefictBo {Gy }
Ha3blBaeTcs nokpeimuem F; ecau Puc. 19
Bce MHOXKecTBa u3 cemedcTBa {Uy }
oTKpuiThl B M, TO cemeiictBo {G, } Ha3biBaercs OMKPBIMbLM - MOK bL-
muem F. Hanpmvlep, cemeficTBO KpyroB (x — (2k — 1)) 4+ (y — (2n—

— 1)) <3, rnek, n € N, aBasercs (1oKaxuTe 3T0!) OTKPBITHIM NOKPHI-
THEM MEPBOro KBajJpaHTa IJockKocTH (puc. 19).

OxasbiBaercsl, ecaid F — KoMmmakt, To u3 Jo6oro ero cyerHoro!
OTKPBITOrO TIOKPLITHS MOXKHO BbIIe/INTh KOHEYHOe NOANOKphITHe. TouHee
ropopsi, CIpaBeiluBa CJeayollas TeopeMa:

Teopema 10.6. [Tycmo {Go } — cuemroe omkpeimoe noKpoimue KOM-
nakmuotl uwacmu F mempuueckoeo npocmparcmea M. Tozda u3 {Gy }

MONCHO 6blOEAUMb KOHEYHYIO COBOKYNHOCbG MHONMCECM8, KOMOpas makoice
asasemca nokpoimuem F

JloxkaszaTteabcTBO. Tak kKak {Gg } CUeTHO, TO COBOKYI-
HocTh MHOXKeCTB H3 {Gg } MOXKHO IepeHyMepoBaTb:

(Ga} = {Gy, -wer Gy -0}

O6o3Hauyum uepe3 H, MHO}KeCTBOU G, . OHO OTKpBITO B M Kak 00®b-
k=1

n
eMHeHHe OTKpPhIThIX MHOxecTB. Ilockonbky G, H, = | G,, TO

NN

/ A

N
\

N\
=Y

o0 (00
nElHn n[ilG,, > F.
WubiMu cioBamu, cucrema mHoxects {H,, ..., H,, ...} Takxe oOpa-
3yeT OTKPbITOE MOKPBITHE F, npuuem H, < H, < H; — ...
JlokaxkeM, uto Hafaercs Takoe N, npu KotopoM Hy D F ekict-
BHUTENbHO, €Cad Obl 3TO ObLJIO He TaK, TO AJs J100ro HaTypaJbHOro n

Hamloch 6wl Takoe x, € F, yto x, ¢ H,. Tak kak H,, < H, npu
m<n, 10 X, ¢§ H, npu Bcex m < n.

1 Maxe u3 10 6 or o GeckoHeuHoro. ITockosibKy 3TOT pe3ysabTaT B Takoii 06-
UHOCTH HaM He MOHAaJ06HTCs, TO OTPAHHUMMCST JOKa3aTeJbCTBOM €r0 4aCTHOIO cayyasl.
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HaBas n 3Hauenus 1, 2, 3 ¥ T. ., MBI NOJYUYHM NOCJIENOBATEABLHOCTD
(x,) Touexk u3 F. M3 3Toit nocaenroBaTe1bHOCTH MOXKHO, B CHJY KOMIAKT-
HocTH F, BBIIEJUTH MOAMNOC/EN0BATE/NLHOCTD (x,,k), CXOAfILYIOCH K He-

(¢ 0
Kotopoil Touke x € F. Tak Kak x € F < |J H,, TO HaHaeTcsi TakKoe

n=1
m, uto x € H,. Ilockonbky H, OTKpHITO, HaHAercad OKpecTHOCTb U
TOYKH X, Jexaulan B H,. Tak kak x = lim x,,, To Bce TOUKH X,

R—o00

HayHHasi ¢ HeKoToporo Homepa K, npuHaanexar U, a cjeloBartesbHO,
u H,. Takum obpasom, x,,€ H, npu £ > K. Ho 310 nporHBopeuut
TOMY, YTO X,, ¢ H, npu n, > m.

N N

Hrak, Haligercs takoe N, uro |J H, > F. Ho torna U G, coaep-
n=1 n=|\

x)ut F, T. e. koHeyHoe cemedcTBO MHOXecTB {G;, ..., Gy } MOKpbIBaer

F.R
BOITPOCHI IJ1d CAMOITPOBEPKH

1. Chopmyaupyitite Teopemy bosbuano — Beiepwpacca.
2. CxomuTcsi JH NOCJENOBATENbHOCTD (X,), Tae x, = (—1)” + —? Brigeante us
n

STOH TNOCJIeAOBATEJIbHOCTH JABe CXOAsIHIHEecsi MOANOC/eN0BaTeIbHOCTH.

3. Ilo KkakoMy NpHHUMNY BLIGHPAIOTCS MOJIOBHHBLI OTPe3KOB IPH AOKa3aTeJbCTBE
teopeMbl bBosbuano — Beiiepuitpacca? IloueMy cyuecTByeT mNOC/eAOBAaTeNbHOCTD
yuces (n, ) TaKas, 4TO X, € Ar v n; < ny <... < n, <...? ['ne B 0Ka3aTeJbCTBE

5TOH TeopeMbl HCNOJIb30BAH NMPHHUHMN O CTATHBalomieldcs cucreMe oTrpe3koB? I'je He-
MOJIb30BaHO, UTO 1y < fg < ... < nr <...P

4. Jlaiite ompejejieHHe KOMNAaKTHOrO METPHYECKOrO NPOCTPaHCTBA.

5. Cpopmynupyiite Heo6XOAMMOE H JOCTATOYHOE YCJOBHE KOMMAaKTHOCTH MNOA-
MHoxecTBa B RY.

6. [IpuBenuTe npuMepbl KOMNAKTHHIX H HEKOMIAKTHBLIX MOAMHOXKECTB B Rg H
3
R;. )
7. ChopMysupyiTe TeOpeMy O KOHEUHBLIX MOKPHLITHAX.

YTTIPAJKHEHHNA
§ 6. \Ne 1, 3, 5, 8 9—17, 19—20, 26—31.

§ 11. HENNPEPbIBHDBIE OTOBPAXEHUAA METPUYECKHUX INPOCTPAHCTB

1. HenpepuiBAble OTOOpaxenus. PaHee Bbl H3yyaju HenpepbiBHbIE
(GbYHKUUN OfHOH U HECKOJIbKHX IepeMeHHbIX. Temnepb NO3HAKOMHMCS C
6osiee OOLIMM NOHSITHEM — HENpepHIBHLIM OTOOpaKeHHeM.

[Tyctb A u B — merpuueckye NpPOCTPAHCTBAa C METPHKAMH P, H

Pz COOTBETCTBEHHO M f — orobOpaxenue A B B. Oro6paxenue f: A — B

Ha3bIBaeTcs Henpepuienoim 8 mouke a € A, ecaun aiasa maicboro € > 0
MOXHO HaHTH fTakoe & >0, yro ana Bcex Xx € A, YIOBJETBOPS-
JOIMX HepaBeHCTBY p4 (@, x) < 6, BhINOJNHsAETCA HePaBeHCTBO

og (f (@), f(x) <e.
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dto ompeaeneHHe MOXKHO mnepedpasupoBaTb, HCNOJAb3ys THOHATHE
OKPECTHOCTH.

OtoGpaxenue f: A — B HasblBaeTcsi HenpepsigHbim 6 mouke a € A,
ecan aas Jo6oit okpectHoctH V Touku b = f (@) MoxkHO ykasatb B A
TaKylo okpecTHoctb U ToukH a, uto [ (U) < V.

MoKHO TaK»XKe JaTh ornpejeseHle HelnpepblBHOCTH OTOOpaKeHUs, HC-
MoJIb3YS «A3bIK IOC/AeN0BATENbHOCTEMHY.

OtoGpaxeHue f: A — B Ha3bIBaeTcsl HenpepuisHoim 8 mouke a € A,
ecJqu 1/15 Jo60H IMoc/enoBaTeIbHOCTH (x, ), cxoxsiieifica B A K TOuke
a, nocuaenoBareabHocTs (f (x,)) B B cxoautcsi K Touke [ (a).

SKBHUBAJICHTHOCTb 3THX OnNpejeseHuil HellpephlBHOCTH J0KAa3biBaeTCH
TOYHO TaK 2Ke, KakK U 1g ¢dyHKuuid f: R — R.

Otobpaxenue f: A — B Ha3bIBACTCH HENPEPLIBHbIM HA 66eM NPOCHI-

pancmee A (WM NIPOCTO HENpepbuiéHbim), €CJIH OHO HelpephiBHO B KaxK-
JIOH Touke us A.

MMpumep 11.1. Oro6paxenune f: x — x (1) npocrpauctea C [0; 1] B R He-
NpephIBHO B JI06OH «TOuKe» @. 31ech X H @ — HenpephiBHble pyHKUuH Ha [0; 1].
HeiicTBUTENBHO, MycTb AaHo € > 0. Bo3bMeM 6 = &. Tak kak

pc(a, x)=max|x(f) —a ()|,

or(f (@), (%) = |x(1)—a)] < pcla, %),
TO SICHO, YTO HepaBeHCTBO Pc (a, x) <O Bieder 3a co6od  HepaBeHCTBO
pr ( (a), [ (x)) <e.

Takoe e oto6paxenue f: x — x (1) npoctpanctBa C, [0; 1] B R He siBasietcs
HenpepbIBHHIM B «TouKe» O (1. e. 114 dyukuuu 0 (f) = 0).

JeiicTBHTeNbHO, MocaenoBaTebHOCTb X, (£) = " cxoautca B C; [0; 1] K dyHk-
nuu 0 (cM. mpumep 8.1), B To Bpems Kak f (x)) = x_ (1) =1, f(6) = O u, cnenosa-
TeabHo, (f (x,)) He cxonutcs k f (0).

Orobpaxenne F merpuyeckoro npocrpanctsa M B R? onpenenser-

Csl 3alaHHeM KoOopAuHAaT ToukH F (x), T. . Ha6OpOM YHCJIOBHIX HYHKIHEA!:

fis «oes [y ONpeneseHHBIX Ha M (OHM Ha3bLIBAIOTCH KOMNOHEHMAMU
omobpascerun F). Omobpancenue F: M — RT Henpepoisro na M moeda

u moabko moeda, Koe0a Ha M HenpepoiBHbl (PYHKUUU — KOMNOHEHMbL
f1s <oy [, omobpascenus F.

camoM Jnene, ecau F (a) = (f; (@), ..., [, (@), F (x) = (f, (x),...
ey [ (X)), TO

o (F), F@) =" (s () — fx @)
k=1

Ortciona sicHo, uto ecau p (F (x), F (a)) <&, TO H
1fe ) —fe@|<e(k=1,..,m). (11.1)

1 Yucaosod ynkyued HasbIBaIOT 0TOGpaXKeHHe JIOGOr0 METPHYECKOTO MPOCTPaH-
CTBAa B YHCJOBYIO npsmyio R.
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Ecnu ke BumosHsiercs (11.1), To p (F (x), F (@) < e} m. Orciona u
C/le[lyeT Halle YTBepiKIeHHe.

[Tpumep 11,2, HuBepcuss F OTHOCHTENILHO OKPYXHOCTH x2 -+ y* = r? gB-

JISIETCS HelpephIBHLIM OTOGpaXKeHHeM Ha cebsl MJIOCKOCTH Rg C  BBIKOJIOTOH TO-
ukoi (0, 0).

IeficTBHTeNIbHO, HHBepcHA (x; y) — («; v) 3anaercss GYHKUHSAMH (KOMIOHEHTH
0TO6p aXKeHH 1)

rix ”— rty
oy x4y’

KOTOpbI€, OYEBHAHO, HENPEPLIBHLI HA HpOKOJIOTOﬁ IIJIOCKOCTH.

u

ITokaxeM HenpepLIBHOCTb HEKOTOPBHIX Ba*KHBIX YHCIOBHIX hyHKIHI.

Teopema 11.1. Ecau M — mempuueckoe npocmparcmeo u a — Aaro-
bas mouxa smoeo npocmpaxcmea, mo (pyHkyus x — p (a,x) Henpe-
poisra Ha M.

JlokasaTeunbcTBo. M3 HepaBeHcTBa TpeyrosbHHKa ciepy-
er, uTo |p(a,x) — p (a,y)| < p(x,y). IlosToMy ecnu Touka y mpuHajJe-
XKHT €-OKPECTHOCTH TOYKH X, € M, To |p(a,x,) —p(a,y)| < e.

IT0 WU 3HAYMT, 4YTO (QYHKUMA X —-p (@, x) HempepbIiBHA B Touke X,. 1l

Cnencreue. Omobpascenue x —||x|| asanemca wHenpepwsHoll 4ucio-
60U (pyHKyuell Ha A1060M HOPMUPOBAHHOM npocmparcmee L.

JlokasaresnbcTBo caexyer u3 Tteopembl 11.1, Tak kak ||x|| = p(0, x).

Teopema 11.2. Ckarsproe npoussedenue x—> (a, x),20e a — npo-
U3B0AbHBIL  dNemenm  npedeusvbepmosa npocmpancmea L, HenpepuisHo
Ha L.

IlokasaTteabcTBO. B cuny HepaBeHctBa Komu — Byns-
KOBCKOTO,
I(a’ x) - (a9 xn)l — I(a9 X —xn)l < ”a“ * ”x—xn”'
Orcrona sicHo, uTo ecau x, —> x B M, 10 (a, x,)—> (a, x) B R.|§
Ortobpaxenne [ MerpuyeckKoro mpocrpaHctBa M, Ha MeTpHUecKoe
NPOCTPaHCTBO M, HasbIBAETCA U30MEMPUYECKUM WU u30mempuedl, eciu
AJs JMoObIX X Uy U3 M, BHITNIONHSIETCS PaBEHCTBO

Py (X, ¥) = po (f (%), [ (),

rae Py (COOTBETCTBEHHO P,) — MeTpHKa B M, (cooTBeTcTBEHHO B M,).

IlockonbKy M3  HepaBeHcTBa 0, (X, y) < €&  cjefyer, uTO
P2 (f (%), f (¥)) < e, To usomempus nenpepeiéna. Tlpumepom HU30MeTpH-
YECKOro OTOOpaxKeHHsI MOXKeT CJYXKUTh Jto6oe nepeMeliieHHe MJIOCKOCTH.

2. CpoiicTBa HEMpepbIBHBIX 0TOOpaxeHHil. [IJsi HENpepLIBHBIX OTO-

OpaKeHHH METPHUYECKHX NMPOCTPAHCTB COXPAHSIOTCH OCHOBHbIE TEOPEMbI
O HenpepbiBHbIX YHUCJIOBBIX (GYHKLIHAX.

Teopema 11.3. [Tycme omobpasernue f: A= B nenpepoigro 8 mouke
a npocmpaucmea A, a omobpasienue g: B — C — 6 mouke b = [ (a)
npocmparcmea B. Toeda u cxso3noe omobpagerue

x =g (f (x)
npocmparcméa A 6 C HenpepviBHo 8 mouke a.
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JlokaszaTteabcTBoO. BrbGepem nobyo okpecTHOCTL W TOU-
Ku ¢ = g (f (a)) npoctpanctBa C. Tak Kak orobpakeHHe g HenpephbiBHO
B Touke b = [ (a) u g (b) = ¢, To Haijercsd OKpecTHOCTb V TOYKH b
Takas, uto g (V) < W. TouHo TaK ke, B CHJIy HeNnpepuBHOCTH OTOOpa-
KeHus [ B Touke a, Haiinercss okpecTHocTL U 3ToH TOYKHM Takasi, YTO
[ (U) < V. Ho Torna umMeem:

g(f W) <g(V) <V,

a 3TO M 3HAUHT, U4TO oTOOpaxeHue x — g (f (x)) HenpepriBHO B Touke a. |l

[Tyctb ¢ n Y — nBa orobpaxkeHHs MeTpuyeckoro npocrpaHcrsa M
B JIHHEHHOEe npocTpaHcTBO L. B 3TOM ciiyyae MOXKHO rOBOPHTh O CyMMe
oTOOpaXKeHH# @ M P, a TaKKe O MPOU3BENAEHUH 3THX OTOOpa*KeHHH Ha
YUCJAO0 A. A HUMEHHO 1noJiaraem:

@+ §) (%) = ¢ (x) + ¢ (x); (Ao)(x) = Ao (x).

Teopema 11.4. [lycmo ¢ up — HenpepoisHbie omobpaxcerus mempu-
uetKoeo npocmpancmea M 8 AuHeillHoe HOpMUPOBAHHOEe nPOoCmMpPanHcmeo L.
Toeda omobpaxerus @ +V U Ap makxae HenpepvisHor Ha M.

IJokasateabctBo. Ilyctb @ € M. Tak Kak oroOpaxkeHus
@ 1 HenpepeiBHbI B TOYKe 4, TO AJjs Jioboro € > 0 Haijercsa Takoe
6 >0, uto npu p (a, x) < O BHINOJHSAIOTCS HEpPaBEHCTBA

lo (@) — @il < 1% () —$ @1 < -
A Torna

(@ +¥) x) — (@ +¥) @IS e (x) — @ (@l +
Tl () —% (@) <e.

3HauuT, ¢ -+ — HenpepbiBHOe oToOpaxeHue M B L.

HenpepriBHOCTL A¢ pokasbiBaercsi aHasoruuyHo. i

M3 Teopembl 11.4 BBHITEKaeT, UYTO MHOMECMBO 6CeX HENPEPLIBHLIX
omobpancerHull mempuueckozo npocmpancmea M 6 aunetinoe HOpmupo-
BAHHOE NPOCMPAHCMB0 L camo A8a49emcCa AUHCUHbBIM NPOCIIPAHCIMBOM.

Teopema 11.5. Ecau [f— HenpepeisHoe omobpasceHue MempuuecKozo
npocmpancmea A 8 mempuueckoe npocmparncmso B, mo noanoul npoobpas
2106020 OMKPLLMO20 MHONCECMBa u3 B omkpeim, a 3amxHymoeo — 3amMKHym
8 A.

JlokaszaTteabcTso. Ilycte G — oTKphITOE MHOXKECTBO U3 B.
Tpebyerca nokasatb, uTo Bce TOUKH MHoxectBa D = f! (G) us A
1BJISIIOTCS BHYTPEHHHMH.

[lyctb @ € D u f (a) = b. Torna b € G u, nockoabky G OTKPHITO B
B, b — BHyTpeHHsas Touka (. [lo3toMy cyuiecTBYeT OKpecTHOCTb V
5TOH TOYKHM, npuHanjexamas G. Ilockoabky oroOpaxeHue [ Hempe-
PLIBHO B @, HaijgeTcsi Takasi okpecTHoctb U Touku a, uto [ (U) < V.
Ho torpa [ (U) < G, u noromy U < D = [~ (G): 210 nokasniBaer,
yTo y Jo60H TOUKH a € D ecTb OKpecTHoCcTb, NpHHaadexawas D,
T. €. @ — BHYTpeHHAdA Touka Aas D. Tlosatomy D orkpnito B A.
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ITockonbKy nomosHeHHe K 3aMKHYTOMY MHOXECTBY OTKDHITO, a
npoo0pasbl ABYX AOMOJHHTENbHBIX APYT APYTY MHOXECTB H3 B B3aHMHO
JIOTIOJIHUTENbHBI B A, TO W3 JJOKN3aHHOTO BLITEKAeT CIPaBEeAJHBOCTb H
BTOPOTrO YTBEPKJIEHHS TEOPEMBI.

Teopema 11.5 uHOrza nosBosisieT JaTb BecbMa IIPOCTOE JOKas3a-
TEJbCTBO OTKPBITOCTH HJHM 3aMKHYTOCTH MHOXKECTBA.

[Tpumep 11.3. MuoxectBo D us Rg, onpejensieMoe HepaBeHCTBOM 2x? -

-+ y2 4 3x — 4y — 522 > 1, oTkpHiTO.
B camom nene, dyuxkuus u = 2x% + y? + 3x — 4y — 52® 3amaer HenpephiBHOE

OTO6p axKeHHe Rg B R. MHoxecTBO D siB/I1sleTCs MOJIHBIM NPo06GpPa3oM OTKPHITOTO Jyua
11; 4o npu 3TOM OTOGpakeHHH, a NOTOMY, B CHJy TeopeMbl 11.5, OHO OTKpHITO.

3ameTuM, 4TO 06pa3 OTKPLITOIO MHOXKECTBA INPH HENMpepLIBHOM OTOG-
paxkeHuHu He 00513aTeNIbHO OTKPHIT. Hanpumep, npu HenpepbIBHOM OTOG-
paXeHuu x —> sin x uHTepBaa |—mn; nl nepexogur B orpesok [—1; 11.

3. HenpepbiBHbIE 0TOOpaXKeHHS KOMNAKTOB.

Teopema 11.6. O6pa3 komnakma npu HenpepuiBHOM 0OMOOpPAXNeHUL
KOMNAKMeEH.

HJokasaTteabcTBo. Ilyctb M — koMnakt U fi: M - T —
HenpepbiBHOe oToOpaxeHue. Tpebyerca nokasatrb, uro M’ = [ (M) —
KOMIIAKT.

BosbMem B M’ mpou3BOJIbHYIO NOC/A€I0BATENbHOCTL (X,) H 0603Ha-
YUM 4Yepe3 X, KakoH-1u0o mpooGpas TOYKH X, MNpPH OTOOpaxeHuH f.

[Tonyuutcs nocnenoBaTesbHOCTb Touek (x,) U3 M. Tak kak M — Kom-
MaKT, TO U3 3TOH Moc/e0BaTebHOCTH MOXKHO BBIJEJIUTD MOJIOCJEL0BA-
TEJILHOCTD (Xn,), CXOAfAILLYIOCS B HEKOTOPO# Touke ¢ U3 M. Ilpu orobpa-

XKeHuu f 3Ta mocJsenoBaTebHOCTL MEpeiaeT B MOANOC/AEN0BATENbHOCTD
(x,',k) MoCJIe0BATENbHOCTH (X'). B CHJy HenpepelBHOCTH OTOOpaKeHHs

[ B Touke ¢
kl_l.rﬁ X, = ll_.rgof (x,) = f(gLToxnk) = f(c) € M.

Hrak, kaxpnas noc/jeloBaTeJbHOCTb TOUeK H3 M’ comepKHT mnoa-
1nocJieJoBaTeJbHOCTb, cxoasmywcs B M'. A 3to u o3Hauvaer, yto M’ —
koMnakxr. ||}

Caencteue. OOpa3 3amMKHYMO20 U 02PAHUHEHHO20 MHONCECMBA NPU He-
npepoigrom omobpasceruu f. R" — R™ zamxnym u oeparuuen.

B camom nene, u B R", n B R™, CBOACTBO «3aMKHYTO H OTrPaHHYEHOY
5KBHBAJIEHTHO KOMITAKTHOCTH, a HeNpephbiBHbIH 00pa3 KOMMAKTa KOM-
naxkteH. ||j

JI10OOMBITHO, 4YTO €CJIM MHOXKECTBO SBJISIETCS TOJbKO 3aMKHYTHIM
HJIH TOJIbKO OFPAHMUYEHHBIM, TO NPH HENPEPBLIBHBIX OTOOPaXKEHHAX €ro
o6pa3 He Bceria coxpaHsieT 3TH cBoHcTBa. Tak ¢yHKuua x— tgx

o JT. JT
oToOpaxaeT OrpaHHYeHHBbI HHTEpBaJ }— P 5[ B GECKOHEUHYIO Nps-

My, a GYHKUMA X — arctg x mepeBoguT mnpsiMylo (T. €. 3aMKHYTOe
Ja o
MHOXKeCTBO B R) B HHTepBai ]—E; 5[’ KOTOpBIl 1e3aMKHYT B R.
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Teopema 11.6 mnosBossier 0606HTb HA TNPOH3BOJbHbIE KOMIAKTHI
HEKOTOpble CBOHMCTBA YHCJOBBLIX (YHKLMH, HENPEPLIBHBIX Ha OTpe3Ke.

Teopema 11.7 (teopema Benhepurpacca). Yucroeas gpynkius, onpe-
OeNeHHAs U HENnPepbliBHAS HA KOMNAKMme, 02PAHUHEHA U NPUHUMaem HaA
Hem Kak ceoe Hauboabuiee, MaK U HAUMEHbLIEE 3HAUEHLUE.

JloxasateabcTBo. [lyctb [ — uncnoBasi GyHKUuUsA, onpe-
JleJleHHasi 1 HenpepbiBHAs Ha HEKOTOpoM Komnakre M. B cuay Teopemsl
11.6, MHOXecTBO E 3HaueHUH PyHKUMHU (06pa3 Komnakta M) sBJasieTcs
KoMnaktoM. B cuay Teopembl 10.3 nosydyaem, yro E — orpaHuueH-
HOe MHOXKEeCTBO, T. €. CYILeCTBYIOT Takue unucia a u byutoa [ (x) b
npu JoboM x U3 M. OrpaHuueHHOCTb PYHKIHH [ JOKa3aHa.

113 orpaHH4YeHHOCTH UYHCJOBOTO MHOXeCTBAa E BbITEKaeT CYILIECTBO-
BaHue y E BepxHel rpaHu B M HHXKHEH rpaHH a. A Tak Kak KOMIAaKT
E 3aMkHyT (cM. Teopemy 10.2), a @ u P — rpaHuuHble TOUYKH Aasd E
(cMm. mpumep 9.1), To @ € E, p € E. 310 3HauuT, uTOo B KOMnakre M
UMeIoTCA Takue ToYkH E H M, uto f (§) = ¢, f(m) = B.R

BOITPOCBI OJij1 CAMOITPOBEPKH

1. ChopMmyaupyiite TpH omnpeleseHHs] HenpepblBHOCTH oTo6Gpaxenus f: A — B
B Touke a. [{oKaxHuTe HX 3KBHBAJIEHTHOCTD.

2. YKaxute Kakoe-HHOyJb HemnpepbiBHOe H Kakoe-HHOyJb pa3pbiBHOe OTOGp axKe-
HHe IJIOCKOCTH B cebs.

3. Ilepeunciute CBOHCTBA HeNpepLIBHBIX OTOOpa)KeHHH METPHUECKHX TMpO-
CTPaHCTB.

4, KakuMm cBOHCTBOM 06JajlaeT HernpepbiBHOE OTOGpa)KeHHe METPHYECKOro MNpo-
CTPaHCTBa B JIMHEHHOe HOPMHPOBAHHOE NPOCTPAHCTBO?

5. O6bsicHHTe, KaKHe H3 CJeAYIOUHX YTBepXKAEeHHH HCTHHHBI: a) MOJIHBIH Npo-
o6pa3 OTKPBHITOr0 MHOXeCTBA MPH HellpepblBHOM OTOOpa)KeHHH OTKPLIT; 6) HenpephbiB-
HbIfi 06pa3 OTKPLITOrO MHOXECTBA OTKPLIT; B) HelnpepbiBHLIH 06pa3 KOMMAaKTa KOMIak-
TeH; I') HeNpepbIBHbIA 06pa3 OrpaHHYeHHOro MHOXKECTBA OrpaHHyeH; J) TNOJIHBIA Npo-
o6pa3 OrpaHHYeHHOTO MHOXeCTBA NPH HeNpephLIBHOM OTOOpaKeHHH OrpaHHYEH.

6. Kak untaercs teopema Befiepmitpacca? Uto o3Hauaer ¢pasa «pyHKIHS NpH-
HHMaeT Ha MHOXeCTBe CBOe HanGoJibliee 3HAUEHHE»?

7. Hepetmcnme BC€ MOHATHA H3 KypCa MaTeMaTH4YeCKOro aHaJin3a, KOTOphble

BCTpeyaioTcsl B QOpMyJIHPOBKe H JoKasaTtesbcTBe Teopembl 11.7. [laiite ux ompeze-
JICHH 1.

YITPAXHEHHSI
§ 7. Ne 1—11, 16—21, 27—28, 36.

§ 12, CBA3HbIE METPHUECKUE NPOCTPAHCTBA

1. Ces3Hbie M HeCBSI3Hble MPOCTpPaHCTBA. B psge BomnpocoB GriBaer
BaXXKHO 3HaTh, «H3 OJHOTO KyCKa COCTOMT» paccMaTpHBaeMoe MeTpHye-
CKOe NpOCTPaHCTBO (KakK, HampuMep, OTPE30K) MJM OHO «COCTaBJIEHO
M3 HECKOJbKHX KYCKOB» (Kak, Hampumep, oObelMHEHHE ABYX Hemepe-
CeKalol1XCsl OTPe3KOB). Takasi HHTYUTHBHAs KJaacCUPUKaLUA TPHBOLHT
K MOHSATHSIM CBSA3HOTO M HecBsi3HOro mpoctpancrasa. Crporoe onpejene-
HMe 3TUX NOHATUH OCHOBLIBAETCH HAa HHTYHTHBHOM IPEACTaBJEHHH O
TOM, UYTO CBfI3HOCTb COXPAHAECTCA IIPH HENPEePLIBHLIX OTOOpa*KEHUAX:
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ecJM NPOCTPAHCTBO MOXKHO HeNpepelBHO 0TOOpasuTh Ha HEKOTOpoe
KAaHOHHUUYECKOe HeCBSI3HOe TMPOCTPAHCTBO  (Hanpumep, Ha 4YacTh
npsMoi, cocrosiiyio M3 JABYX Touek O H 1), OHO HeCBsA3HO, €CJH
HEeT — CB$I3HO.

MeTtpHnueckoe npocTpaHCTBO M Ha3bIBAE€TCA HECBA3HbIM, €CJIH CY-
IIECTBYET HempepbiBHOE oToGpaxeHHe f 3TOro mpocTpaHcTBa Ha JBYX-

ToyeyHoe npocrpaHcTBo {0, 1}, U c8A3HbIM, €CIH TAKOro OTOOpaxkeHHs
He CYILECTBYET.

PaccMoTpuM Ha npumepe, Kak «paboTaioT» 3TH ONpEJE/IEHHS.

[ITpumep 12.1, durypa K, cocrosimiasi U3 AByX HeNepeceKaroluXcs Kpyros
K; u K,, HecBsA3Ha.

JlelicTBUTENIbHO, PacCMOTPHM (YHKUHIO

-]

TToxaxeMm, uto [ HenpephiBHA Ha K.

ITyctb a — npounsBosibHas Toyka M3 K H (x,) — Npou3BoJbHAas MNocJegoBaTesb-
HocTb M3 K, cxomsamasics X a. JlonycTtuM, Ajst onpelesneHHOCcTH, uyto a € K;. Torza
BCe X,, HaUHHasg C HEKOTOpPOro Homepa, mpuHapiexar K;. Ilostromy f (x,) = 0 npu
n>Nulimf(x,)=f(a).

n—-»oo

Hrax, mocTpoeHo HemnpepbiBHOe otobpaxeHnue f mpocrpanctBa K Ha {0, 1}, ueM

H JioKa3aHa HecBA3HOCTb K.

0, ecnin x € Kj,

1, ecan x € K.

Teopema 12.1. JTr060t uucr0800 npomescymor C8A3EH.

JJokasaTtTeabcTBO. IIpeanonokuM mNpOTHBHOE: HEKOTO-
pHIi npomexyTok E HecBsizeH. Torna Ha E MOXHO ompelesnuTh Hempe-
pPHIBHYIO QyHKIHMIO, npuHHMarowyto 3HayeHuss O u 1. BroiGepem Takue
nBe Touku a 1 b u3 E, uro f (a) = 0, f (b) = 1.Ilockoabky orpesok [
c Konnamd a u b npuHaanexur E, 1o f HenpepriBHa Ha I. [lo Teopeme
O MPOMEXYTOYHOM 3HAUYEHHH YHCJAOBOH (QYHKIHH, HENpephLiBHOH Ha

oTpe3Ke, Halifercs Takasi Touka ¢ € I, uro f (¢) = —. Tak kak ¢ € E,

1
2
TO TIOJIYYHJIH TPOTHBOpeuHe ¢ TeM, uto ¢GyHKuus [ Ha E npuHHMaer
aumb 3HayeHua O u 1. 3HauuT, NpeAnoJioXkKeHHe O HeCcBS3HOCTH E
JoxHo. |

Teopema 12.2. Kascoaa ceasrnas wacme E uucaosod npamoid R emecme
¢ atoboimu 0symsa mouxkamu a u b codepacum eece ompesok la; bl.

JloxaszateabcTBoO. [lpennonoxum, 4To cyiuecTByer TOU-
Ka ¢ u3 la; b], He mpuHamnexamas E. Paccmorpum MHOXecTBa E, =
=EN]l—o0;,clu E;,=E N lc, + ool. 918 MHONKECTBA He mycCTHI
(a € E,, b € E,) u oTKpHITH B E Kak nepeceueHusi E ¢ OTKPHITHIMH MHO-
xectBaMH | —oo; ¢ u ]l¢; ool u3 R (cM. Teopemy 9.9). Ilpu stom
nockoiabky ¢ ¢ E,T0E;, U E; = E N (R\ {c})) = E; E; N E;= O,
TaK Kak Jayud |— oo; ¢l u lc; + ool He mepecekarorcs.

Takum obpasoMm, E ypanoch pasbuUTb Ha JBe HemepeceKaloliHecs
HenycThie OTKphITHe 4YacTH E; u E,. Toraa ¢yHkuus

_ [0, ecann x € E,
I (x) {1, ecad x € E;
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safaer (cM. paccyxkiaeHus B npumepe 12.1) nenpepniBHOoe orobpakeHue
E na {0, 1}. 3nauur, Bonpeku ycaosuio, E HecBsisHO. [loayuennoe
IPOTHBOPEYHe H JOKa3blBaeT CIPaBEAJIHBOCTb pacCMaTpHBae€MOro yr-
BepxkaeHuda.

M3 noka3aHHBIX TeopeM CJIeAYeT, UTO HenyCmvlmMu CEA3HbIMIU MHONME-
cmeamu 8 R A84at0mMCA MorbKO npomexcymsku, T. €. OTPE3KH, HHTepBa-
Jbl, TOJYHHTEPBAJbl, OTKPbITblE M 3aMKHYTble JYYH H, HAKOHEl, BCH
npsMasi — JIHIUb 3TH MHOXECTBA BMeCTe C JIIOObIMH JABYMSl TOUKaMH @
n b copep:xar Becb orpesok la; bl.

['opasno cjoxHee onvcaHHe CBSI3HBIX MHOXKECTB Ha MJIOCKOCTH HJIH
B TPEXMEPHOM TIPOCTPAHCTBE:. 3AECh MOIYT MNOJYYHTbCS KpHBbIE H
o6s1aCcTH BecbMa CJIOXKHOTO cTpoeHusi. Tak, Hanpumep, kKoBep CeprnuH-
ckoro (cM. npumep 9.11) gBasieTcs CBA3HBIM MHOKECTBOM.

Y6enumcsi, YTO HHTYHTHBHOE NMPEANOJIOXKEHHE O COXPAHEHHU CBOHCT-
Ba CBA3HOCTH NPH HENpepbIBHbIX OTOOpaxkKeHUSIX AEHCTBUTEJNLHO CIipa-
BeAJIHBO.

Teopema 12.3. O6pa3 csa3rHozc0 npocmpancmea M npu HenpepoisHoOM
0mobpaxteHul | ABASEMCA CBA3HBIM.

JlokasaTteabcTBoO. Ecau 661 T = f (M) GBlIO HecBA3HO,
Hauuioch Gbl HempepbiBHOe oToOpaxeHue ¢ npocrpaHcTBa T Ha {0, 1}.
Ho Toraa ckBosHoe oTobpaxkeHue x — ¢ (f (xg)) Obl710 Obl HenpephIBHBIM
(cMm. Teopemy 11.3) otob6pakenuem npocrpancrea M Ha {0, 1}, uro npo-
THBOpeUuT cBsA3HOCTH M. [}

Mbl BHAeNH, YTO CBOHCTBO (PYHKLUUH, HENpPEpPLIBHHIX Ha OTpe3Ke,
Bblpaxkaemoe TeopeMoil Bedepuirpacca, nepeHOCUTCS Ha NPOHU3BOJILHBIH
KOMMNAKT. JIpyroe cBOHCTBO TakKUX (PYHKUHH, O KOTOPOM HIET peub B
TeopeMe O MPOMEKYTOUHOM 3HAUE€HHUH, CTIPABEJJIHBO JJI1S1 IPOU3BOJIbHBIX
CBSI3HBIX TPOCTPAHCTB.

Teopema 12.4. Ecau uucaoas (pyHKyu, HENPepul8HAs HA CBA3HOM
npocmparcmee M, npunumaem na M suaverusi a u b (a< b), mo ona
npunumaem Ha M u atboe npomescymournoe 3Hauerue ¢ (a < ¢ < b).

JHJokasarteabcTBoO. Ilyetb E < R — MHOXKECTBO 3HAUYeHHH
dyukuuu f, T. e. E = f(M). Tak kak M cBSI3HO, TO MO NpeAbIAYLIEH
TeopeMe U E cBs3HO. A Torja BMecTe ¢ a U b 3TO MHOKECTBO COEPXKHUT
Becb orpe3ok [a; bl. [lostromy npu mo6om BbiGope uucaa ¢ u3 [a; b)
nafigerca takaa Touka & uH3 M, uro f(§) = c.|}

JlokazaHHas Teopema B CHJAY cBoell 60JblIOH OOLIHOCTH, TaK XKe
Kak ¥ Teopema Befiepurrpacca, npuMeHsieTca NpH JAOKas3aTejbCTBe ca-
MbIX pa3JIMYHBIX TEOPEM CYLIECTBOBAHHS.

2. CBa3Hbie KOMNOHEHTHI npocTpaHcTBa. [Ipocrpancteo M, cocto-
sllee U3 YEThIPEX PACIOJIOKEHHBIX Ha MJIOCKOCTH NOMapHO Hemnepeceka-
ol Xcsl KpyroBs, HecBsisHO. OHO pacnajaercs Ha YeTblpe Kpyra, Kax-
Abli U3 KOTOPLIX CBA3E€H W HE COLEPKHUTCA HH B KaKOH APYyroi cesis-
HOH YacTH PaccMaTPHUBAEMOTO MPOCTpaHCTBA. Takue 4acTH HAa3bIBAIOT
CBAI3HbIMH KOMIIOHEHTaMH MNpOCTpaHCTBa. Mbl JjoKaxkeMm cedyac, 4TO H
Jro60e HeCBS3HOE NMPOCTPAHCTBO pPacnafaercss Ha CBA3Hble KOMITOHEHTHI,
COBOKYIIHOCTL KOTOPHIX MOXKeT ObiTb U OECKOHEUHOH.

Jlemma 12.1. Ilycme [ — Henpepoisroe omobpaxteHue HeC8A3HO20
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npocmpancmea M na Gsyxmoueuroe npocmparcmeo {0, 1}. Tozda ato-
6aa wacme A npocmpancmea M, komopas codepaxcum xoms 6vr no 00Ho-
MYy npoobpasy HYyas u eOUHUYbL, HECBA3HA.

HJokaszateabcTtBo. Tak kKak f(A) > {0, 1}, a HuKakux
Apyrux 3Hauenui f He npunumaer, 10 f (A) = {0, 1}. Ilockoabky oT-
obpaxkeHue f, Mo YCJOBHIO, HemnpepbiBHO B J1000d Touke u3 M, 1o f
HenpepbiBHO Ha A. HTak, f ocyliecTBisier HenpepulBHOE OTOGparkeHHe
A Ha {0, 1}, orkyna u ciaenyer HecBssHocTh A.[

Jlemma 12.2. Ecau ceasusie wacmu Aq mMempuuecKkozo npocmparcmea

M umerom obugyro mouxy a, mo ux obsedunenue A = |J Ao €813HO.
0/

HNoxasaTteabcrTBo. HomyctuM nporuBHoe. Ilpennonokum,
yto A wHecBfid3HO. Torma cyuecTByeT HemnpepniBHOE oToOpaxeHue f
npocTpaHctBa A Ha aByxroueuHoe mnpoctpaHctBo {0, 1}. Jlonmycrum
AJas1 onpepeneHHoctd, uro [ (a) = 0. Ilockoabky f — ciopbekuus, TO
B A umeercsa Takasi Touka b, uro f(b) = Il.

Touka b npuHanaIexHuT XOTsi Obl OMHOMY U3 MHOKecTB Ag . ITosTomy
XOTs1 Obl OTHO H3 HUX COJIEPXKHUT Kak npoobpas 0 (Touka a), Tak 4 npoob-
pa3 1 (Touka b). B cuny npeapiaymieii jeMmbl, 3TO O03HauaeT, 4To Ag
HecBsA3HO. IlosyueHHoe MpOTHBOpEUYHE C YCJAOBHEM M JOKA3bIBAET CBfi3-
HocTb npocrpaHcTBa A. I}

M3 nokasaHHOH JieMMbl BHITeKaeT, 4To oObeJHHEeHHEe BceX CBSI3HBIX
yactell mpocTpaHcTBa M, comepKalluX TOYKY @, CBSIBHO. DTO MAaKCH-
MaJibHasi CBsi3Hasi yactb M, coaep:xauias a. Ee HasbBalor csfa3Hol
KomnoHenmotl npocmparcmea M, copepkauieil TOYKy @, 1 0603HaYaoT
C,. Y3 nemmel 12.2 cnenyer, yTo eciu cBsi3Hble KOMNoHeHTHl C, u €,
npoctpaictBa M umetoT obuiyi0 TOYKY, TO OHHM COBNajzait. B camom
Jiene, B 3TOM ciayuae ux obvennHenne C cBs3Ho, a Tak Kak C, u C, —
MaKCHMaJbHble cBA3HBIE YyacTH, To C, = C, C, = C, a notomy C, = C,.
Takum ob6pa3om, pasyiMuHble CBS3Hble KOMIOHEHTHI INpocTpaHcrsa M
nonapHo He nepecekawTtcs. Kpome Toro, Kaxjas Touka u3 M npuHaz-
JIEXKHUT CBOEH CBA3HOH KOMIOHEeHTe. Mbl joKa3aJ/iu CJeAYIOLLYIO TeOpeMy:

Teopema 12.5. Bcsakoe memputeckoe npocmparcmeo M asasemces
00Be0UHEHUEM NONAPHO HenepeceKaroujuxca CA3Hblx uacmetl, Kaxeoas us
KOMOpbLX He COO0epaHUmes HU 8 KaKol OmAuvHoOU om Hee C8A3HOU Hacmu.

M3 MakcHMaJIbHOCTH CBfi3HBIX KOMIIOHEHT cJjenyer, 4to ecau C,
Takasi KOMIIOHeHTa, a A — cBa3nas uactb M, npuuem A | C, *= &,
10 A < C,. B camom jaene, B nporuBHoM ciayyae A |J C, 6bu10 Obl

cBsi3HOU vacTbio M, orauuHolt or C, u coaepxaweil C,, YTO HEBO3-
MOKHO.

TeopeMma 12.5 no3BosisieT BHIICHUTD CTPYKTYPY OTKPBHITHIX U 3aMKHY-
TbIX MHOXXECTB Ha YHCJOBOH NPSAMOH.

Jlemma 12.3. Csasubie KomnoHernmor omkpoimoii wacmu R omkposimol
6 R.

JokasarteabcTBO. [lyctb C — cBfi3Has KOMIIOHEHTa OT-
KpbiTofi yacth M mnpocrpanctBa R; a — npousBosbHass Toyka u3 C.
Tak xak a € M, a M orkpuito B R, To B R cyliecTByer oKpecTHOCTb
U touku a, uequkoM npuHagaexaipas M. ITockonbky U — untepsai,
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a MHTepBaJ cBsizeH (cM. TeopeMy 12.1), To B cHJ1y CBOHCTBA MaKCHMa/lb-
Hoct KommoHeHThl C uMeeM: U < C. Hrak, mobas Touka U3 C BXo-
aut B C BMeCTe€ C HEKOTOPHIM HHTEPBaJIOM, a 3TO M o3Hauaer, uto C
orkpeiTo B R.IH

Teopema 12.6. Bcsxoe omxpoimoe mruoscecmgéo G Ha npamod aubo
npedcmasasem coboli unmepsan, aubo s6asemcs 06veduHeHuem KOHe4HOL
UAL CHEMHOL COBOKYNHOCMIU NONAPHO HENepeceKaroujuxcs UHmepeasos'.

INokaszaTteabcTBo. [lo Teopeme 12.2 moboe cBsi3HOE MHO-
’KECTBO Ha NPSMOH siBJisieTcs NPOMEXYTKOM. OTKpHITbIE NPOMEXYTKH
Ha YMCJOBOH NpPSMOH — KOHEUYHble WJH OeCKOHeuHble HHTepBabl. [lo-
CKOJIbKY MHOXKecTBO ( pacrnajaercsl Ha CBsI3Hble KOMIIOHEHTHI, a CBsi3-
Hble KOMIIOHEHTBhI OTKPBITOTO MHOXKECTBA OTKPBITHl B CHJY JieMMbI 12.3,
10 G — ob6beguHEeHHEe TOMapHO HerepeceKaoLUXcs HHTepBaJoB. Ho
a060e ceMeHCTBO MOMapHO HemnepeceKamwllUXcsl HHTEpPBAaJOB Ha mpf-
MOH KOHeuHO WJu cueTHO (cM. mpumep 2.4).1H

CaenctBue. Bcakoe 3amxrHymoe MHOMECMBO HA NPAMOU MONCHO NOAY-
qums U3 Hee YOQAeHUEM KOHEYHO020 UAU CHEMHO20 Cemelicmea nonapHo
HenepeceKaruyuxca UHMmMepeanos.

IlokasaTteabcTBO. [lo Teopeme 9.10 3aMKHYyTOE MHOXKECTBO
BJISIETCA JOINOJHEHHEM OTKPHITOro MHoxecTBa. I[IpuMeHsas TeopeMy
12.6, nonyyaeM TpeGyembiit pe3ysabrar. |}

BOITPOCDHI IJ151 CAMOITPOBEPKH

JlafiTe onpefesieHHe CBSI3HOTO METPHYECKOIO NMPOCTPaHCTBA.
[IpuBenuTe npuMepbl CBSI3HBIX M HECBSISHBIX NPOCTPAHCTB.
[TepeuncauTe CBsI3HBIE YaCTH YHCJOBOH IpSIMOH.
CesiseH JiH 06pa3 CBSI3HOTO MPOCTPAHCTBA NPH HeNpepbiBHOM OTOGpaKeHHH?
ChopMynupyiTe TeopeMy O NMPOMEXKYTOUYHOM 3HAUYEHHH.
. Ilpy KakoM ycJIOBHH OOGbelHHEHHe ABYX CBSI3HBIX 4YacTe#l mpocTpaHcTBa M
CBSI3HO?

7. UTo Takoe CBsi3Hasi KOMIIOHEHTAa METPHUYECKOro MpocTpaHcTBa? Moxer JiH
CBsI3Has 4acTb NMPOCTPAHCTBA HMETb HEMYCTOe NepeceyeHHe CO CBSI3HOH KOMIIOHEHTOH
9TOr0 MPOCTPAHCTBA H He COJEpPIKATbCs B Hei?

8. OnuiuxTe CTpOEHHE OTKPBHITHIX H 3aMKHYTBIX MHOXECTB Ha NpAMOH.

O G O DO

YITPA)KHEHUHSA
§ 7. Ne 49, 51—54.

§ 13. MOJIHBIE METPHYECKHE NPOCTPAHCTBA

1. dyHpameHTaJbHbIE MocCaeaoBaTeJbHOCTH. IlocsenoBarenbHOCTD
ToueK (X, ) MeTpHyecKoro npocrpancrsa M HasbiBaercs ¢pynoamenmane-
HoU, eCJIH IJIs1 J1000T0O MOJIOKHUTEJNBbHOTO YKCJA € MOXKHO YKa3aTb TaKoH

Homep N, uto npu m > N u n > N BHINOJHAETCA HEPABEHCTBO
p (X, Xp) <. (13.1)

1 Cpeizm HHX MOTYT 6biTb M GecKOHeuHble MHTepBajb: ]—oo; af, la; + ool
]—o0; ool.
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I1pumep 13.1. IlocnenosareanHocts (x,), rae x, () = ", gyu-

11
JaMeHTaJsbHa B npocTpancree C [—— R

2 2

o ] g
Ie#icTBUTENBHO, A5 Jo6oro € > 0 Bo3bMeM N TakHM, 4TO 2—N-<—-,

2

| |
Tak Kak HauOoJsiblliee 3HaueHue (yHKuHM |£"| HA orpeske [—-—- _]

b

2 2
1
PaBHO 51;2-, T0 || £ || = o nosToMy npu m, n > N

, - n m ] 1
p e, )= | " = <[ e[| "S5t <e

4YTO ¥ TpPebOoBaJOCh YCTAHOBHUTD.

I[Tpuwmep 13.2. IlocnenoBarenbHoctb (x,), rae x, (¢) =1t", He
¢yHaameHTanbHa B npocrpancrtee C[—1; 1]

JlelcTBHTE/IBHO, PAacCMOTPHUM X, H X,,. MMeeM:

P (Xqy Xop) = 1% — £ > 1§ — 10",
1

VT

rae f, — mobas Touka u3 [—1; 1]. Tlonoxkus {, = NoJIy4aeM:

1

r— e e——

] 1
p(xn’ x2n)>’§' 'Z'

1 o
CnejoBaTe/ibHO, Hanpumep, NpH & = — Heab3d yKasaTh TaKoi HO-

mep N, utobel HepaBeHcTBO (13.1) BhimosmHssOCH NpH Bcex n, m > N.
3HauuT, (Xx,) He (YyHIaMeHTaJsbHa.

BpisiciuM HeKoTopble CBOHUCTBA (PyHAAMEHTAJIbHBIX IOCJeN0BaTe/b-
110CTeH.

Teopema 13.1. Lcau nocaedosamenvrocmo (x,, ) npurnadaesxum wacmu
E npocmpancmea M, mo u3 ee gpynoamenmaroHocmuy 8 00HOM U3 IMUX
NPoCmMpancms soimexaem ee (ynoamenmarvHocms 8 dpyaom.

JokaszaTteabcTBo. O603HauuM METPHKY MNpocTpaHcTBa E
vepe3 P, a MeTpuKy mnpocrpaHctBa M uepes py. Tak Kak

pE (xn, xm) = PM (xn’ xm)’

TO U3 TOro, 4to HepaseHCTBO (13.1) BHimoJHAETCA AJA OJHOH U3 3THX
METDHK, BBITEKaeT ero CnpaBeiJIMBOCTb U 4Jas Apyroil merpuku. Ilosto-
MYy, €CJHM Mbl HalLIH JJsa gaHHoro & > O TpebGyemoe N 1/14 onHOH Mert-
PUKH, OHO noaxoauT u s apyroi. [

Teopema 13.2. Bcakaa gpynoamenmarvHas nocae0osamesbHOCMs oe-
paUu4ena.

JJokasarteanbcTBo. BozbmeM ¢ = 1. MoKHO yKasaTb TakoH
HoMep N, uTo npu Bcex n U m, GoabiinX N, BLINOIHAETCA HEPaBEHCTBO
0 (x,, ¥,)<l.BuacTHoCcTH, BbINOJHSAETCS HEPABEHCTBO P (X,, X,) <,
rne k — Hekoropoe (PUKCHpPOBaHHoe uuc/ao, Goablee N, a n > k.

Ho B Takom cnayyae liap ¢ ULEHTPOM B TOYKe X, pajauyca
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r=max {p (X, Xz), .0y P (Xp_yy Xp), 1} COMEPKHT BCe UNEHEI MOC/IE-
JoBatesbHOCTH (X, ), T. e. (x,) orpaHuueHa. Jj

Teopema 13.3. Bcaxkaa cxodawjasca nocaedosamesvHocms hyHoameH-
MmanbHa.

JlokasarteabcTBo. Ilycts mocaenoBarenbHocThb (X,) CXO-
JUTCA K Toyke a. 3ajaiuM npousBosbHoe uucao € > 0. Tak kax
lim x, = a, To Halinerca Takoii HoMep N, uro ans Bcex n > N Bhi-

n-»oo

e
TOJIHAIETCS] HEPaBeHCTBO P (X,, a) < 3 A torpa gns JOGBIX 1 M m,

ooabiux N, umeeMm:

p(x/z’ xm) <p(xn’ a) +P(xm, a) < ’;_ +'§=8’

YTO M JOKasbiBaeT (PyHAAMEHTaJbHOCTb MocJefoBaTeabHOCTH (X, ). [l

[Tpuwmep 13.3. TlocnenosaresbHOCTL HECATHYHBIX NPHOMHXKEHHH MO HeMlo-
ctatky uncaa V2 gpysnamentaaeHa B Q.
IlefictBuTesIbRO, mockosabrky Q < R, a B mpoctpaHctBe R 3Ta nocsexoBatesn-

HOCTb cXofuTest K ' 2, To, B cuay Teopemul 13.3, ona dyHnamenTanbha B R, a 3HauuT
(cMm. TeopeMmy 13.1), dyHnamentanbHa u B Q.

Teopema 13.4. Ecau Hexomopas  noonocaeoosamesbHoCme (xn/)

pynoamenmandvrol nocsedosamesvrocmu (x,) cxo0umcs K a, mo u
cama nocaredosamesrvbHocms (X,) CX00Umcs K momy e npedery a.

JloxkasarteabcTtBo. [lycrb 3agano € > 0. Tak kak lim Xn, =
k- o0
= @, TO MOXHO YyKa3aTb Takoi Homep K, 4TO

g
p(xnk’ a) < _é-

npyu k& > K. C ppyroft cTopoHbl, B CcHJY (yHIAMEHTaJbHOCTH (X,)
cyllecTByeT Takoe N, 4TO

P (y, ) < —
npu n >Num>N.

BriGepem Homep p TakoH, uto p > K u n, > N. Torna ajs X
BLITNIOJIHAIOTCS HEPaBeHCTBA:

( (
p(xnp, a) < L P (X, > %,) < 5 (n > N).
[Tostomy npu n > N
p(xn’a)<p(x/zv xnp)+P(xnp, a) <—§'+'§'=8’

a 3TO U O3Hauaer, 4yto (Xx,) cxoaurca kK a.lR
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Teopema 13.5. Ecau nocaedosameavnocms (x,) maxosa, umo psd

Ep(xk, Xeir) (13.2)

k=1
cxooumcesa, mo oHa (pyHOAmMeHMANbHA.

IJokaszarteabcTBo. Ilycrb 3amano € > 0. Tak kak psg
(13.2) cxomutcsa, To Haugercs Takoe N, 4To

Z O(Xps %y )< ® (13.3)
k=n

npu n > N. Ilockonbky psig B (13.3) 3HaKomosoxKuTeNeH, To Jobas
€ro 4YacTHYHasi CyMMa He IpPEeBOCXOAMT CYMMBI psja, T. €.

m—I1

I EREAN RS (13.4)

k=n

npu m >n > N.

BosbmeM Tenepb fBa MPOH3BOJIBHBIX YJjeHaA X, M X, Halled mnocJje-
JIOBaTeJbHOCTH, HOMepa KoTopbiX Gosbuie N, npuuem m > n. Torga,
B CHJYy HEpaBeHCTBAa MHOrOyroJibHMKa W HepaBeHcTBa (13.4), umeem:

m—1
p(xn’ xm) < 2 p(xk ’ xk+1)< €. .
R=n

3ameuanue. OO6parHoe yTBepxKaeHHe HeBepHo. IlocienoBa-
TeJIbHOCTb ( X, ) MO2KeT ObiTh GyHIAaMEHTaJbHOH, HECMOTPSi Ha pacXoju-
moctb psiza (13.2). TakoBa, HanpuMep, NOCJENOBATENbHOCTb YHCEJ

1y
(x,), rae x, = (=D% OnHako crnpaBefJIMBO CJAEAYIOLIEe YTBEPXKIEeHHE:

Teopema 13.6. Ecau nocaedosamesbrocms (x,) moOveK MempuecKozo

npocmparcmea M pyndamenmanrsvHa, mo u3 Hee MOMCHO U36Ae4b MAKYIO
nodnocaedogameabtocms (Xn,), 4mo pad

Yo (xny s %y, (13.5)
k=l
cxo0umcH.

IHokasaTtenbcTBoO. llockonbky (x,) dyHnaMeHTanbHa, TO
a5 Joboro kR Ha@mercss Takoe M,, YTO NPH N > N BHIOJHAETCS

1 1
HEePABEHCTBO P (Xn,, X,) < 7 Ho Torma u p (xa, Xnpyy) < 25
Orcrona 1o NpU3HaKy cpaBHEHHUd 3akJ/rodaeM, 4to psif (13.5) cxonurcs. i

IIpumep 13.4. IlocnepoBarenbHocTs PpyHkuui (f,), rae
( 0 npu —1 <x <O,

1
nx npp  0<Cx < —,
fn(X) =; n

1
1 npu —<x<l,
n

u3 npocrpanctBa C; [—1; 1] ¢yHnaamenTanbHa.
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JelcTBUTENBHO, MIOCKOJIbKY y *

o (fe, fe+1) (puc. 20) — nsomanb Tpe-
yronbunka OAB, To

(e Te1) = 3 e 1 DSk "4 o

oo

1
Ho psan 2;;’ KaK M3BeCTHO, CXOAUTCH,
k=]
a TOrda 1o TNPU3HAKY CPaBHEHHUS CXO-
autces u pan (13.2), cocraBieHHBIH s

! |
—_—

paccMaTpHBaeMOii TMOCJeLOBAaTENbHOCTH, -1 gl _1
B cuny teopembr 13.5, paHHas nocJje- K+1
AOBaTeJIbHOCTh QyHAAMEHTAaJbHA.

2. Iloanble M HenoJiHbie MPOCT- Puc, 20

paHcTBa. B TO BpeMs Kak cxonsi-

11asiCsl TOCJIE0BATENbHOCTD B JIIOOOM METPHYECKOM NPOCTPaHCTBe PyHAa-
MeHTaJ/bHa, oOpaTHOe yTBepxkAeHHe, BoobLie roBopsi, HeBepHo. Hanpumep,
MOCJIE€A0BATENbHOCTL ( X,) AECATUYHBIX NMPHOJHKEHUH IO HEJOCTaTKy
uncna )2, dyunamentanshas B Q (cM. npumep 13.3), He HMeeT B 3TOM
IPOCTPAHCTBE Mpejea.

Toukn @¢yHaaMeHTaJbHOH IOC/IE€I0BATEJbHOCTH HEOrpaHUYEHHO
cOMMKAIOTCHA, U €CJH 3Ta IMOCJEJOBaTe/JbHOCTL HE HMeEEeT Mpenesa, TO
OHH KaK Obl HAKAIIMBAIOTCH Y «ABIPKH» (3TO XOPOLIO HJIJIIOCTPHPYETCSA
paccMOTpeHHbIM mnpumepoM). Takum o6pasoM, pacxoJUMOCTb HEKOTO-
poil (pyHIaMEHTaJbHOH NOC/EeJ0BaTEeNbHOCTH KaK Obl IOKa3biBaeT Ha
HaJIHuHe «IAbIpKH» B NPOCTPAHCTBE.

Merpuueckoe npoctpanctso M, B KoTropoMm Jobass QyHIaMeHTallb-
Hasl MOCJIeAOBATE/bHOCTh CXOAUTCS, Ha3bIBAGTCA MOAHbIM, B NIPOTHBHOM
clyyae IPOCTPAHCTBO HAa3bIBAETCSl HENOAHbIM.

[lonnoe nuHeHOE HOPMHPOBAHHOE MPOCTPAHCTBO HA3bLIBAIOT HAHAXO-

8bim TIPOCTPAHCTBOM, a IMOJIHOE MpeAruab6epTOBO NMPOCTPAHCTBO Ha3bl-
BalOT 2uabbepmossiM.

Teopema 13.7. Beakuil xomnakm — noanoe npocmpaucmeo.

HokasarteabctBo. Ilycre (x,)— npousBosbHaa QpyHpa-
MeHTaJIbHas MocJjefoBaTenbHocTh U3 M. B cuny komnakTtHoctd M u3
Hee MOXKHO H3BJleUb IOATIOC/Eel0BaTEeNbHOCTh, CXOAAILLYIOCS K HEKOTO-
po#t Touke a € M. Ho Toraa no teopeme 13.4 u BCsA Mocae10BaTeNbHOCTD

(x,) cxomurca K a. 3Hauut, B M Bcskas QyHaaMeHTa/bHas IOCJE[N0-
BaTeJIbHOCTb CXoauTcs, T. €. M noaHo. |||

Creacteue. Ry — noanoe (a 3anauum, u eusbbepmoso) npocmpaHcmeo.
HokasarteabctBo. Ilyerp (x,)— dyHapameHTanbHas TIo-

caefoBaTesibHOCTh U3 R3. Tak Kak (x,) orpaHuyeHa, TO OHa NPHHAJ-

NIeXHUT HeKoTopoMmy 3aMKHyToMy Iuapy V u3 Rj. Tako#i map komnak-
TeH, a NoToMy H noJoH. [lockonbky (B cuay teopemnl 13.1) (x,) dyHzna-

MenTajnbHa B V, To oHa cxomutcs B V, a 3HayuT, cxoautcs U B R3. 3o
U TpeboBaJsoCh YCTaHOBHTL. [Ij

TouHo Tak e JoKasbiBaerca nojHora npoctpancts R} u R4
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B uactHocTH, nonHa uncnoBasa npsiMas R. Tak kak R He kxomnakr-

HO, TO TpeOoBaHHE KOMNAKTHOCTH G6oJiee XecTKo, uYeM TpeGoBaHHe
TNOJIHOTHI.

Teopevia 13.8. Bcaxas samxknymas uwacme E noanoeo mempuueckozo
npocmpancmsea M — noanoe npocmpancmeo.

HokasaTteanbctso. [lyers ( x,) — dyHaameHTanbHas nocJe-
nosatenbHocThb U3 E. Ona ¢ynpamentanbHa u B M. Tlockonbky M
TNOJIHO, TO 3Ta I0C/JeA0BAaTeNbHOCTb CXOAUTCA K HEKOTOpO# Touke a € M.
Ho Tak kak (x,) us E, a E 3aMKHyTO, TO a € E. 3nauur, mobas QyH-
JlJaMeHTaJibHas nocJenoBartesbHocTh U3 E cxogurca B E, 1. e. E mnoa-

Ho. R

ITpumep 13.5. Orpesok [a; b] u3 R, 3aMKHYTHIl KPYr HJIH OKPYMKHOCTb M3

RZ, chepa nan Ky6 B Rg — TOJIHBle MPOCTPAHCTBA KaK 3aMKHYTHIE YaCTH NOJHBIX NPO-
CTPaHCTB.

Teopeva 13.9. Bcsakoe noanoe nodnpocmparcmso E mempuueckoeo
npocmpancmea M 3amkuymo 6 M.

HJoxasarteabctBo. Ilycrs (x,) —mobasgs nocnenosarenn-
HOCTb U3 E, cXoaslascsa K HEeKOTopoH Touke a € M. B cuay Teopemnl
13.3, oHa ¢dyHnamenTanbHa B M, a sHauuT, ¢yHAameHTanbHa U B E
Tak kak E nosHo, 1O (x,) umeer npexen B E. O603HauuM ero yepes
b. B cuay enUHCTBEHHOCTH Ipelesa B METPUYECKOM TMPOCTPaHCTBE
M, touku a u b coBnanator. IlosTomy a = b, u ciaenoBatenbHo, a € E.

Hrak, npenen mo00H cXoAslIendcs: MocJen0BaTelbHOCTH ToYek U3 E
npuHaanexut E, 1. e. E 3amkHyTO (cM. c. 49).

[Tpumep 13.6. IlpocrpancTBo Q paunoHanbHBIX yHcesa ¢ OObIYHON MeTPHKOI
HETOJIHO.

IeiictBuTenbHo, Q — He3aMKHyTast yacTb R, Tak Kak, Hanpumep, e —mpejes no-
n
cJleJ0BaTe/IbHOCTH (l + -—) u3 Q He npuHasyiexHuT Q.
n
0
[Tpumep 13.7, TlpocTpanetBo R;° mnoJiHO.

IeficTBuTeNbHO, nycTb (x,) — (dyHJaaMeHTasbHas NocJaefoBaTesNbHOCTh B R,
rae x, = (x,(,\) y eees x(,f), ...). Tak kak anas Jo6blX i, n ©H M

o0
s — 2l = X0 — £y > 1) — o),

TO JJis J1Io60ro i 4yucJjoBasi MOCJeL0BaTebHOCTh (xfl‘)) dbyH1aMeHTaIbHA, a 3HAYHT
(8 cuny nonHoTH R), oHa cxoxuTes K HekotopoMmy umcay x''), TToxaxeM, uTo «TouKay

. .
x= (", ..., x, ..)) npunagnexur npocTpaHcTBy R)°, mnpuueM ToC/C10BaTeNb-
HOCTb {X,) CXONMTCS B 3TOM NpPOCTPAHCTBE K X.

Has no6oro e > 0 Haiinercs takoe N, uto npu n, m > N

Hx — X, |2 = 2 (x(k) (k)) < g2,

£



Ho rtorna pas nio6oro i nmeeM:
i
(k) . (R)\2 _ .3
2 () —x)2<e,
k=]

[Tepexoas B 3TOM HepaBeHCTBe K NpeleJy MpPH n —» oo, MOJydYaeMm, UTO
£

2 (™ —xM)s e,

=]

[TocKoJIbKy 3TO HepaBeHCTBO CNpaBemJuBo AJas Jiwo6oro i, To

o0
Z (x) — x('ﬁ))z < e
k==1

Orcrona cienyet, 4TQ

; <Y D+ D EP =Dl e,
=] k=1

k==1

T. €. YTO X € R3°. Kpowme Toro, aas awoboro & > 0 Hamock Takoe N, uto ||x— x,, ||
< e, ecmu m > N, u notomy x = lim x,,. 3xaunr, Ry nosso.

n-0oo

3. INosHoTa npocTpaHcTBa OrpaHUYEeHHBIX oOToOpaxeHui. IlycThb
Y — MeTpuueckoe mpoCTPaHCTBO C METPHKOH 7 H X — INPOU3BOJIbHOE
MHOXecTBO. HasoBem orobpaxkenue [ : X — Y oepanuuennoim, eciau
[ (X) — orpannueHHasi yacTb mOpocTpaHcTBa Y (cMm. c. 27).

JloxaxeM, uto ecau omobpaxmerus f: X —>Y u ¢: X — Y oepa-
Huuenol, mo uucaogoe muomecmso A = {r (f (x), ¢ (x)), x € X} oepa-
HUYEHO.

B camoMm pene, BoiGepeM B X Jso6o#i 3jeMeHT x, U 0003HAYUM
r (f (x,), @ (x,)) uepe3 a. ITockonbKy oroOpaxkeHusi f U ¢ OrpaHHYEHHI,
HaUAyTCA Takue uuciaa b u ¢, 4to Anst B¢eX x € X BBINOJHSIOTCS Hepa-

BeHcTBa 7 (f (%), f(x)) <b u r (¢ (%), ¢ (%)) <c. Ho Torna mas
BceX x € X nMeeM:

O < r (f (X), P ()C)) < r (f (X), f(xo)) + r (f (xo)» ¢ (xo)) +
T (9 (%), 9(x)) <b+a-+vc

Otciofa U caefyeT, YTO YHCJIOBOE MHOXKeCTBO A OrpaHHYeHOo (OHO JIEXKHT
Ha orpe3ke [0; a + b + cl).

O6o3nauuM uepe3 B (X, Y) COBOKYNMHOCTH BCeX OrpaHHYEHHBIX
orobpaxkeHU# MHoxkectBa X B MeTpuuecKoe mnpoctpaHctBo Y. M3
JIOKa3aHHOTO Bblllle YTBEPXKIEHHS CJAeAyeT, 4YTo AJf JoOblX JBYX OT-
obpaxkenuit [ u ¢ u3 B (X, Y) cyueerByer uucio

o(f, o) = fg{pf(f (%), @ (x)).

JIoKaxkeM, YTO AJISi O BHINIOJHSIOTCA BCE aKCHOMBbI METPHKH (cM. c. 24).
Tak kak 7 (f(x), 9 (x)) >0, 0 u p (f, ¢) > 0. Ilpu srom ecau
[ # ¢, To Hailijzercsi TakKOM 3JIEMEHT Xy, 4TO [ (x,) 7= ¢ (%,), a TorAa
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r (f (x,), @ (x,)) > 0, u noromy p (f, ®) > 0. 3HauuT, nepBasi akCHOMa
METPHKH BBITIOJIHSIETCS.

[Tockonbky 7 (f (x), @ (x)) = r (¢ (x), f (x)) npu mobom x € X, TO
p (f, ® = p (9, f). D10 03HaUaeT, YTO BHINOJHSAETCS H BTOpas aKCHOMA
METPHKH.

[Tycte, HakoHel, f, @ K — NPOU3BOJIbHBIE OrpaHHUYEHHbIE OTOOpa-
xKeHusas X B Y. Bocnonb3oBaBliHCb aKCHOMOH TpeYroJibHHUKa 1A
METPHUYECKOT0 NMPOCTPAHCTBA Y, mosydaem:

r(f (%), ¢ (x)) <7 (F(x), ¥ (X)) +r (1I> (%), ¢ (x)) < e(f,¥) + p(, @).

Orciona Boitekaer, uto p (f, @) < p (f,¥) + p (¥, cp) T. €. VIS P Bbl-
TMOJIHAAGTCA W TPEeThSi aKCHOMa METPHKH.

HUrak, muomecmso B (X, Y) sasrsemcsa mempuueckum npocmpaucm-
éom ¢ mempuxod p. OkxaspiBaercd, e€cid Y — MOJHOE IPOCTPAHCTBO,
to 1 B (X, Y) nonHo. Utobbl A0Ka3aTb 3TO, NMOKaxKeM BHauaJje, 4YTO
CIpaBelJIUBO CJEAYIOUiee YTBEpPKAECHHE.

Jlemma. 13.1. Ecau omobpascerue [ : X — Y oepanuuero, npusem
r(f(x), o (x)) <a 024 ecex x € X, mo omobpaxcerue ¢ : X —>Y
moxee 02pAHUYEHO.

JlokaszaTeabcTBO. V3 orpaHHueHHOCTH [ cjefyer CyIIecT-
BOBaHHe TAaKOTro JIeMeHTa X, B X U Takoro uucaa b, uto r (f (x,), [ (x)) <
< b nna Bcex x € X. Ho Torna

r (@ (), @ (1) <7 (@), F () +r (F(xe)y F)+r (F (%), ()<
<a-+b+a
15 BCEX X, U TMOTOMY oToOpakKeHue ¢ Toxe orpaHuueHo.|Jj

Teopema 13.10. Ecau npocmparcmso Y noano, mo u npocmparcmeo
B (X, Y) oepanuuennvix omobpaseruli npoussorsrozo muoxcecmea X
6 Y makace noawo.

NHokasarteabcTtBo. Ilycre (f,)— nmpousBonbHas ¢yHua-
MEHTaJbHass nocaenoBaresbHocTh u3 B (X, Y). Torma anas moboro

e > 0 naiinercs Takoe N, uro o (f,, f,) <emnpum,n > N. A Tak KaK
npu moboM x € X

r (fn(x), [, (x) < sup r (Frm (), Fn () = 0 (Frus [a)

TO H

r(f, (%), f,(x)) <e (m,n>N,; x €X). (13.6)

3JTO 03HAuaeT, YTo MnocJeoBarebHOCTD (f, (X)) Touek mpocTpaHcTBa
Y Toxe q)yHnameHTaJlea a 3Hauu1, B CHJY IOJIHOTHI Y, OHA CXOJHUTCS.
Ilonaras, uro f(x) = lim f, (x) mns mo6oro x € X, nonyyaem or-

n-—-+oo

obpaxeHnune [ : X - Y.

B cuny HETpepLIBHOCTH MeTPHKH (cM. ¢. 60) B HepasencTse (13.6)
MOXXHO NEPEeHTH K MNpeaeny npH m — oo, Ho.nyan uTo

rf(x), [,x) <e (n >N, x € X). (13.7)

Tak kak orobpaxeHue f, orpaHHYeHO, TO OTCIOAA, B CHJY JeMmMbl 13.1,
BLITEKAeT, 4To [ ToxKe orpaHuueHo, T. e. f € B (X, Y). Ilpu 3toM u3

(13.7) cnenyer, uto o (f,, f) < & mpu n > N. C)To O3Hayaer, YTO IMO-
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cJief0BaTeNbHOCTD oToOpaxenui (f, ) cxoxutcs B mpoctpancree B (X, Y)
K orobpaxenuio f, T. e. B (X, Y) noano.|}

JIo chX nop Mbl HHUEro He TpeGoBasM OT MHOXKecTBa X. PaccMorpum
Tenepb C/lydad, KOrja 3TO MHOXKECTBO fIBJIIETCS KOMIIAKTHBIM MeETpH-
YeCKHUM npoctpaHcTBoM. Torza, B cuay teopeMm 10.3 u 11.6, gas aio-
Goro HempepeiBHOro orobpaxenus f : X — Y wuoxecrso f (X) orpa-
HuyeHo. MIHBEIMH clioBaMH, 21060 HenpepoiBHoe omobpascerue Komnaxkm-
Ho20 npocmpancmea X 6 mempuueckoe npocmpascmeo Y ozparuueto,
T. €. ecld npocTpaHcTBo X kommakTtHo, To C (X, Y) <« B (X, Y),
rae uepes C (X, Y) o603HaueHO MHOXKECTBO HENpPEepPLIBHBIX OTOGpaXKeHHIl
XBY,

Ecin f, ¢ € C(X, Y), 10 uncnosas dynkuus r (f (x), ¢ (x)) nenpe-
piBHAa Ha X (cM. Teopemy 8.4), H NMOTOMY B CJy4a€ KOMIIAKTHOCTH X
nMeeT Ha X HauGosbiuee 3HauyeHue. Ilostomy merpuky B C (X, Y)
AJ11 KOMNAKTHOro X MOXHO ONpeNesHTb pPaBEeHCTBOM

p(f, 9) = max r f (%), @ (x)).

CXOIHUMOCTb 110 3TOH METPHKE, T. €. CXOAUMOCTb B npoctpaHctee C (X, Y),
paBHOCHJIbHA paBHOMepHOH cxoxaumocTH'. Ho Tak ke, Kak npu uayue-
HHH (QPYHKUHOHA/IBHBIX TOC/IENOBATENbHOCTEH JOKa3blBaJOCh, YTO Mpe-
JieJ1 paBHOMEPHO CXOASIIEHCS MOCJIEN0BaTENbHOCTH HENpPePLIBHLIX QYHK-
UHHA ecTb QYHKIHSl HENpepbiBHAsA, MOXKHO JOKa3aTh aHAJOTHYHOE YT-
BepXKJAEHHE H VIl MOCJEL0BAaTEIbHOCTH HENPEpPLIBHBIX OTOOpaXKeHHUH.
Orciona cienyer, 4To ecdiM mpocTpaHcTBo X KommnaktHo, To C (X, Y)
saMkHyTO B B (X, Y). ITo Teopeme 13.7 orciona BHITEKaeT, 4TO ecJH
B (X, Y) noano, To u C (X, Y) nonno. Mbl foKa3anu cleqyomyo Teo-
pemy:

Teopema 13.11. Ecau npocmparcmso X komnaxmuo, a npocmpan-
cméo Y noano, mo npocmparcmeo C (X, Y) Henpeposroix omobpasce-
Huti X 8 Y noano.

B uacrnoctu, noano npocmpancmeo C la; bl. 3amerum, uro mnpo-
crpaictBa C, [a; bl u C, la; bl, kak 3to Gyner nokasano B § 19, ne
SIBJISIIOTCA TIOJIHBIMH.

4. Monoaxnenne MeTpuueckux mnpocrpancTs*. I[losHoTra — Ba)kuel-
llee CBOMCTBO METPHYECKHX INPOCTPAHCTB. 3aMeyaTesibHbIM (aKTOM
ABJISIETCA TO, YTO JIIOOO€ HEMOJHOE€ MPeCTPAaHCTBO M MOXKHO «BKJIIO-
YHTb» B HEKOTOPOE [MOJIHOE IPOCTPAHCTBO, TNPHYEM CPENH IMOJHBIX
POCTPaAHCTB, coaepxkawMxXx M, uMeeTcs B HEKOTOPOM CMBICJ/IE «MH-
HHMaJIbHOe». boJiee TOUHO 3TO yTBepxkKAEHHE Mbl CHOPMYJIHPYEM HHXKe.
CHayana JOKaxeM CJeLyIoIYyl (QyHIAMEHTANIbHYIO TEopemy:

Teopema 13.12. [[aa ecakozo mempuseckozo npocmpancmsa M cy-

wiecmayem noaxoe mempuseckoe npocmparncmeo M, codepocauiee 6ctody
naomuoe noonpocmpancmeo M, usomempuuroe npocmpancmey M.

1 AHanoruuno cayuaio GyHKUHOHANBHHIX TOCJE0BAaTeNbHOCTEH TOBOPAT, YTO
nocaedosameavrocms omobpascenudi (f,) pasnomepno cxodumca k omobpaxcenuro f,

ecan Aas ao6oro € > 0 MoxkHO ykasatb Takoe N, urop (f, (x),f(x)) <enmpun > N
H Bcex x € X.
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Uro6bl MOHATH, KaK NOKa3bIBaeTCsl 3Ta TEOpPeMa, PacCMOTPHUM CHa-
yasna, Kak MOXKHO TNOCTPOUThb MOJIHOE MPOCTPAHCTBO AEHCTBUTENbHBLIX
yyces, HCXOAA M3 HEMNOJIHOIO NMPOCTPAHCTBA PALMOHANBHBIX YHCE.

Kak u3BecTHO, AeHCTBUTEJNbHBIE 4YHCJA MOTYT OBITh 3anHcaHbl B
BUAEe OECKOHEUHBIX AECATHYHBIX Apobeid. C KaxKIbIM JNeHCTBHUTENbHBIM
uyucaom x = A, a; ... @, ... CBfi3aHa TOCJIEJOBATEIbHOCTh PallHOHaJb-
HBIX umucen 2, = A; 2, = A, a; ..., 2,= A, a; ... a, TaKas, 4TO
lim 2z, = x. OnHako 3TO He €IMHCTBEHHAs MOCJEOBATeNbHOCTh pa-

11— o0

IIMOHANbHBIX YHCEN, CXOAAIlascid K X.: BMECTO MOCJeJOBATENbHOCTH
npuOIHIKEHUN 10 HEJOCTATKY MOXKHO OblIO Obl B3ATb MPHOIHMKEHHS
10 H3OLITKY, BMECTO OECKOHEYHBIX JAECATHYHBIX ApoOed — OeCKOHEYHbIe
IBOHYHbLIE, TPOMYHBlE ApPOOM U T. A. TeM He meHee ecau limr,= x H

11—>00

lim¢, = x, 10 lim (r, — ¢,) = 0, T. €. WIeHs ABYX MoOCJeLOBATE/b-

11— 00 n-»oo

HocTell, CXOASIIHUXCS K OAHOMY H TOMY K€ UHCJY X, KaK Obl cOMHIKAIOTCSA

aApyr ¢ apyrom. Ilpu 3ToM, Kak Mbl 3HaeM, €C/IM TNOCJE0BaTeIbHOCTD
(r,) cXOAWTCSl, TO OHa (yHjaMeHTaJbHA.

MHOXK€eCTBO J1eHICTBUTEJNBHBIX UYHCEJ MOXKHO CTPOHMTb TaK: B3fiITb B
Q Bce QyHIAMEHTANbHBIE TOC/AENAOBATENbHOCTH M HAa3BaTb JiBe TaKue
rnocJeaoBatTenbHOCTH (7, ) U (¢, ) cOnuxkaromumucs, ecau lim (r, —t,)=0.

n-— oo

JleHcTBHTENBHBIM YHCJIOM MOXKHO Ha3BaTh KJacc MONapHoO COMUKAIOIH X-
csi QyHIaMeHTaJbHBIX nocjaenoBarenbHocTed U3 Q. CxonHbIM 06pasoM
CTPOHTCS TMOJIHOE mnpocTpaHcTBO M s JoOoro MeTpHUYECKOro Mmpo-
crpaHcTBa M.

JlokaszaTeabCcTBO TeopeMBH. 1. [Tocmpoenue npocmpan-

_ N\

cmea M. O6o3Hauum 4yepes M MHOKECTBO, 3J€MEHTAMH KOTOPOro siB-
JISIIOTCS BCEBO3MOXKHBIE (DyHJAMEHTa/IbHbBIE I0C/Ie0BaTEIbHOCTH TPO-
crpanctBa M. HasoBem ¢dyHpaMeHTaNbHbIE NOCJAE10BATENbHOCTH (X, )

u (y,) corunarowumuca, ecnu lim p (x,, y,)= 0. 3 cBoiicTB METPHKH
n—-»oo

N\
JIETKO BBLIBOAHUTCHA, UYTO OTHOIUEHHe cOJHKEeHHs1 Ha MHoxKectBe M sB-
JsieTcs OTHOlleHHeM 3KBHBaJieHTHOCTH. Iloatomy oHO onpezenasier pas-

VA
GueHHe MHOXKecTBa M Ha KJacchl SKBUBAJIEHTHOCTH. DTU KJaCChl COCTOAT
U3 nonapHo cOnuxkawmuxcsa GyHAaMEHTaNbHBIX 10CJe10BaTeNbHOCTEH,
MpHYeM MOCJIeLA0BATEIbHOCTH M3 PAa3JHYHBIX KJ1accOB He CO/IHMIKAIOTCS

apyr ¢ apyroM. O6o3Hauum yepes M MHOXKECTBO 3THX KJIaCCOB SKBHBa-
JIEHTHOCTH U IIOKaxeM, YTo Ha M MOXKHO BBECTH METPHKY.

[lycTb x H y — 1Be «TOYKH» H3 M. 3TO Kjacchl nonapHo cOauxato-
IMXCS TocJefoBaTesbHoCTell. BribepeM B 3THX KJjaccax 10 OAHOMY

MpeACTaBUTENIO. B X — IOCJAEN0BaTeJbHOCTL (X,), @ B y —IOC/€]0-
BarenbHOCTb (y,). [lokaxkem, uTo uucjaOBasg TMOCJAELOBATENBHOCTD

(o (x,, y,)) uMeeT mnpenen. B cuay HepaBeHCTBA YeThIPEXYTrOJIbHHKA
(5.2), npu Jo0ObIX n H m

ip (xm’ ym) - p (xn’ yn)l < p (xm9 xn) + P (ym’ yn)° (138)
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[TockosbKy mnocaepoBarenbHoctH (x,) H (y,) PyHIaMeHTaJbHBI, H3
HepaBeHcTBa (13.8) BhITeKaeT ¢yHAaMEHTaJbHOCTb YHCJOBOH IGCJIe-
poBarenabHOCTH (p (x,, ¥,)). Ho npocrpanctBo R mnosHo 1 mnoromy
3Ta MOCJeJ0BaTeJbHOCTE cxoauTcss B R K Hekotopomy npegeny. Ilo-
Ka)xKeM, 4TO 3TOT INpeles He 3aBUCUT OT Bbi6Opa mocJjenoBarTe/bHO-

creit (x,)H (y,)BXHY.

B camoM jene, PacCMOTPHUM JIpyTHe TMOCJIeNOBaTebHOCTH (x,) H
(y,) B3 KJIaccoB x u y. I10CKOJIBKY (x ) c6auxkaercs ¢ (x,), a (y,) —
c ()'n) 10 lim p (xm ) = lim p (ym yn) 0. Ho

n—-oo n-—»oo

<10 (ny Yn) =— 0 %y Y <P (X X,) + 0 Oy V2
u notomy lim p (X, y,) = lim p X,y ¥,)-

n—-+oo n—-»oo

Orciofia BHITEKAET, YTO KaxIbIM ABYM KJaccaM X H y u3 M coor-
BETCTBYeT eIHHCTBeHHoe uucao limp (x,,y,), roe (x,) €x, (y,)€y.

n—-»oo
HazoBeM 3T0 4HC/IO paccTOsHHEM MEXAY X H y 1 0603HauUM ero r (x, ).
OueBujHO, YTO 7 yJOBJeTBOpsieT akcuoMam 1) — 3) ua n. 1 § 5 u, 3Ha-

YHT, 3a3laeT METPUKY Ha M.

2. I[locmpoerue npocmpancmea M. Kaxpomy snementy x us M
COOTBETCTBYET (yHAAaMeHTa/NbHas MoOC/aefoBaTeibHOCTL (X, X, ...), a

TEM CaMbIM H KJ1acC X nocJsefioBarenbHocTed, conuxkaromuxces ¢ (x, x, ...).

~~/ —

O6o3HauuM uyepe3 M mnoaAnpocTpaHCTBO B M, cocTosiliee H3 KJacCoB
¢yHAaMeHTaJbHBIX IOCJIEOBATeJbHOCTEH, COJEp2KaALIHX TMOCJel0Ba-

~~/

TeIbHOCTH BHAa (X, X, ...). [loctpoena usomerpus [: M—> M < M.
IleHcTBUTENBHO,

rf @), FO)=ry)=1lmp (x, y,) =0 y),

n-»oo

TaK KaK X, = X, y, =y TpH Jo6oM n.
Ilokaxem, yTo M BCIOAY IJIOTHO B M. —
JeficTBuTeNIbHO, ycTh ¥ € M. BribepeM B k/nacce X KakKylo-HHOYAb

10CJIeJOBATeNbHOCTD (X,,) H 0603HAYHM uepes X, KJacc, omnpejesieMblil
110CJIe0BATENbHOCTIO (X,, X,, ...). TaK Kak (x )cpyHnaMeHTaJlea TO
Jis Jaoboro e > 0 HanﬂeTc;l TaKoe N, uto p (x,, , X)) < emnpum, n>N.

B TakoM cayuyae r (x,,,, x) = limp (x,, x,) < &. Orciona caenyer,

n-—->oo

~~ — — —
yto lim x,, = x B M. MupIMH c/ioBaMH, KaXKAbil 37eMeHT u3 M aBaser-

Csl NIpeJeJioM IOCJEAOBaTENbHOCTH 3J€MEHTOB W3 M, T. e. M Bclopy
IJIoOTHO B M.

3. Hoanoma npocmpancmea M. HyC'rb (x,).— dyHzameHTanbHas
nocJjenosarenbHocrb U3 M. Tak KaK M BCIOAY IUIOTHO B M, TO J151
J000ro n Hahaercs TakoH KJjacc x,, U3 M, 4TO r(x,,,x )< —. Ho
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TOr]a
O Kms Xp) =1 EXmy X,) ST X Xp) +7 Xps %) +7 (X, X,) <
- = 1
_'E'{"r(xm’ xn)+§
Hna mobGoro € > 0 Hanperca Takoe N, uro npu m,n > N

i €
—<€ F< f(xmxm)<"§',
U notoMy p (x,, X,) < &. 3HAuUWT, NOCJAEAOBATENbHOCTb (X,) dyHHa-
MeHTajsbHa B M U notoMy eH COOTBETCTBYET HEKOTOPbIH 3J€MEHT

x €M, npuyem

limr (x,, x) = lim limp (x,, x,) = 0, (13.9)

N —» o0 n—+oco k-+o00
0 <7 (kpy 0 <1 (%ys %) 7 (60, 8 <o+ 1z, ).

M3 nmnocnepHero HepaBeHcTBa, B cuay (13.9), BoiTekaer, utO
llmr(x x) = 0. Wrak, Bcsikas GyHAAMeHTaJbHas I0OC/]€40BaTe]b-

1 —» 00

HOCTb M3 M cxomutcsi. 3Hauut, M noaHo.|l

IlosHOe MeTpuueckoe mpocTpaHCcTBO M, coaepiKalluee JaHHOE Mert-
puyeckoe mnpocTpaHcTBO M B KauecTBe BCIOAY IUIOTHOTO MOANPOCT-
PaHCTBa, HA3bIBAETCHA MONOAHEHUeM npocmpaxcmsea M.

Hanpumep, orpe3ok [a; bl — nomosHeHHe HemoJiHOro MpoCT-
paHctBa la; bl, nmnpocrpaHcTBO R — mnomnosiHeHHe  MNpOCTpPaHCTBa
Q, npocrpancrBo C [a; b] — nononuenne (cM. npumep 9.6) mpocrt-
paHctBa E [a; b] HenpepbIBHBIX KYCOUHO-JIHHEHHBIX (QYHKIMHI.

HanoMHuM, 4TO mNOCTpPOEHHOE MpH JAOKasaTeabCTBe TeopeMmbl 13.12

npocTpaHcTtBo M COCTOMT M3 KJaccoB Moc/eqoBaresbHOCTEl, CO/H-
JKAIOUIMXCA C MOC/Je0BaTeIbHOCThIO (X, X, ...). TakoH Kjaacc NPHHATO
OTOXKJECTBJ/ATDL C TOYKOH X H3 M (Kak MBI OTOXKJECTBJISIEM 11e/10€ YHCJIO

7~

o an
@ C MHO2KeCTBOM Jipobeii BHja —), a MpocTpaHcTBO M — C mpocTpaHcCT-
n

Bom M. IlosroMy npuHsita Takas (HECKOJBKO YcJoBHas, Ho GoJee
BbIpasuTe/ibHasA) penakuua rteopemel 13.1:
Y 6CsK020 MeMPuUUECK020 NPOCMPAHCMBa Ccyuwecmsyem nONOAHEHUe.
[TokaxeM Temnepb, YTO y METPHYECKOro mnpocrpaHcTBa M umeercs
JIULIb €HHCTBEHHOE (C TOYHOCTBIO JO H30METPHH) NOMOJIHEHHE.
Teopema 13.13. Ecau A u B — nonoanenus npocmpancmea M,
mo cywecmsyem usomempus f: A— B, ocmasasrouian HenooBuMHbIMU
mouku u3 npocmparcmea M (m. e. [ (x) = x npu x € M).
JHJokasateanbcTtBoO. Ilyctb a € A. Tak kxak M Bcloay
NJIOTHO B A, cyllecTByeT MocjefoBaTeqbHOCTb (X, ) U3 M, cxonpauascs
K a. Takas nocnenoBare/qbHOCTb (PyHIaMeHTalbHa B A, a 3HAYMT,
(cM. Teopemy 13.1), oHa dyspamentanbia 1 B M. Ho B Takom ciyuae
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10CJIeI0BaTeJbHOCTL (X, ) dyHIaMeHTanbHa U B B. B cuay nosHoTh
B nocnenoBarenbHOCTD (X, ) HMeeT B B HeKotophlii npenen b. [Tokaxkem,
YTO 3TOT MpejeJ HE 3aBHCHT OT BLIOOpA MOC/ENOBaTENbHOCTH (X, ),
cxoisuiedics K a.

B camom jnene, nycTb (y,) — Apyrasi noc/efoBaTeNbHOCTh U3 M,
cxonqamasca B A K a. Tak Kak

0P (Xns ¥n) = Pal(%n, ¥,) < 0,245 @) +0,(a, 3,),
o lim p,, (x,, ¥,) = 0. Orciona, B. CHIy COOTHOILUEHHS

n—-oo

0 pg (b, ¥,) < Pg(by x,) + 05(x,, ¥,)=05(b, x,)+0,,(%,, ¥,),

M cjiepyer, 4to (y,) cxomurcs B B K Tomy ke ajemeHTy b, uto H (x,).

Htak, kaxjaoMmy a € A ¢ nomomplo (11060#) MOCAEA0BATENbHOCTH
(x,) u3 M, cxoasiedicss K a, MOXKHO CONOCTaBHUTb €JHHCTBEHHLIH 3Je-
MeHT b = lim x, B mpoctpancrBe B. Ilonaras f (a) = b, noayuaem

n—-»oo

orobpaxenune f : A— B.
Jlerko npoBeputb, 4TO OTOOpa)KeHHe [ clOpBEKTHBHO (eciH b € B,
70 b= limx,, x, € M, u, sHauur, b = f (a), rne a — npegea no-

n—-+oo

cjenoBatesnbHocTH (x,) B A). Ilanee, B cuny TeopeMu 8.4, umeeM:

P,(ay, a;) =p,(limx,, limyn)=limpM(x,,, Yu)s

n—»00 n—>o0 n—>00
pg(f(ay), [(ay) = pg (nlirg Xy li“l, Yn) =nlin; Pp(Xsy Y1)

CnenoBaresibHO, oTOOpaxkeHue f — naomerpus.

PaccmorpuM aneMent x u3 A, npuHapgexamuit M. B kauvectse
cxonslLeicas K X TNOC/JAef0BaTeJbHOCTH M3 M paccMOTPHM MOCJenoBa-
TeJILHOCTD (X, X, ...). IIpenen sToi nocnenoBaTesIbHOCTH B NPOCTPAHCTBE
B takxe paseH x. ITostomy f (x) = x. 310 03HauyaeT, YTO H3OMETPHS
OCTaBJisieT HeHOJBHXKHBIMH TOYKH H3 M. |}

5. PacnpocTtpaHeHHe oOTOOpaKeHHSI HA IMOMOJHEHHe MeTPHYECKOro
npocTpaicTBa*. B IuKoJie NOKasaTeJbHYIO (QYHKLIHIO CHayaja onpeje-
JISIIOT Ha MHOXecTBe Q palMOHAaJbHBIX YKCEJ, a MOTOM PaclnpoCTPaHSIOT
€e Ha BCe MHOXecTBO R fieHicTBUTENbHBIX YMCeN, T. €. Ha IOMNOJIHeHHe
npoctpancTBa Q. Mul paccMoTpuM ceriuac oOuIHil BOnpoc 0 BO3MOXKHOCTH
pacrnpocTpaHeHHsi HenpepblBHOro orobpaxkeHus [ : A—> B jmo Hemnpe-
peiBHOro orobpaxkenusi [ ! A— B.

BHauaJie BBIICHUM HEKOTOpBLIE CBOMCTBA TaK Ha3blBa€MbIX paBHOMEp-
HO-HenpepuiBHBIX orobpaxkeHuit. OtobpaxkeHue [ MeTpHuecKoro npo-
CTpPaHCTBa A B MeTPHUYECKOE NMPOCTPAHCTBO B Ha3bIBaeTcsi pasHoMepHO-
HenpepoiBHbiM, ecan s Jjwoboro € > 0 Haiigercas Takoe 6 > 0, uto
1151 MoObIX @, H a, U3 A, yIOBJIETBOPSIONINX HEpaBeHCTBY P (q,, a,) <0,
BeINOJIHsIeTcs HepaBeHCTBO 7 (f (a;), f (ag)) < e.

Tak ke, Kak Ansa QyHKUMH, 3a1aHHBIX Ha OTpe3Ke, AOKas3blBaerTcs,
qTO ecau A komnaxkmmo, mo aw0b0e HenpepoisHoe omobpasterue [ + A—B
PABHOMEPHO-HENPepPLIBHO.
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Jlemma 13.2. Ecau omobpaserue [ © A — B pasromepHo-HenpepoidHo
wlimp(x,, y,) =0, mo u limr (f (x,), f (y,)) = 0.

11— 00 n->oo

NokasaTteabcTBO. 3agagum & > 0. Haigerca Takoe
8 > 0, uro u3 HepaBeHCTBa P (a;, a;) < O cnenyer: r (f (ay), f (ay)) <e.
Ho tak xax limp (x,, y,) =0, 10 HaKgerca Takoe N, uto npn n>N

HMeeM: P (x,,’,l_)y,,) < 0. Torpa npu n > N nmeeM r(f(xa), [(y,)) <e,
a sT0 W 3sHauut, uyro limr (f (x,), f(y,)=0. W

n—oo

Jlemma 13.3. Ecau [ : A= B — pasHomepHo-HenpepbsisHoe omobpa-
senue u (x,) — ¢pyHdamenmarvHas nocaedosamenvHocme 6 A, mo
nocaedosameastocme (f (x,)) ¢pyndamenmanvra 6 B.

JloxasatTeabcTBoO. 3aganum ¢ > 0. B cuay paBHOMepHOH
HenpepbBHOCTH f HalineTcs Takoe 6 > 0, uTo M3 HepaBeHcTBa P (@, a,y) <
<& caenyer: r (f (ay), f(az)) <e. ﬂocxonbxy MoCJe10BaTeNbHOCTb
(x,) dyHpameHTanbHa, Hakpercs takoe N, uro npu m, n > N umeem:
p(x,, x,) <98. Ho torna r (f (x,,), [ (x,))<e nmpu m,n > N. Or-
clola cJjaeayer, yro nocaegosarenbHocTb (f (x,)) ¢yHaamentanbHa. Il

JlokaxeM Tenepb CJAeYIOULYyI0 TeOpeMY O pacnpocTpaHeHHH orobpa-
XKEHHH

Teopema 13.14. Ecau A u B — mempuueckue npocmparncmea u
omobpancerue [ : A= B pasHOMepHO-HenpepouiBHO, Mo cywecmsyem pas-
HOMePHO-HenpepuisHoe omobpaskerue f:A— B nonoanenus npocmparcmsa

A 8 nonoamenue npocmpancmea B, maxoe, umo [ (x) = f (x), ecau
x € A.

NokasaTeabcTBo. Jaa moboro a € A HalineTcs mocJe-
OBaTeJbHOCTDb (X, ) 3/71eMeHTOB 3 A, cxXonsAulasca K a. 31a nocjaenopa-
TeJIbHOCTb (pyHJaMeHTaJbHa B A. B cuay jgemmbl 13.3 nocsenosaresib-
HocTh (f (x,)) dyHaamenTanbHa B B, u motomy Haiinercs Takoe b € B,
yro b = lim f (x,). D10 b He 3aBHCHT OT BHIOOPA MOCJaEAOBATE]bHO-

n-—»0oc
ctu (x,), cxonauedcsa K a. B camom jpene, ecan (¥, ) — apyras mocne-
JLOBAaTeJbHOCTb 3JIeMEeHTOB M3 A, CXOAslascsa K 4, TO MOCJeJ0BaTe/b-
HocTH (x,) U (y,) cOauxaworcs. M3 nemmul 13.3 nonyuaem, yto nocne-
nosaresnbHoctd (f (x,)) ¥ (f(y,)) ToXe cOnMxkawOTCA, a MOTOMY

lim f (x,) = lim [ (y,) = b.

n—-—»oo n-—»00

Urak, Kaxaomy a € A COOTBETCTBYET OJMH 3JIEMEHT b b € B Takofi,

4To U3 ycaoBHsA lima, = a caenyer, uro lim f (x,) = b. ITonoxum
n—+oo n—-»oo

f (a) = b. Ouesnano, uro eciu x € A, 1o f (x) = f (x).

OcTajloch NOKasaTh, 4To oToGpaxkeHue [ : A=> B Toxe paBHOMep-
HO-HeMpephIBHO. HyCTb e > 0. Haitnercsa Takoe § > 0, uro mns Bcex
a,, a, U3 A, yI0BTeTBOPSAIOLIMX HEPAaBEHCTBY p (@, @;) < 8, BBHINOJ-

nsietcs HepaseHctBo 7 (f (ay), f (a,) < ';" [TokaxeM, HYTOTOTZA M3
yeaoBus p (ay, a3) < O, raeay, a; € A, crenyer, wror (f (ay), T (ay)) <e.
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B camom nene, nonoxum 8, = 8 — p (a,, a,). Tak kak 8, > O TO Haii-
AYyTCSl Takue a,, a, € A, uro p (a,, al) < 6, 0 (a, a,) < , npuyeM

r(f(a), Tla)) <<, r(Fla), f(a)) <. Ho torza
o (a5, a;) < p (a;, a) + p (ay, a5) + p (as, a,) < %, + §—8, +% —

n noromy r (f (a), [ (a,) < —3—. CanenoBaresibHO,

r (7 (—&1)’ 7(52)) <7 (f (al) f (al)) 4 r (f (ay), f (ay)) +
+ 1 (f (ay), [ () <e.

STHM paBHOMepHAas HenpepbBHOCTb | AoKa3aHa. [}
PacnpoctpaneHHe paBHOMEPHO-HENPEPLIBHbIX OTOOpa*KeHHH JIEIKHUT
B OCHOBE MHOTHX MaTeMaTHYeCKHX KOHCTpYKUMH. Hanpumep, noustue
OnpeiesIeHHOro0 HHTerpana MOXKHO BBECTI C MOMOLLbIO PacpoCTpPaHEeHHA
HHTerpaJja, 3aJlaHHOro AJs cTyneHYaTbiX GyHKuUM#H. Jlerko npokasarb
nanee, yto ecqii A u B — nMHeliHBle HOPMHPOBAHHBIE TIPOCTPAHCTBA
u f: A — B — HenpepbiBHOe oToGpaxkeHue A B B, To 3T0 oTro6paxe-
HHe paBHOMEpHO-HenpepbisHO. [103TOMy €ro MOXHO pacnpoCTpaHHUTb

IO HempepbBHOrO OTOOpaXKeHHs f: A — B 6anaxoBa NpOCTPaHCTBA

A B GanaxoBo npocTpaHcTBo B. B wacTHoCcTH, HOPMY (T. e. oTcGpae-
HHe x — || x || mpocTpaHcTBa M B mpoctpaHcTBO R) M cKansipHoe mpo-

u3pejende B M MOXKHO pacnpocTpaHuTb Ha M.

BOITPOCBI IJIs1 CAMOITPOBEPKH

1. Haiite onpenenenne (GyHIaMeHTAJbHOH MOCJEN0BaTEJbHOCTH TOYEK MeTpHue-

ckoro npocrpaHctBa. IlpuBeaute npuMepsl pyHlaMeHTaNbHOH U HedyHIaMeHTaNAbHOMH
YHCJIOBOH MOCJe0BaTe/IbHOCTH.

2. Kakue pocratouHble M KakHe Heo6XOoAWMble NMPH3HAKH (yHIAaMEHTaJbHOCTH
Bbl 3HaeTe?

3. IlaiiTe onpelesieHHe MOJHOro MeTpuueckoro npoctpaHctBa. IlpuBeaute npu-
Mepbi MOJIHBIX H HEMOJIHbIX MEeTPHUYECKHX MPOCTPAHCTB.

4. [laiite onpeneneHne 6aHaxoBa H rujbbepToBa npoctpaHcTB. [IpuBeaure npu-
mMepbl 6aHAaXOBLIX W THJLGEPTOBBIX MPOCTPAHCTB.

5. O6bsicHUTe, Kakue H3 CJAEAYIOWHX yTBEPKIEHHH HCTHHHBI: a) BCAKHH KOM-
MaKT — MONHOE MPOCTpaHCTBO; 6) BCAKOE MOJIHOE MPOCTPAHCTBO KOMMAaKTHO.

6. MoxeT JiM NOJMHOE MOAMNPOCTPAHCTBO METPHYECKOTO NpOCTpaHcTBa OLITb He-
3aMKHYTbIM B HeM?

7. MoxeT /I 3aMKHYTO€ MOANPOCTPAHCTBO MOJHOTO METPHYECKOro MPOCTPaHCTBA
ObITb HEMNOJIHBIM B HeM?

8. Ilpu nokasatesnbcTBe MOHOTH npoctpaHctBa R (npumep 13.7) umeetcs dpa-
3a: «[lepexonst B 3TOM HepaBeHCTBe K mpejesy npu n — oo .,.». O6bsICHUTE, HA OCHO-
BaHHH KaKHX TeopeM aHaJjii3a 3TO AONYETHMO.

9. U3 xakoro HepaBenctBa B npuMepe 13.7 nesaetcst BoiBo, 4To x € R3°? [Noue-

My? Ha ocHOBaHHH KaKHX TeOpeM H3 TEOPHH PSLOB MOJY4YEHO 3TO HepaBeHCTBO?
10. IaiiTe onpenesieHde OrpaHHYeHHOrO0 OTOOpPaAXKEHH .

11. ChopmyaupyiTe A0CTaTOYHOE YCJIOBHE MOJHOTH MPOCTPAHCTBA OrpaHiHyeH-
HbIX OTOOpaKeHHH.
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12. Tlpu pokasarennctBe TeopeMbl 13.11 yTBepxkaaercs, 4ro yucaoBast PyHKUHSA
r (f (x), ¢ (x)) nenpepriBHa Ha X. JlokaxHuTe, YTO 3TO cjaefyeT U3 cooTHouleHHs (8.1).

3. JlokakuTe, uTO npejes paBHOMEPHO cxojsiulelicsl MOc/el0BaTeJbHOCTH He-
npepbIBHBIX OTOOpaKeHHH SIBJSIETCA HeMpepbIBHBIM OTOOPaXKCHHEM.

14. [Ipu KakoM ycC/JIOBHH MNpPOCTPAHCTBO HeNPepBIBHLIX OTOOpaxKeHHil MOJIHO?
O6bsicuuTe, noueMy H3 Teopemnl 13.11 BuiTekaer nosanota npocrpadctsa C [a; b].

YTIPA)KHEHHS
§ 8 Ne 3, 7, 10, 14, 20—25.

§ 14. NTPHHLUUN C)KUMAIOUUX OTOBPA)XEHHA U Ero NMPUMEHEHUS

MHorue 3agaud u3 pasaHYHBLIX pa3jiesioB MaTeMaTHKH MOXKHO CBECTH
K BONPOCY O CYLIECTBOBAHHH HEMOJBHXKHOH TOYKH HEKOTOpPOro OTO-
OpaxkeHusi. [103TOMy BaXKHO 3HATh pa3jIMYHBIE YCJIOBHUSA CYLIECTBOBAHUSA
HEMOJBHXXHBIX TOYeK. BbIBoJy H NpPHUMEHEHHAM OJHOrO H3 3THX YCJIO-
BHH M IOCBALUEH HACTOsIUH naparpad.

1. Henogsuxubie Touku. IlycTb maHo Hekoropoe orobpaxkeHue F
MeTpHueckoro mnpocrtpaHctBa M B cebsi. Touka a us M HasbiBaercs
HenodsuxeHot mouxod omobpasncenus F, ecin F (a) = a.

[MMpumep 14.1. HenoaBuxKHbIMM TOYKaMH orobpaxeHuss F: x — x? uyucJjo-
BOH mpsiMoil B ce6sl c/yKaT KOPHH ypaBHeHHS x2 = x, T. e, uncna 0 u 1.
[Ipumep 14.2. DopmyJnl

{=2x—|—3y—2,
v= x4+ y+1

337a10T oTOOpa)KeHHe MJOCKOCTH B ce6s1. HenoaBH:KHOI TOYKOH 3TOro OTOOpa)KeHus
SIBJISIETCS pelLleHHe CHCTEMBbI
{x = 2x -+ 3y — 2,

y=x+y+1,
T. e. Touka (—1; 1).

[Mpumep 14.3. Eciu x = y (x) — HenpepbiBHas Ha otpeske [0; 1] dyHkuus,
10 ¥ QyHKUUA X — y% (x) — y (x) — x% Toxe HenpepriBHA Ha [0; 1]. Tlostomy dopmy-
na F (y) = y?>— y — x? 3anaer oro6paxenne npocrpaHctBa C [0; 1] B ce6s. He-
MOJABHKHLIMH «TOUKAMH» 3TOrO OTOGPa*KeHHs ABJSIOTCA pelieHHsT (PYHKIHOHAJIBHOTrO

ypaBHeHHST Y2 (X) — y (x) — x®2 =y (x), T. e. dynkuun y =1+ Vi+xuy=
=1—V1+ s
[Tpumep 14.4. Eciaun dyHkuusa x — y (x) HenpepbiBHA Ha oTpeske [0; 1], To u
X

GyHKUHA X —>-f ty (f) dt 4+ 1 toxxe HenpepriBHa Ha [0; 1]. MToatoMy dopmy.a
0

X

F()=[ty®at+1
0

sajaet oroGpaxenne npocrpanctea C [0; 1] B ce6s. Ero HemoaBukHBIE TOYKH — pe-
LIEHHs] HHTErpajibHOro ypaBHEHHS

y () =1+ |ty(at
0

HJIH, YTO TO Xe camoe, AuddepeHIHaNbHOrO ypaBHeHHSI Yy = Xy NPH HayaJbHOM yc-

2
noBHH y (0) = 1. Takum pelieHHeM cAyXHT QYHKUHA Yy = eXp (%)
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PaccMoTpeHHBIE TPUMEPHI MOKA3bIBAIOT, YTO MOHATHE HEMNOABHIKHOH
TOYKH OOBbelHHsIeT B cebe MHOTHE H3BECTHBbIE MOHATHSA: pelleHHe aJl-
reOpaHueCKoOro ypaBHEHHS MJIH CHCTEMBbl TaKHX YpPaBHEHHH, pelleHHe

(GYHKIHOHANBHOrO0, HMHTETPAJbHOTO WJAH AHbdepeHIHalbHOro Yypas-
HEHHUH.

2. Cxkumawoumue orobpaxenus. OtoOpaxkeHue F  MeTpHYECKOro
npocTpancTBa M B ceGs Ha3bIBAETCA CHUMAIOUUM, €CJIH CYLIECTBYET
Takoe yucjao @, 4to 0 < a < I, u npu JwoboMm BbIGOpPE B 3TOM Mpo-
CTPAHCTBE JBYX TOYEK X M Y BBINOJHAETCS HEPABEHCTBO

p(F(x), F(y) < ap(xy). (14.1)

Uucno a, Bxopsiee B (14.1), OyaeM HasbiBaTb KOHCmaumoll cacamus.

M3 HepaBeHcTBa (14.1), B 4aCTHOCTH, CJAEAVET, YTO MPH CIKUMA IOLIEM
oTo6paXkeHHH paccTosiHue MexAy oOpasaMu JOObIX JBYX TOYEK MEHb-
e, 4eM pacCTOSTHHE MEX]Yy CaMHMH TOYKaMH:

p (F(x), F(y)) <p (x, ). (14.2)

[Mpumep 14.5. Qopmyna f (x) = x? 3anaer, OUeBHAHO, OTOGpakKeHHe OTpes-

Ka [O; 5—] B ceOs. JTO CxKHMalouiee oToOpaxeHHe, TaK Kak IpPH JIOObIX X H y H3

oL
03]
2 :
pf@), fO)=I12—y¥l=|x+y]. Ix—y|<—3-p(x,y).
[Tpumep 14.6. Dopmysnl

u=0,7x 4+ 0,8y,
v=0,2x — 0,05y

3a1al0T oTo6paxKeHue F MJIOCKOCTH Rg B ce0sl, KOTOpPOe He SIBJASIETCS CIKHMAIOUIHM.
IeficTBuTeNIbHO, paccmoTpuM Touku My (0; 0) u M, (10; 10). Haiinem ux oGpassr:

P, (0; 0), P, (15; 1,5). Tak kak p (M, My) =} 200, p (P, P,) >V 225, 1o pac-
cTosiHHe MeXJy o6pa3aMH 3THX TOueK jJaxe GoJiblie, YeM pacCTOsIHHE MEXIY CaMHMH
TOYKaMH.

[Tpumep 14.7,. Otobpaxenune F:
1 X
v >3]y d

npoctpaHcTBa C [0; 2] B ce6s sBAsleTCs CKUMAIOLIUM.

JIeHCTBHTENIbHO, PAacCMOTPHUM JBe MPOH3BOJIbHbIE QYHKUHH ¥y, (x) H y; () u3
C [0; 2]. O603Haunm yepes u; (x) U u, (x) uX o6pasel npu oto6paxenuu F. B cuny us-
BECTHbIX CBOHCTB OIpEJeJIEHHOr0 HHTerpaJsa, s Jwboro x 3 [0; 2] umeeM:

10 1 1(
|u1(x)—u2(x)|=|§§}’1(t)dt—'§'g}’2(t)dt|=E\S(yl(l‘)—yz(t))dt <
0 0 0

X

1 1 2
< — ) — v, (1) | dt < — _ ~ ,
3§|y1() ys (9 | t<3x r\gféxlyl(t) yz(t)l<39(yp ¥s)

[TosTomy

2
P (F (y1): F(y2) =0r2§§2lu1 (xX) —u (¥) | < 3P (Y15 Yo)-
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Teopema 14.1. Bcakoe cotumarowjee omobpaxcerue f: M — M ne-
npepol8Ho Ha M.

JokasaTteabctTBo. I[lyctb a — npousBosbHas TOYKa npo-
crpaictBa M u nyctb € > 0. Toraa ans ecex x € M, ynosaerBopsio-
X HepaBeHCTBY p (x, a) < €, B cuay (14.1), umeem:

p(f(x), f@)<Lapxy) <ae <e.
STO U O3HauaeT, YTo [ HempepulBHO B JOCOH Touke a € M, T.e. Hemnpe-
pBIBHO Ha M.

3. IpuHUMN CXKKMAOWHMX OTOOpaAXKEHHUMH.

Teopema 14.2 (teopema banaxa). Bcakoe cocumarowjee omobpasice-
Hue [ noanozo mempuveckoeo npocmparcmea M e cebs useem, u npumom
COUHCMBEHHYI0, HENOOBUNCHYIO MOUKY.

JJoxasarteanbcTBoO. [lycTb ay — npousBosbHas Touka npo-
crpaictBa M. Tak kak [ oro6paxaer npocTpaHcTtBo M B cebsi, To 06-
pa3 TOYKH @, Takxe npuHannexut M. O6o3Hauum ero uepe3 aj.
Hafinem o6pa3 Touku a, v o6o3HayMM ero yepes a,. Heorpanuuenho
NpoJ0JXKasi 3TOT npolecc, MOJYYHUM MOCAE€J0BaTeNbHOCTb TOUeK H3 M:

a, = f(ay), . Au = [ (@), -... (14.3)

Ilokaxem, 4To A/ TOC/I€IOBAaTENbHOCTH (4, ) CNpaBeNJHBO Hepa-
BEHCTBO

Y (a'n ’ an+1) < a” - Ty (144)

rie r = p (ay,, @,;), @ — KOHCTAaHTa CXKaTHs JaHHOro orobpaxkeHus f.

IefictBuTe1bHO, NPH 1N = ] 3TO HepaBeHCTBO cnpaseanuso. Ilpen-
MOJIOXKHM, UYTO OHO BEPHO AJf n = K:

Y (ak’ ak+l) < ak - r.
Tax xak [(a,) = @et1, [ (Art1) = Gryo, TO

O (Art1y Ary2) = P (f (ay), [ (ars)) < @ p (g, Q1) < a*He v,

noroMy HepaBeHCTBO (14.4) BepHo u mpu n = k + 1. Ilo npunuuny
MaTeMaTHYeCKOH HHAYKUWH OHO BEPHO s J1000ro HaTypasbHOro 1.
oo

Tak kak 0 < a < 1, TO psmE r a” cxonuTCH, a TOrjaa, B CHJY He-

n=\

oo
A
paseHcTBa (14.4), cxomutcs H pax Z o (a,, a,,). Ilostomy (cM. Teo-
n=l
pemy 13.5) nocnenoBatenbHocTh (a,) dyHAameHTanabHa. Bcenencrthe
NoJHOTBL M oOHa CXOHHTCS K HEKOTOpOMy 3jeMeHTy a € M.
[Tokaxem, 4TO a — HENOJABHKHAA Touka ortobpaxeHus [. IleficTBu-
TeJIblio, TaK Kak a = lim a,, a orc6paxeHue [ HenpepbiBHO, TO

R e o)

f@=f(lima,)=1limf (a,) = lima,, = a.

1= 00 N0
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Hrtak, otobpaxeHue [ uMeeT HENOABHIKHYIO TOUKY a. YOeaumcs Te-
nepb, YTO HENOJABHMXKHAS TOYKa fIBJSETCS €IAMHCTBEHHOH. [lomycTum,

uto b (b == a) — Apyras HemnojBHKHas Touka oToOpaxeHusi f. Torna
a=f(a), b ={[(b) u noromy

p(a,b)=p((a), [(0) <apla b),

o (a, b) < apla,bd). (14.5)

Tak kak p (@, b) > 0 npu a 5= b, To 0b6e yacTu nocnegHero Hepa-
BEeHCTBa MOXKHO NojenuTh Ha p (a, b). B peayabrare nosyuaem: a >1, 410
nepepHo. CiiefoBaTenibHO, [ UMeeT JIMIUb OAHY HenoABHKHYIO TOUKY. [l

4. MeTon nocJjeaoBaTeJbHbIX npubanxenun. IlocnenoBarenbHOCTD
(14.3) MHOrza Ha3bIBAIOT NOCACO0BAMENbHOCMbIO umepauuu (npubins:e-
HUl) aasa otobpaxenusi f. OnHoBpeMeHHO c Teopemoil Banaxa Mbl Jo-
Kasaju, 4TO ecau [ — cocumaroujee omobpaxceHue noNH020 MM pPUHECKO20
npocmparcmea 8 cebsa, mo a10b6as nocaeco6amesbHocms umepayuil O
[ cxodumca K HenoOBUMHOU mouxke 3meeo cmobpaneHus.

Jna HaxoXIeHHST HENOABUKHOI TOYKH (CyLLeCTBOBAHHE KOTOPOIi ra-
paHTupyercs Teopemoii banaxa) c¢ mo6olt TpebyeMOH TOYHOCTBIO NpPH-
MEHAIOT TaK HasbiBaeMbIH memod umepayuti (memod nocaeoo8amenbHslx
npubauscenuti). Ilpu 3TOM cHauyana BeIOHpalOT — OObBIYHO HA OCHOBAHHH
BecbMa rpy6oil NMPUKUAKH — «HYJEeBOe NPUOTHKEHHE» a, K HCKOMOH
HEMOJBHXKHOM TOYKe, IOCJE Yero CTPoAT nocJenoBaTenbHocTh (14.3).
Tak Kak 3Ta 1NOCJ€el0BaTeNbHOCTb CXOJUTCS K HENOABHUIKHOH TOUKE a
oToOpakeHus [, TO yepe3 HeKOTOpOe YHUCJO LIaroB Mbl IOJAYYUM TIpU-
OsHKEHHOe 3HaueHHe a ¢ HYXHOH TOYHOCTBIO.

[ITpumep 14.8. Hagum MatemaTHueckoe OOOCHOBaHHE HTepalHOHHOH ¢op-
MyJabll 1/ npPUOJIHKEHHOrO K3BJieUeHHsI KBaJpPaTHOTO KOPHSA H3 MOJIOXKHTEJNbHOTO
yycJaa a:

1 a —
Qn+1 =79 an+;->, aw=Va. (14.6)
n

[TocnenoBatenbHocTh (14.6) mpeacraBasieT co60H MocaefoBaTeNIbHOCTL HTepalHi
AN oToOpaxKeHHus

f(x)=—;'(x+%).
a-+t+ b

C nomoiliblo H3BECTHOTO HepaBeHCTBA >Vab HaXxoauM, uto [ (x) = V&- NpH

mo6oM x > 0, B yacTHoctn npu x > V a. Tostomy f oto6paxaer ayu [V a; +oo [
B ce6d. D10 — CxKHMaloulee orobpakeHHe, TaK KaK Nno TeopeMe JlarpaHiKa

p(f ), f() = lf(x)—f(Y)] =G x—yl=

=3[ az)(""”\ 2

2
npu Mo6siX x u y u3 [V a; +ool.

1
iy =300

} Cm.: Anre6pa. YueGHHK 115 7-ro Knacca cpepueft wkoasl. [Tox pea. A. U. Map-
kywesuya. M., 1979,
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Jlyu [V a; + ool — kak 3aMKHyTas yacTb NOJIHOrO MPOCTpaHCTBa R — mnoJiHoe
npoctpaHcTBo. [loatomy (a,) — noc/ief0oBaTeNbHOCTb HTEPaLUH CHKHMAIOWETO OTO-
GpakeHHsi [ MOJHOrO MpOCTpaHCcTBa B ce6s. 3HAUHT, (a,) CXOAHMTCA K HEMOJABHIKHOM
TOuKe oToGpaxceHus f, T. €. K KOPHIO ypaBHeHHS

1 a
X = -2—<x+ ;),

npHHaANeXKalEeMy Jydy [V a; +ool. Takum KopHeM cayxut yncao V a.
Hrak, nocaenosatesnbHocTh (14.6) cxoputcs K Va, a NOTOMY, AEHCTBHTEJbHO,
MOXKeT CJIYXKHTb JJ151 HaXOXKJAeHHsI NPUOIHIKEHHBIX 3HaUYeHHH Va.

5. Teopembl cyliecTBOBaHMsl. TeopemMa banaxa HaXomuT lHMpoKoe
NpYMEHeHHe B PAas3JIHYHBIX OO/NACTSAX MaTeMaTHKH, IpPEexJe BCEro —
NpH J0Ka3aTesbCTBe Pa3HYHBIX «TEOPEM CYILECTBOBaHHsA». PaccMoTpum
HEKOTOpbi€ M3 HUX.

Teopema 14.3. Ecau 3adannas Ha ompeske la; bl ¢pynkyus f omobpa-
scaem ompesok la, bl 8 ceba, OJugpgpepernyupyema na smom ompeske u
ee npoussodHas oepanutera no modyarwo Ha la; bl nekomopoii koncmanmod
g (0 < g < 1), mo ypasrerue x = f (x) umeem na la; bl 00no u moavko
00HO pewenue.

NokasaTteabcTBo. Coraacio Teopeme JlarpaHxa jams
Mo6bIX X, U X, U3 la; b)

o (f (x), F(x)) = 1F (%) —F ()l = |F (E) ||y — x5 ],

rie &€ lx;; xp[, a 3Hauut, P ([ (%), [ (x2)) < gp (x5, x). TlosTomy
0T06pa>KeHne f ABJAECTCA C2KUMAIOLIIUM, npnqu B KduiyeCTBe KOHCTAHTHI
C)KaTHA MOXKHO MpPHHATbL uucao g. Tak kak orpe3ok lag; bl — mosnoe

NPOCTPAHCTBO, TO CHPaBEAJHMBOCTb JAHHOTO YTBEPXKAEHHUSA CJELYeT U3
Teopembl banaxa. |

Teopema 14.3, oueBuaHO, cnpaBeAsuBa M JJs BCedl MNpsaMOH, H
A8 1000ro 3aMKHYTOro Jydua.

Teopema 14.4 (cyliecTBOBaHHA W €XUHCTBEHHOCTH pELUCHHUS AHUD-
depeHuuadbHOro ypaBHeHus). [lycmo [ — pynxyus, HenpepeisHas 6

Hexomopom npamoyeorvruke D = {(x; y) ||x — %51 < a, |y — yol < b}
u yoosaremeopsrowsas 6 D ycaosuro JTunwuya:

1F (%, y1) — [ (%, y2)| < K |91 — el

Tozc0a 8 HeKOMOPOU OKPECMHOCMU MOYKU X, Cyuecmeyem — t NPUMmMom

MoabKo 00HO — petuerue y = @ (x) ypasHenus y' = f (x, y), yoosrem-
BOPAIOUEE HAYANOBHOMY YCA08UIO @ (X,) = Y,-

JJokaszaTtenbcTBO. [laHHOe ypaBHEHHE BMeCTe C Hayajb-
HbIM YCJOBHEM, OYEBHJHO, SKBHUBAJEHTHO HHTETrPajJibHOMY YPAaBHEHHIO

y () =0+ [ F(ty ) at,

a pellleHHe JAHHOTO YPaBHEHUS €CTh HEMOJBHXKHAas TOUKA OTOGpaXKeHHs
X

Fiy(x) = y, + Y f (@, y(8)dt. TlosTomy HaM ZOCTaTOYHO MOKA3aTh

X0
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(B cuay Teopembl Banaxa), uto F — cxkuMaiolee oToGpakeHHe HEKo-
TOPOro MOJIHOrO MEeTPHYECKOro npocrpancrsa E B cels.

[To Teopeme Beiiepiwirpacca ¢yHkuus [ orpaHuuyeHa B 006J1aCTH
D:|f (x, I <L M Boi6epem uuciao A > 0 Tak, 4TOObl BBIMOJHSJIHCD

ycJaoBusi: h < —, h<a, h K :—4 BBeneM o6o3HaueHusi: ¢ = x, — A,

d=x,+h— H paccMOTpHM NoAMHOXKeCTBO E (pyHKUMiA npocTpaHcTBa
Clg d] ypoByaeTBopsoIHX Ha [c; d] cooTHOlEHHIO

|y (¥) — y0l < 0. (14.7)

MuoxectBo E — 3amkHyThiii wap B Clc; d] u, kak Bcsikas samkHy-
Tasi 4acTb I[IOJHOTO IIPOCTPAHCTBA, SBJSETCA IMOJHBLIM METPHUECKHM
IIPOCTPaHCTBOM.

OGo3HauuM 06pa3 ¢yHKUMH y npH otobpaxkeHuu F uyepes z. Tak
KaK MHTerpajd C INepeMeHHbBIM BePXHHM IpelesioM OT HeNnpephLiBHOH
dbyHKUUN — QYHKUMS HenpepoiBHAsA (maxe auddepeHuHpyeMas), TO
obpas z moboit pyHKUUH y € E — HenpepbiBHas GyHKuHA. [TockonbKy
npu Jw6oM ¢ € [¢; d] BumonHsiercsi HepaBeHeTBO |f (4, y (£))| << M, 1O

1200 — 3ol = | [T (b y 0) dt] < M 1x — 5] < MR < b

a MOTOMYy 2 yaoBJeTBopsier HepaBeHCTBY (14.7), T. e. z € E. Utak, F
oroOpakaeT MoJiHoe NMPOCTPaHCTBO E B cebsl.
IlokaxeM, yto 3TO oOTOOpaxKeHue cxkumarouee. JLeHCTBHTENBHO,
X

|2, (x) — 2, (¥)| = IS‘ (f ¢ y1)— 1T, y2) dtl <

j 176 32) — &, 9o) 1. (14.8)

Ho, B cuay ycuioBus Jlumunua HMeeM:

17 (4 y1) — T (4 y) | < Ky, () — 2 ()] <
< Kmax |y, (1) —y, (D1 < Kp (41, }’z) (14.9)

c<i<d

N3 (14.8) u (14.9) nonyuaem:

12, () — 2, ()| < K |x — %10 (31, y2) < K hp (31, ¥2)-
3HauurT,
p (F (y1), F (yp)) = max |z (x) — 2z, (x)] <

c<x<d

S Khp (y y) < ap (Y1, ¥2),

rie a = Kh <1 B cuny Boi6opa h. i

PaccMoTpeHHble TeopeMbl VOENHTENBHO TOKA3bIBAlOT, HACKOJBLKO
noJiIe3Hbl a0CTPAKTHbBIE MaTreMaTHYeCKHe MNOCTPOEHHS, fPKO HJJIIOCTPHU-
pPYIOT NMOJb3Yy H3YYEeHHS PA3/JHUHBIX METPHYECKHX mpocTpaHcTtB. OpHo-
BPEMEHHO YHTaTeJNb elle pas ybexjaercs, 4To, KakK U Jpyrue HaykH,
MaTeMaTHKa pa3BHUBaeTCsl MO 3HAMEHUTOH JeHHHCKOH dopMyae: «Ot
XKHUBOIO CO3epuaHHsa K abCTpaKTHOMY MBILVIEHHIO H OT HEro K
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NpPaKTHKE — TAKOBR JHAJNeKTUYECKHH NyTb MNO3HAHHUA HCTHHBI, MO3Ha-
HUA OOLEKTHBHOH peasbHOCTHY» .

BOITPOCHI OJ1s1 CAMOITPOBEPKH

1. KakHe TOUKH Ha3bIBAalOTCS HEMOABHXKHBIMH NPH OTOOpa*k€HHH MPOCTPaHCTBA
B ce6a?

2. [lpuBeauTe nMpuUMepbl MPHJOKEHHSI NOHATHS HEMOABHKHOH TOUKH.

3. Kakue oro6pakeHHsi Ha3bIBAOTCA CXUMaUWHUMH? UTO Takoe KOHCTaHTa CXKa-
THS?

4. [lpuBenuTe npuMepsl CXKHMAIOUHUX H HECKHMAIOWHX OTOOpaXKeHHH MpOCTpaH-

CTB3 Rg B cebd.

5. Chopmyaupyiite Teopemy banaxa o cxkumaromux oro6paxenusx. Iaiite on-
pefieieHHsT BCeM MOHATHSAM (H TeM MOHATHSM, Ha KOTOPLIE OHH ONMHPAIOTCA), BXOASALHM
B yCJOBHE 3TOH TEOpEMbL

6. Ipu nokasatennctBe TeopeMbl Banaxa ucnoab3oBajoch ycaosue: lim a,,,=

n—-Q00
= q. [lokauTe ero UCTHHHOCTD.

7. B ueM cyTb MeTola NOCJENOBATEJNbHBIX NPHOJHKEHUH?

8. Jlns KakuX oToO6pa)keHHH MOXHO TapaHTHPOBATb CXOJHMOCTb MeTOAa MocJie-
JAOBaTeVIbHBIX MPHOMHKELHH?P

YITPAJXKHEHMUS
§9. Ne 2 3,5, 7,9, 13, 21—-22, 25, 27, 29, 31, 35.

1/MTesun B. U. Cou., 4-e u3n., 1. 38, c. 161



['JIABA 111

MHTEIPAJI U MEPA JIEBETA

§ 15. HHTETPAJI JIEBETA

1. Unterran Puvana. [ToHaTHe (onpeneneHHOro) HHTerpaJia B Te-
yeHHe MOCJAEJHUX I0JyTOpa BEKOB [IpeTEprneso B CBOEM pa3BUTHH
cepbe3Hble M3MeHEHHA. KakK H3BEeCTHO, MepBOe CTPOroe ompejeseHHe
HHTerpaJa NpeaoKua gpaHuysckuil matemaTuk Komwu B 1823 r. npu-
MEHHTEeJNbHO K HelpepblBHBIM QYHKUHAM. boJiee o6yl B3rjasj Ha HH-
Terpa/jl — NPHHATBIH B HAacCTosllee BpeMsi BO MHOTHX YyueOHHKax IO
aHaqu3y — npuHaanexut Pumany'. HamomHum onpenejenue HHTe-
rpasia no Pumany?.

[Iyctb [ — QyHKuUMUdA, onpejeseHHas U OrpaHHUYEeHHas HA OTpe3Ke
[a; b]. Paccmorpum Kakoe-HHGyab pasfueHue (0603HAUHM e€ro OyK-
BOIl 0) OoTpe3Ka Ha NPOMEXYTKH TOYKaMH Xy, Xy, ..., X,, Tl X, = a,
x,=b, ¥, <x <..<x,. Tak kaK f orpanuuena Ha [a; b], To ona
orpaHHueHa W Ha Ka)KIOM IpOMexXyTKe 3Toro pa3bieHus. [losTomy
MHOXKECTBO 3HaueHHH [ HA k-M npomexyTke (B = 1, ..., n) UMEET HHK-
HIOIO T'paHb my, U BepXHioo rpaib M, . CocTaBUM CyMMBI:

s =s(f; 0)=2mkAxk, S =S G)=2MkAxk,
k=1

k=1

rae Axp = xp, — Xp_;. DT CyMMbl Ha3bIBalOT COOTBETCTBEHHO HUMCHEL
u sepxHed unmeepanroHoimu cymmamu (uiu cymmamu Jap6y®) pnas ¢yhk-
UMd f, COOTBETCTBYIOWIMMH 3aJaHHOMY pas3bueHuto ¢. [JoHATHO, uTO
pas3JIMYHbLIM pa3bueHusiM oTpe3ka l[a; bl coorBeTcTByIOT, BOOOIIE rO-
BOpPf, pas/iMuHble BEpXHUE U PA3JIMYHBbIC HUXKHHE HHTErpaJibHblE CyMMBbI.

lBepuxapaPuman (1826—1866) — Bhinaiomuiics HeMeUKHH MaTema-
THK, npodeccop I'erruHrenckoro yuuBepcuteta. MM 6bli 3a/10:KeHBI OCHOBBI TOMOJIO-
rHH, HeeBKJHAOBOH reoMetpuu (Pumana), obueli teopuu MHOroo6pasuil, reoMeTpH-
yecKoi TeOpHH (PYHKUHH KOMIIJIEKCHOTrO nepeMeHHoro. TeopHH HHTerpaJsa nocBsilleHa
ero pabora «O BO3MOXKHOCTH MNpeACTaBJeHHS (YHKUHH NOCPEACTBOM TPHUTOHOMETpPH-
yeckoro psiaa» (1867 r.).

2CMm.: Busnenxkxun H ., Kyuunkasa E. C., MopakoBuu A.T.
«AnTerpanbnoe ucuncaenue». M., 1979.

8 ) KauTlTactou lap6y (1842—1917) — Buaubii (paHUy3CKHH MaTe-
MaTHK, H3BeCTHbIH CBOMMH pa6oTaMH B 00Js1acTH AH(pepeHLlHaTbHOH eOMETPHH.
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PaccMoTpum 1St GYHKUMH f MHOXKECTBO A ; BCEBO3MOXKHBIX HHXKHHX
HHTErpa/ibHbIX CYMM H MHOXECTBO B; BCEBO3MOXHBIX BEPXHHX HH-
TerpajibHblX CyMM, T. €. MHOXXECTBA CyMM, COOTBETCTBYIOLIHX BCEBO3-
MOXKHBIM pa3OueHHsiM 0 oTpe3Ka la; b]l. MoXHO n0Ka3aTb, YTO MHOXKe-
CTBO A ; pacnosiokeHo Ha YMCJOBOH ocH neBee' MHOXKeCTBa B, a moro-
My OHHM DasjefsiioTcsi XOTs Obl OJHHM YHCJIOM.

Ecan muoxectsa Ay u B, pasnensiloTcsi €IMHCTBEHHBIM WYHCJIOM,
TO TOBOPSAT, 4TO QOYHKuUMA [ unmeepupyema na ompeske la; bl, a camo
pasfensiiolliee 4ucao | HasbIBaIOT UHMEZPanOM (B cMbicie Pumana)

dyukuuu f Ha la; b] u o6osnauator Tak: Xf (x) dx. Takum obpasom,

b
s(f; o) <jf<x>dx<8<f; oy),

rie o, U 6, — NPOU3BOJbHbLIE pa3buenus orpeska la; b).
[Tpumep 15.1. Oynkuusa dupuxe?
0 mpu x HppaLHOHAJIBHOM,

D(x)={

] npu x pauHOHAJNIbHOM

He MHTerpupyema no Pumany ua orpeske [0; 1].
B camom jnene, npH Jio6GoMm pa3GueHun O orpe3ka [0; 1] mans kaxjaoro HoMmepa
k (k= 1, ..., n) umeem: mep = 0, M, = 1. IlosTomy

s(D;0)=0;,S(D;0)=1. 2 (2 — xp—1) = L.
h=1

3HauuT, MHOXECTBO A COCTOHT M3 OfHOro yucnaa 0, a Bp— u3 opnoro uncaa 1. Ho

TakHe MHOXeCTBa pasflesifloTcs JIo6biM uucsaom u3 otpe3ka [0; 1]; Tak uto D He un-
terpupyema Ha [0; 1].

B Kypce uUHTerpajbHOrO HCYHUCJIEHUA [OKA3blBae€TCs KPUTEPUH HH-
TErPUPYEMOCTH N0 PuMany: 048 uumeepupyemocmu Qyukyuu Ha om-
peske la; bl HeobxoOumo u Oocmamouro, umobet 018 at0boeo € > 0
MOXHCHO ObLA0 Halmu makKoe pa3buerue 3mo2o ompeska, 14mo

Z (My — m, )Axr <.
k=1

Tor ¢akT, yTO CpaBHUTENBLHO IpocThie QyHKUUHU (Bpome GYHKUHH
JlnpuxJe) OKasblBalOTCA HEHHTErPUPYEMbIMH, IOCAYXKHUJ OAHHM H3 MO-
BOJOB (HO JaJieKo He eJHHCTBEHHOH NPUUYHHON) AJISl MOMNBITOK AaJbHek-
11ero pacnupeHus, o0o0uieHus NoHsATUA UHTerpana. Han atoi npobae-
MOH paborann MHorue matemMatuku kKoHuna XIX B. Haubonee ynau-

1 MubIMH cioBamH, Kamkjoe YHCJI0 H3 Ay He NMPEBOCXOJAMT HH OJHOTO YHC/A H3
By.
MMetepJlexxen Jupuxae (1805—1839) — u3BecTHbili HeMeUKHIT Ma-

TeMaTHK, paboTaBlUHH B 00JIaCTH MAaTeMaTHYECKOrO aHa/iH3a, TEOPHH YHCeJ U MaTeMa-
THYECKOH (HU3UKH.
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Hoe onpeje/ieHne HHTerpana Obuio npepioxeHo AHpu JleGerom!. Bot
Kak caM JleGer o0bsicHsieT HeO6XOAHMOCTb CBOell paboThl:

«MoxeT BO3HHKHYTb BOIPOC, HHTEPECHO JIH 3aHHMAaThCsl YEJOKHe-
HHUSIMH H He JIyyYllle JIH OTPAHUYUTBLCA U3yuyeHHeM GyHKUUH, TpeOyrolux
JIMLB MPOCTLIX onpeneseHud. Ecau Mbl pewnsan Obl OrpaHUYHUTBCA pac-
CMOTPEHHEM TaKHX XOpOWIHX (PYHKUHH, TO HAM NPULIOCH Obl OTKa3aTh-
Csl OT pelleHUs NaBHO YK€ MOCTABJIEHHBIX M Be€cbMma MPOCTO GOopMYyJH-
pyembiXx npoOseM. MIMeHHO a/1s1 pemieHHs 3TUX npobJjieM, a HE U3 Jo6-
BH K YCJOXHEHHUSIM Sl U BBeJ oOIpejeneHHe HHTerpasa OoJiee obuiee,
YyeM pHMAHOBCKOE, U coJep:kalllee 3TO IOoCJeAHee KAaK YaCTHbIK CJy-
yaii. Y1 mosarato, 4To BHUMAaTeJbHBIH UHTaTeNb, COXKaJiesl, ObITb MOXKET,
YTO BEILH He TaK NPOCTHI, COrJIACUTCS, OJHAKO, CO MHOH, YTO onpejeJe-
HHe 3TO HEOOXOAHMO U €CTECTBEHHO»®.

M3BecTHBIH KOJJIEKTHB MaTeMaTHKOB, OObEAWHEHHbIH I1CEBIOHHUMOM
H. Byp6aku, B cBoHX ouepKax Mo UCTOPHH MaTeMaTHKH OTMEYaeT, 4TO
B pe3yJbTaTe OTKPhITHA Jlebera Obiu MosydyeHbl OecuuC/AeHHbIe NOCTH-
’KEHHs B 00/1aCTH KJIaCCUUeCKUX Npobsem aHanusa. OCTaHOBUMCA JHILD
Ha JBYX U3 TaKHX NpobJeM.

1) Ilyctp (f,) ~ mocsenoBaTeIbHOCTb OTPAHHUYEHHBIX B COBOKYII-
HOCTU (YHKUHUH, ONpeleseHHbIX U HHTErpupyeMblX Mo PHMaHy Ha OT-

peske la; bl. Tlyctp (f,) cxomutcs Ha la; bl k HekoTopoit dyHKUMH f.
H3BecTHO, 4TO

b

lim j o (%) dx = f f (x) dx,

n—oo
a

eCcJIH BBINOJIHAETCS JONOJHUTENbHOE YCJIOBHE — YCJOBHE CYLIECTBOBA*
HMSl MHTErpaja B cMbicie Pumana ot npenenbHol pyHKuuH. Oxasa-
JIOCh, UTO TMPH HCIOJb30BAaHWH HHTerpasa B cMmbicje JlebGera mnocien-
Hee YCJIOBHE BhINIOJIHAETCS aBTOMAaTHYEeCKH.

9) Kak usBectHo, meTpuyeckue npocrpanctsa C; [a; bl u C, la; bl
He SIBJISIIOTCS TMOJIHBIMH, YTO CYLIECTBEHHO OrpaHHYHBaeT BO3MOXKHOCTD
HX NpHMeHeHHs. [TonbITKa JONOJHEHUA 3THX NPOCTPAHCTB BCEMH HH-
TerpupyembiMu 110 Pumany Ha [a; bl pyHKuusMU He cnacaeT NOMOXKEHHUA.
Oxa3biBaercsi, 4TO BBejleHHe HHTerpasa Jle6era mnospoJsser A00aBHThb
K 3THM IIPOCTPAHCTBaM TaKHe (QYHKIHUH, YTO NPOCTPAHCTBA CTAHOBATCS
[IOJTHBIMH.

[Ipu BBeneHuu uHTerpasa Jlebera yngo6HO onupaThbCcs Ha TaK Ha3bl-
BaeMble CTyreHuaThle PyHKUMH H QyHKuUHH, €-Majble no Jlebery. Pac-
CMOTPUM BHauaJjie 3TH QYHKUHH.

1 Aupu Jle6er (1875—1941) — usBecTHbIlf (PpaHLYy3CKHH MaTeMaTHK. I/Iltd
6bITH BBEJCHBl Mepa W HHTErpaJi, Ha3BaHHbIE BIIOCJECTBHH €ro HMeHeM. 3acJ/1yKeHHOH
M3BECTHOCTBIO MOJb3yeTcs ero KHUra «O6 H3MepeHHH BEeJHYHMHY», MOCBSUICHHAs npo6-
JeMaM IperojaBaHHs MaTeMAaTHKHU B cpeJHeil LIKoJe.

2 Cm.: A. Jle6Ger. uTterpupoBanue u oTbickanue npuMatHBHbIX. M.—J1., 1934,
c. 3.
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2. Crynenuatble ¢yHKuuM. @OYHKUHIO ¢ HA3LIBAIOT C T y I e H-
yaTo#H, ecau cyuecTByer Takod orpe3ok la; b] u takoe pasbueHue
o = {X, X, ..., X, } 3TOr0 orpe3ka, uro ¢ (x) = 0 BHe [a; b], a Ha
KaXJIOM u3 HHTepBaJoB lx,_; x,| pyHKuua ¢ mocrosHHa. 3Hauenus
GyHKIHH ¢ B TOYKax Xy, ..., X,, BOOOLle TOBOPS, MPOH3BOJbHBI, HO
Mbl OOBIYHO Oyaem CuHTaTh, 4T0 @ (x,— 0) < @ (x,) < ¢ (x, + 0),
k=1, ..., n. IlpumepoM Takoi QYHKUHUH MOXKET CJAYKHTb PYHKLHS
@ (x) = 0, a Takxe u3dyyaemas B wwKoJe QyHKUUA [ (x} = [x], ecan
JIOTIOJIHHUTEBHO TOJIOXKHUTL, uTo f (x) = O npu | x| > M.

JIns 1100blX IBYX CTyNeHYaThlX QYHKUHMH @ M MOXKHO HaHTH oTpe-
30k la; bl u ero pasbuenue {x,, ..., X, } Takue, 4ToGbl 06e HYHKIHHU
6blIM TIOCTOSIHHBI HAa MHTepBajax lx,_.; x, [ u paBHwl HyJI0 BHe [a; ).
JInsi 3TOrO0 10CTATOYHO B35IThb HAUMEHbIUUH OTPE30K, cojepxKaumuil 0b6a
OTpe3Ka, BHE KOTOPbIX PYHKUHH @ H1p 00palllaloTCs B HYJb, a 38 TOYKH
pa36HeHHs B3ATb TOUKH pasbueHUH Ajs 00erX GyHKOuH ¢ up. 3Haywur,
CyMMa [ABYX CTyNeHYaTblX GYHKUHH ABJSETCA CTyneHyatodl ¢yHK-
[ueH.

OueBHJHO, YTO €CJU ¢ — CTyneHuaTass QYHKUHUSA, TO H A, rae
A € R, Takxe cryneHuatas ¢yHKuHsa. TakuMm o0pasoMm, mHomcecmeo
gcex cmynenuamolx Gynkyul obpasyem auHeldHoe NPOCMPAHCMBO.

[Iyctb @ — cTyneH4yaTtas ¢yHKuus. Toraa cyllecTByer OTpe3oK
la; bl u Takoe pa3buenue {x,, ..., X, } 3TOro oTpe3sKa, uto @ (x) = ¢, npu
x €lx,_s x, L (k=1, ..., n) u ¢ (x) = 0 BHe la; bl. Hazosem unme-

n
2pasom GYHKUHMH @ 10 MHOXKeCTBY R uncsio/ (¢) =2 ¢, Ax,, rnel(¢)—
o k=1
coKpauleHHoe o00o3HaueHue AJis Scp (x) dx. 3HaueHHe MHTerpaJja He 3a-
—Q0
BHCHT HH OT Bbl6opa orpeska [a; bl, Hu or BmiGopa pasbuenus o —
Juilb Obl @ o6paluanoch B HYJb BHe la; b] u Gbl1a mocTosiHHa Ha mpo-
MEXYTKaX BbIOpaHHOro pa3OUeHHsd.

OueBuaHO, 4TO ecau QPyHKUMA ¢ HeoTpHUaTenbHa, To I (¢) paBHO
nJowanu cryneHyatod ¢urypsl, u3obpakKeHHod Ha pucyHke 21. Otme-
THM, YTO 3Ta ¢uUrypa KOMIIaKTHa.

HHTerpan ot cryneHdYaTblX (QYHKUMH o6JiafaeT CjaelylollUMH oue-

BHIHLIMH CBOWCTBAMH:
m m
a) 1 (Zxk (Pk\) = 2 M1 (@),
k=1 k=1

6) |1 (@) <1 (ol

B) ecad ¢ (x) <P (x) npu Jro-
6om x, T0 I (9) < 1 (§).

% 3. PyHKuuH, e-manavie no Jle-
Oery. Mbl HaMepeHbl BHayaJie BBeC-
TH TNOHATHE HHTerpaJia Jlebera no
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Bcell uucaoBoit ocu R. ITostomy Oymem paccmatpuBaTh (GYyHKUHH, On-
penesieHHbie Ha R.

PaccMOTpHM HEKOTOpPOe CUeTHOe MHOXKECTBO S HEOTPHUATEeIbHBIX
cryneHyaThiX ¢yukuui. CocTaBJeHHBIH H3 TaKHX (QYHKUHH PN MNpH
J1060M X HMEeT KOoHEeUHYI0 U/1d OeCKOHeUHYI0 CyMMYy, He 3aBHCALLYIO OT

<O

nopsiaka csaraemsix. [1ycTb M3 MHOXKeCTBa S cOCTaBJjleH psij Eq),,

n=1

oo
M NycTb jaHa Hekotopas ¢yHKuus f. Bynem mHcarb, yto [ < Z(pn,

n=1

(e8]
ecan [ (x) < Ecp,, (x) npu mo6oM x k3 061aCTH CXONMUMOCTH (K KOHey-
n=|
HOH cyMMe) pacCMaTpHBaeMoro psia.
[Tyctb BHIGpAHO HEKOTOpOE TMOJIOXKHTEJNbHOE 4HCa0 €. DyHKuuA f
Ha3blBaeTcs &-ma4ot, €CcJH CYLeCTBYeT TaKas MOCJeL0BaTeJbHOCTb He-

0 8)
OTpHLATENbHBIX CTyMeH4aThiX QyHKUu# (9, ), uto |f| < Ecp,, , fIpHuem

n=l\

(00
2 I (p,) <e. TlocnenoBarenbHOCTb (¢, ), 00/afaKOLLYI0 YKa3aHHBIMH
n=I

cBolicTBaMH, OyjlieM Ha3blBaTb €-10CA€008AMEeAbHOCHbI0 1S DYHKIMH f.

[Ipumep 15.2. CryneHuatas QyHKLHS @ SBJASETCH €-MaJOH MNpH JioOOM
e>1 (0.

B camoM jesie, B KauecTBe €-NOC/AEN0BATENbHOCTH A/ ¢ MOXKHO B35Th NOCJIeJOBa-
TesbHOCTh (P,), Tae @, = | @|, ¢, = 0 npu n = 2.

[Tpumep 15.3. OyHkuus f, OTIMIHAA OT HYJIA JHWb B OJHOH TOUKE X, SB-
JiseTcs €-MaJsioi npu jawb6om & > 0:

eiicTButenbHO, Ass 3anaHHoro & > 0 BoiGepeM Tako# OoTpe3ok A ¢ LeHTPOM B
TOuKe Xy, 4T0 |f (x,) | - |A| <€, rae |A| — anuna A, u nonoxum @ (x)=|f (xo)]
Ha A u @ (x) = 0 BHe A. PaccmoTpuM nocsenoBatesbHOCTb (¢,), Y KOTOPOH @, = @,
¢, = 0 npu n = 2.

oo 08)
Tak kak ¥ @, = @, 10 [/ < W@ mpuuers PI (@)=1@)=1f(xo)l- 1] <

n=|\ n=1
< €. 3HauuT, (Q,) MOXKET CJAYKHUTb €-MOCJIe0BaTeJbHOCTbIO /s f, a NOTOMY GYHK-
uug [ siBJasieTcs €-MaJoH.

[Ipumep 15.4. Paccmorpum ¢yHkuuio Kanrtopa k, paBHyio elHHHIe HA KaH-

TOPOBOM TPOHYHOM MHOXKeCTBe [o H HYJIIO BHE 3TOr0 MHOXKecTBa. Jta PyHKUHSA €-MaJa
2 m

npu mo6om € > 0. B camom nene, ansa moGoro & > 0 Haliiercs Takoe m, YTo (3\) <

/

< &. O603HauuM yepe3 ¢ QyHKILHIO, PABHYIO €IHHHLIE HA BCeX OTpe3Kax, NoJyyaembix
Ha m-M Liary KaHtopoBa npouecca (cM. ¢. S1), u HyJil0 BHe oObelHHEHHS 3THX OTpes3-

b8

3
Il

m m
KoB. Tak Kak cymMa JJIHH yKa3aHHBIX OTPEe3KOB paBHa (-5-) , T0 I (¢) = (—3—) < e,

npuyeM, OYeBHAHO, |R (x)| < @ (x). U3 ckasannoro scHo, uro (@,), rie @, = @,
¢, = 0 npu n = 2, aBssieTcs €-N0CJEA0BATEJbHOCTbIO QYHKIUHH A.

M3 camoro ompeneneHus e-ManabiX (GyHKUHH BbITEKAeT CIpaBeiJu-
BOCTb CJEAYIOUIMX ABYX yTBEpPKAEHHH:

93



Teopema 15. 1. Pyuxyusa [ moeda u moavko mozda e-mara, Ko20a
e-mara gyuxkyus |f|.

Teopeva 15.2. Ecau ¢pynsyus f aeasemcs e-marod, a | g (x)|< | (2)]
npu A106om X, mo e-mara u GyHkyua g.

B nanbHeiilueM Ham NOHago6ATCA W JApYrue, MeHee OUeBHJHbIE
CBOHCTBA €-MaJIbiX QYHKUHUH.

ITycmo ¢ynkyua [ e-mara, a A — Hexomopoe OeticmsumenvHoe 4uC-
n0. Toeda ¢pynkyus A aseasemcs | |e-marodl.

B cuny e-manoctd ¢yHKUMHM f 17151 Hee MOXKHO mojaoOpaTh &-nocJe-
JloBaTeJbHOCTD (@, ). (DyHKLLHH |Alg, (n € N) ABAsitOTCA CTyNeHYaThl-

MH, [IpHYEM y PSAJO0B Ecp,, H 2 | A |@, onMHAKOBBIE 00/1ACTH CXOJIHMOCTH.

n=|] n=1

Ecau x — Touka CXOIIHMOCTPI 9THX DPANOB, TO, IIO YCJ/IOBHIO, BBLIIIOJIHS-

eTcst HepaBeHCTBO: |f (x)] Z(pn (x). Ho TOrJIa

I @1 =121 If ()] WZ%M—EMMM
n=1
3uauunr, | M| < 2 |Alg, . A Tak KK

n—l

21mmerZMM<Mm

n=I
o (|Me,) MO}KeT CJYKHUTb | A| e-noc/1el0BaTeJbHOCTbI0 GYHKUHH Af.
HoaTOMy dyukuusa Af saeasercs |Ale-maJjion.

Yo6enumcs Tenepb, qTo ecau yHkyuu [ }ZB/lﬂfomCﬂ Ep-MANBIMU

k=1, .. m),ae= Eek, mo ¢yukyus [ = Efk 6ydem e-manol.

B cmly €r -MaJIOCTH cpyHKuml fr y Hee Hmee’rca g,-TIoc/iefioBaTe/1b-

HOCTb (cp,, ). MHOxKecTBO Bcex (pyHKUHH (p (n EN; k=1, ..., m)
CUETHO KaK oObeJUuHEeHHe KOHEUHOro 4McJa CUYeTHblX MHoOxKectB. [lo-
3TOMYy Bce PYHKLUUH 3TOTO MHOXKECTBA MOXKHO PacCIIOJIOXKHUTb B OfHY I1O-
cienoBatenbHocTh (¢,), 7 € N, rae P, = ¢® npu Hekoropeix n €N

uk €{l, .. m}. HonycTum, 4To NpH JaHHOM X 3HAKOMOJOXKHUTEIbHbIA
oo

paa Zmp, (x) cxonutcsi. Tak Kak cymMma 3TOro psiia He 3aBHCHT OT IIO-

r=|

psiKa cJjaraemMnolx, TO
Mo 0= Yol (15.1)
r=1\

A Tax kak, no ycaosuio, |fr (x)] < chff) (x), TO

2 fk (x)
k=1

< i“ | Fa(x)] < E i o (x). (15.2)

k=] R=] n=1

[ ()| =
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H3 (15.1) u (15.2) caenyer, uto || <21p,. AHasloTHYHO HAXOJHM, UYTO
r=|\

SIw) =3 1@< e, —e.
k=1 n=l1 1

r=1 k=

3Hayut, (P,) MOKET CJAYKHUTb €-TIOC/JAEL0BATENbHOCTBIO /51 GYHKIUH f.
M3 ToNbKO YTO YCTaHOBJIEHHBIX (DAKTOB BHITEKAaeT CIPaBeJJIMBOCTh
CJIelYIOLEr0 yTBEePXKAEHHSA:
Teopema 15.3. Ecau ¢pynxyuu fr (kR = 1, ..., n) asaawomes  €,-maroi-
n n

MUUE = 2 | Ax €8y, Mo pynkyus [ = Zxk [r 6ydem e-manoil.
k=1 k=1
Teopema 15.4. [Tycmb [ — cymma cxolsaweeocs npu ecex x ¢hynk-

°,
UUOHAAbHO20 Pps0Q ka , &€ = ZSk (er > 0), [ — Heompuyameavras
k=1 k=1
e,-maran pynkyua. Toeda ynkyua [ seasemes e-maroil.
JlokasaTeJq b¢TBO. Paccyxnaasi, Kak H Bblllle, paCCMOTpP UM
g,-nocyefioBaTeqbHoCTh (%)) dynkumu fr . Muoxectso {p®)|n € N,

k€ N} cuerHo KaK oObeiMHEHHE CYETHOTO CeMeicTBa CUETHBIX MHOMKECTB.
Ero MoxHO 3anucaTh B BuJle OJHOH mociaenoBaTeqbHOCTH (P,). HMeeM
jasnee:

T 0= ¥
r=1 k=1 n==1

IJs moboro X u3 06/acTH CXOJUMOCTH psAja Exp,. A Tax Kax f, (x) >

r=|
20, 10

F@1=10 =35 03 3o (9.
k=1 k=1 n=1

3Hauut, |f| <21p,. Kak U B mpeapiayllieM A0Ka3aTeslbCcTBe, yOexna-

r=1

o0
eMCcsl jaJjiee, 4YTO E I (y,) <e. 3nauut, (P,) CAYKHUT €-MOCJAELOBATE/b"
r=1

HocTbio GYyHKIUHH . [}

[Tpumep 15.5. OyHKUHA f, OTNIHYHAST OT HYJS JHLIL HA CIETHOM MHOXECTBE
TOUCK {Xy, «vey Xp, -.. }, SIBJASIETCS €-MAJION MpHU JIO6OM & > 0.
JleliCTBHTE/bIIO, TOJIOXKHM

If (xn)l ﬂpH X = xno
fn X) = {
0 npu x 5= x,.
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)
Taxk Kak byHkuus f, OTIHYHA OT HYJIA JIHLIb B ONHOM TOYKe, TO OHA on -MaJaa (CM. npu-

mep 15.3). Ilpu srom, oueBHAHO,

1fl= ilfnl, i:—n =e, f.(x)>0.
n=|

n=1

Ho Torna HeotpruartenbHas yukuus |f| e-Mana B cusy teopemnl 15.4, a 3HauuT (cMm.
teopeMmy 15.1), u [ o6nanaer TeM Ke CBOHCTBOM.

Hanpuwmep, dyskuus dupuxse (cM. npumep 15.1) e-mana npu /11060M 10J10KH-
TeJIbHOM €, MOCKOJbKY D (x) %= 0 Ha Q, a 3T0 MHOXECTBO CYETHO.

YcTraHOBUM Tenepb HEKOTOpble CBOHCTBA &€-MaJjblX CT Y I € H 4 a-
T bl X GYyHKUUH.

Jlemma 15.1. Ecau cmynenuamas yukyua ¢ saeasemcs &-maarol,
mo 045l Hee MONCHO YKa3amb maxyro e-nocaredoéamenbHocms (¢, ), 4mo

[a @)
8 mouxax cxodumocmu psaoa Ecp,, (x) evtnoansemcst cmpozoe Hepasex-

n==

o0
cmso | @ (x)] < ch,, (x), u, Kpome moeo, 6 mMouKkax paspoLia Xy, ..., X
n=1

PYHKYUUL @ BbINOAHAIOMCA HepaseHcmsa

1o (5, £0)| < Do, (x) (i =1, ..., k).
n=|

HJoxaszaTteabcTBO. B cuny e-Masoctu GyHKUHH ¢ HMeeT-
Cf TaKasi MOCJe10BaTe/]bHOCTb HEOTPULATENbHBIX CTYNEeHYaThiX (Y HK-

uué (P, ), 4TO YHeso | = EI (p,) MeHbILE €, a [ (X) | < E‘Pn (x) npu

n=i n=]
BCeX X U3 00/1aCTH CXOJAHMOCTH paccMaTpHBaeMoro psija.

Ham Hano 3ameHuTb yKa3aHHOe HECTpPOroe HepaBeHCTBO Ha CTpO-
roe u JoOGMTbCS, YTOObI B TOYKAX pa3pblBa CyMMa psiia JlaBaia OUEHKY
CBEpXYy He TOJbKO 1js | ¢ (x)|, HO u aaa |¢ (x + 0)|. [lna sroro no-
MOJHHM cHCTeMY QYHKUHMA (¢, ) HEKOTOPBIMH CTyNeHYaTbiMH (DyHKIUS-
MH Olgy, Oy eevy O -

B xauecTBe oy Bo3bMeM (YHKLHIO, NOCTOSIHHYIO Ha oTpeske [a; b,
BHe KOTOporo ¢ obpaillaercss B HyJb, NMpPUYEM 3HaueHHe a, Ha la; bl
JIOCTAaTO4YHO MaJsoe yucao §, > 0, a Bue la; bl — Hyab. ITocae ee npu-
COelHHEHHsI HEeCTPOroe HEPaBEHCTBO 3aMEHHTCA Ha cTporoe. B kaue-

cTBe ke o, ({ = 1, ..., n) Bo3bMeM GYHKIUIO, TPUHUMAIOILYIO 3HaUeHHe
W, = max {|@ (x, — 0)|, | (x; 4 0)[}

Ha JIOCTaTOYHO MaJ/IOM OTpe3Ke A, ¢ LeHTPOM B TOUKe pa3phiBa X; PyHK-

uMM @. PaccMOTpHM Temepb Moc/aefoBaTeNbHOCTb (9, ), Tae ¢, = a __,

npu n L k414 @, =vy, , , npu n > % 4 1. HerpysHo Bumers,
o0

4TO CyMMa 2% (x) Gyher oueHuBaTb cBepXy H uucaa |¢ (x; = 0)].

n=l
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Magoctb uncen 8, u | A;| nomkHa ObITb TaKoH, 4TOOBI BBIMOMHANIOCH

oo
HEpPaBeHCTBO 21 (p,) < e. IlpenocTaB/isieM YMTATE/NIO NPOBEPHTH, YTO
n=1
Uil 3TOTO JOCTATOYHO MOJIOKHTD
e —1 e —1

%= e T erne—a ®

B nanbHeiiinem, BoiOMpass ¢yHKUHMH @, I/ €-MAJOH CTymeHYaTow
¢yukuuu ¢, Oyaem Mnpeanoaaratb, YTO BbLINOJHSAIOTCS TpeboBaHuA,
yKasaHHble B JieMMme 10.1.

Teopema 15.5. Ecau HeompuyamesvHas cmynenuamas QyHKYUL o
asarsemca e-marotl, mo I (o) < e.

n
~
JokasaTteanbcTBo. [losoxum! o, = Z(pk U 0003HauuM
k=1

yepes M, cryneHuatyio ¢GUrypy, orpaHHuyeHHyio ocbio abcliHcc, rpa-

$HKOM (PYHKUHH G, U KOHEUHBIM YHCJOM BEpPTHKAJbHBIX OTDPE3KOB,

MpOBeleHHLIX B TOYKaX pa3pbiBa PyHKUMH 0, (cm. puc. 21). Yepes @

0603HauyuM aHaJOrHyHYI CTYyNeH4YaTyio ¢GUrypy, COOTBETCTBYIOLLYIO

¢yHKuuu o. Tak Kak Bce QyHKUHH @, HEOTPHULATENbHBI, TO O, (X) <

< 0,,, () u noromy ®, < @,,,. [Ipy 3TOM, MNOCKOJBKY 1J/sl BCEX X
oo

160 oc(x)<2(p,z (x), nu60o Ecp,z (x) = o0, TO mas JMIO6Oro X Haii-
k=l k=l

netTcst Takoe n, uro o (x) < 0, (x). Ilostomy @ < (J D,,.

n=1

Sagaaum 0 >0 u 3ameHum Kaxayio u3 duryp D, coaepxkamum
ee OTKPBbITbIM CTYyMeHYaTbiM MHOXKeCTBOM 2, («okaimum» durypy @, ).
[Tpu stom norpebyeM, uToObl MJowaab? «kaime» QN @, He mpeBoc-

X0aHJ1a 2% Tak kak D<= Yd, u O, < Q,, T0o D<= YQ,. Ho
n=1 k=1

MHOkecTBO (D KOMMNAKTHO, MHOXecTBa ke &2, OTKpbiThl. [TosTomy B
CHJIy TeOpeMbl O KOHEYHOM NOKPLITUH HaHAeTCsd TaKoe N, YTO

D= UL = (UD,) U (U (2N D,)).
Tak kak P, c P, < ...c D, < ..., TO CJCDk = @, H noromy
k=1
(D — (Dn U (kgl(gk \ (Dk ))'

Ortciona cienyer Takas oueHka muaowaad ¢urypor O:

n n 6 ‘
P10+ F19 N0+ ¥ o <1048 (153

k=1

! 3pecs (¢p,)—e-nocieioBaTesbHOCTb AN (QYHKLHH C.
2 O NOHATHU KBAJAPHPYEMOCTH H CBOHCTBaX mJjomaged CM. KHHTY, YKa3aHHYIO
B CHOCKe Ha ¢. 89, 3jecb u B JanbHellieM miaomaib purypel O obo3Hauaerca kak | D|.
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Ho |[®|=1(a), |®,]| =1 (0,). IlostoMy u3 HepaBeHnctBa (15.3)
noJiyuyaem:

n

(@ <I(,)+8=1(g)+8.
k=1

Tak xaK @, (x) >0 u Z I (9,) < e, TO
k=1

I (@) <21(cpk)+6 <e 8.
k=1

B cuny npousBoapHocTH 6 > 0 oTCiofa U BhITEKaeT JOKa3biBaeMoe He-
paBeHcTso.

4. e-npubamxkenusn ¢GyHKuuu. IToHAaTHe e-ManoCTH QYHKUHH MO3BO-
JISIeT BBECTH BaKHOe [/l HAlUUX IOCTPOEHUH INMOHATHE &-NPHOJIHKEHUS
(GYHKLHH.

HasoBsem e-npubauscenuem PyHkuuu f Takyio CTyneHyaTtyio ¢pyHK-
LIUIO Q¢ , UTO QYHKUUSA [ — @ SABJSIETCS €-MAJIOH.

Teopema 15.6. Ecau ¢yHkyusa @5 asasemes  S-npubausceruem

pyukyuu f, a ¢s aeasemcs e-npubausceruem moti e yHKyuu, mo 6bi-
NOAHSEMC HepaseHCmaeo

I'(ps) — 0 < 1 (9e) + & (15.4)

JHlokaszaTteabcTBoO. Tak Kak, No ycJoBHIO, GyHKUUSA [ —
— @ ABasercsa 8-manol, a pyHKuUA [ — @, ABNACTCS €-MaJsIoH, TO MO

Teopeme 15.3 pasHocTb QyHKuUMHA [ — @5 v f— ¢, T. e. dyHKuUHuSA
Pe — @y Oyner (e 4 6)-manoii. Ho B Takom ciyuae (cm. Teopemy 15.1)

6yner (e 4 0)-manolfi W HeoTpHUaTesNbHas CTyneHyatas QYHKIUSA
|9, — @5|. A Torna no teopeme 15.5 BLINONHAETCS HEPABEHCTBO

1 (9g) — 1 (@)l = 1 (9, — )| <1 (|9, — @) <O + &.

M3 nero caenyer, uto I (9)) — I (9,) < 0 + &, OTKyna M BbITEKaer

HepaBeHCTBO (15.4).1H

5. Unrterpana JlebGera. [languMm, HakoHell, HOBoe (OTJIHYHOE OT pH-
MaHOBCKOT0) olpeesjeHne MOHATHUS HHTerpUupyeModl GyHKUUH U HHTe-
rpana. Ilpu s3ToM Mbl OyjneMm CyILIeCTBEHHO ONUpPATbCA Ha INpeaBapH-
TeJbHO BBeJleHHOEe HAMM BCIOMOrartesJbHOE IOHATHe uHTerpana [ (o)
OT CTyneHYaToH (yHKLHH.

Hasosem dyHkuuto [ unmeepupyemod niu cymmupyemoid (no JleGe-
ry Ha Bced uncaoBod ocu R), ecnan ans go6oro € >0 oHa umeer
E-TIPUOJIHIKEHHE @ .

[TocraBuM B COOTBeTCTBHE HHTEerpHpyeMod ¢hyHKUHH f 1Ba YHCJOBBIX

MHOZKECTBA.
X;p={l(9:) —e}, Y,={I (c) + €},

rjie & npo0eraeT MHOXECTBO BCEX MOJOXKHTENbHBLIX uyucel, a QyHKIHA
¢, INpH 3anaHHoM & > 0 mpoberaerT MHOMKECTBO BCeX &-NPHOJHKEHHUH
¢yukuun f. B cuny Teopembr 15.6 MHOXKECTBO X, pacroJioxeHO JeBee
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MHOXKECTBA Y, W IOTOMY 3TH MHOXKECTBA Da3fesioTcsi XOTs Obl Of-
HHM 4uCJIoM!.

Paccmorpum nponsBosbHoe € > 0. Tak kak [ uHTerpupyema, TO
€ €
y Hee eCcThb rY -npubanxkenne ¢. Ho B TakoM caydae a = [ (¢) — 5 €

€Xnb=1(9) + % € Y. 3uauut, aas yoboro € > 0 MOXKHO Hal-

TH TakWe yncia a € X, u b €Y, uto b —a < e. B cuny kpurepus
€JMHCTBEHHOCTH pa3le/Aoero 4yucna, mHoxcecmea X, u Y, pasoe-
AAOMECA eOUHCMBEHHbIM YUCAOM.

EnnHcTBeHHOE pasiensiolllee YMC/IO MHOXKECTB X, H Y, HHTerpu-
pyeMod ¢yHKuMH [ Has3blBaeTcsi uxumezpasom Jlebeea GyHKuuu f

oo
U obo3Hayaercs Tak: (L) yf (x)dx. Hapsiny ¢ 3TuM 06O3HAUYe€HHEM Mbl

—_—00

Oyznem HcnoJsb30BaTh U Gosiee KopoTkoe: I; (f). 3nech 6ykBa L noauep-
KHBAaeT, yTO HHTerpaJ/ NoHumaercs B cMbicie JleGera.

M3 onpepenenus MHTerpaJia BbITEKAEeT, YTO /14 J10O0ro e-mpUbaHKe-
HUSL @, HHTErpHPYeMOH (GYHKUHH [ cnpaBenMBbl HepaBeHCTBA:

o) —e<IL() < T (o) + & (15.5)
H TIOTOMY 1 1,.(f) — 1 ()] < e (15.6)

JIerko 3aMeTHTb, UTO 6CAKAA cmyneHuamas @QYHKYUs ¢ uHmezpu-
pyema no Jlebeay, npuuem paree onpedeseHHoii ee unmeepar 1 (@)
cosnadaem ¢ ee unmeepairom I (¢p) 8 HoBom, sebe208CKOM CmbiCae.

JlefAcTBUTENbHO, NYCTh 3aJaHO Mpou3BoJibHoe €& > 0. Tak Kak
GbyHKUUSA @ — ¢, OYEeBHJHO, €-MaJja (B KauyecTBe €-1MOCJeJ0BaTeNbHOCTH
MOXXHO B3§Tb IOCJEA0BaTENbHOCTb HYJEBbIX (PYHKIHH), TO caMa PyHK-
HUA @ MOXKET CAyXHTb AJas cebsa e-npubiuxeHueMm. Orcroga cienyer
HHTerpupyemoctb ¢ no Jlebery. B cuay HepaBenctsa (15.6) umeem
nanee, uyto |I, (p) — I (¢)| < & npu mobom & > 0. I10 H 03HauaerT,

yto I, (9) = I (9).

OTMeTuM ellle, 4TO IOCKOJIbKY cTyneHyarad ¢yHkuua 0 = 0 mo-
XKeT npu Kaxaom € >0 cayKutb e-npubiuxeHueM a1 (GYyHKLIHH,
e-MaJiodl npu JywoboMm g, a I (0) = 0, To ¢pynuxyua f, e-marasa npu aro-
bomn € > 0, unmezpupyema no Jlebezy, npuuem I, (f) = 0.

Hanpuwmep, ¢yukuusa Kanrtopa £ (cm. npumep 15.4), Kak e-manas
npu naobom & > 0, uHterpupyema no Jlebery, u I, (k) = 0. To xe

caMOe MOXXHO CKasaTb W npo pyHkKuuio lupuxie.

ITpumep 15.6. [loxaxeM, 4To QyHKUHSA

f(x)={ |
0 npu x ¢ [0; 1[

HHTerpupyema mno Jlebery, u HaiijeM ee HHTerpaJ.

x npu x € [0; 1f,

1 Cm., H. §l. Buneukun, E. C. Kyuuukas. Matematnueckuii ananus. Beenenue
B aHaiu3. M., 1973, c. 24.
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[Iycte 3anano € > 0. BruiGepem Ha-

1
TypaJjbHOe YHCJIO M Tak, 4to — < &, H
m

pacCMOTPHM  CTyMneHuyaTble  (QYHKUHH
(puc. 22, rpe m = 3):

k—1 k—1 k
——— , €CJH <x<—,

P (x) = m m m
0, ect x ¢ [0; 1

1
—, ecqan x€ [0; 1],
m

=1

P (x) =

0, ecoim x ¢[0; 1)

P |

H NoCJel0BaTeqbHOCTL (P,), rae ¢; =V,
q>n—0npun>2 Tak kak

If(x)—-q>(x)l<t|:(x)=2cpn(x); Zl(cpn)-/ =—<s,

To PyHKUHs f — @ ABAseTCs €-MaJsoH, a @ MO)KET c.nyx{mb g-npHOAHKEeHHEM DYHK-
uuH f. Muterpupyemoctb f f0Ka3aHa.

HmMmeem nanee:
m
k—1 1 1
0= 2 =7 ~om

R=]
[Tostomy, B cuny HepaBeHcTBa (15.3), moayyaeM, YTO NPH BCEX AOCTATOYHO GOMbUIHX
M BBINOJIHSIETCS HepaBeHCTBO

1 1
L) —=+—|<e
L 5 + 2m‘ <
[lepexoas B 3TOM HepaBeHCTBe K Npejesy npu m — oo, noJyyaem:

Ip ()— —

< €,

a 3TO — B CHJIy NPOH3BOJILHOCTH € — O3HauaeT, 4to I; (f) = —2-

6. Ceasb uHTerpana JleGera c¢ uHrerpansom Pumana. ITyctb dyHK-
nust f ompejesnieHa Ha OTpeske la; b]. PaccMOTpHM BCIIOMOTaTe/IbHYI0
byHKuMIO [ TaKylo, 4TO T (x) =f (x) 1a la; bl u f (x) = O Bue la; bl.

K ¢yHKuuu [ npuMEHHMBl ONpejesieHusi IpeiblAyllero nyHKTa. By-
JIeM TOBOPHTb, YTO (GYHKIHS [ unmeepupyema no Jlebecy na ompeske

la; b, ecnu dyuknus f uarerpupyema (Ha Bcem R) mo JleGery. Ilpu
b

9TOM IM0JI0KUM: (L) ﬁf’ (x)dx = I, (/). JloroBopuMcsi B 3TOM IYHKTe
ATISt Pad/IHIHs HHTErpas Pumana ¢yukuuu f mo orpesky la;b] o6o3na-

yaTb Tak: (R)j [ (x)dx.

[Ipumep 15.7. dyukuusa Hupuxse D unterpupyema no Jlebery Ha Jso6oM
b

orpeske [a; b], npuuem (L) f D (x)dx = 0.
a
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B camom pene, pyukuusa D oTiH4YHA OT HyJs (paBHa 1) JHUIb HAa MHOXeCTBe pa-
LHOHAJbHBIX uHces oTpe3Ka [a; b]. Tak Kak 3T0O MHOXECTBO CYeTHO, TO (YHKIHA

D siBssieTcs €-MaJnoi npu jswoboM € > 0, a 3HAUYUT, OHA HHTErpHpyeMa
b

(cM. ¢. 99) u (L) j’D (x) dx = I, (D) = 0.

a

Hrak, dvakuua [Jupuxge, He HHTerpupyemas Ha orpeske no Puma-
HY, OKasbiBaercs, UHTerpupyema no Jlebery. ybenumcs, 4yto obpaTHoe
ABJIEHHE HEBO3MOXHO HH JJ/11 KaKOH (YHKIIHH.

Teopema 15.7. Ecau ¢pynkyus [ unmeepupyema na ompeske la; bl
no Pumarny, mo oHa unmezpupyema Ha 3mom ompeske u no Jlebezy,
npuuem oba unmezpara om [ pasHst.

JloxasaTenabcTBO. BosbMem nmnpousBosibHoe &€ >0, B
CHNYy KpDUTEepHUsl HHTerpupyeMocTH (QyHKUMH No PuMaHy cyuiecTByer
Takoe pa3bueHue o = {X,, Xy, ..., X, } orpe3ka l[a; bl (cM. c. 90), uTo

Z (M, — m,)Ax, < e.
k=1
PaccmoTpuM cTyneHyaTyio QyHKUUIO ¢ TaKywo, 4To @ (X) = m,,
e x,_ L X < X, ¢ (b) = b u ¢ (x) = 0 Bue la; bl. ITokaxem, uTo

dyHKuHa [ — @ sBjasercs e-MajgoH. [lJsi 3TOrO pacCMOTPHM CTYIIEH-
uaTyio QyHKUHIO P TakKywo, yto P (x) = M, — m, npu x € lx,_; xl,
P (b)) = f (b), ¥ (x) =0 Bue la; bl. Ilockomeky mpu x € lx,_ ;x|

—

BHINIOJIHSIETCS cooTHoweHne m, < f (x) < M,, 10 0 § [f(x) —m, <
<M,—m,(k=1, .., n)npu Tex xe x, a 3Hauut, |f (x) — ¢ (x)|
<Y (x) npu Bcex x. A TaK Kak

I () =) (M, —m)Ax, <e,

k=1

TO MoCJeN0oBaTeNbHOCTD (¢, ), Tae ¢, =, ¢, = 0 npu n > 2, asBas-

eTcd &-Mnoc/jiefoBaTe/IbHOCTbIO IJIA f——- ¢, 4eM H JOKa3aHa &€-MaJIOCTh

dyukuud { — ¢@. Hurerpupyemoctb ¢yHkuun [ mno Jlebery Ha la; bl
JOKa3aHa.

Jlsis JoKasaTesibCTBAa PAaBEHCTBA HHTETpaJsioB pacCMOTPHUM ellle Of-
Hy CTyneHuaTylo OGYHKUMIO o Takyoo, uro o (x) =M, mnpu x¢

€lx,_; xl, a () =F (), a(x)=0sne la; bl. Nmeem: )

1(cp)=2mkAxk, I(o) = ZMkAxk, I (@) —1I(p) =
P i

m
k=1
3HayuT, BLIMOJIHAETCA HEPABEHCTBO

I (o) <I(9) + e. (15.7)
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B CHJTYy OlIpE€ne/I€eHHA HHTEerpaJia PuMaHa BHITIOJIHAETCS COOTHOILICHHE:
b

m b m
> m,Ax, <(R) X f(x) dx <E M, A x, nm I (9) < (R) J'f (x) dx<I(o).
k=1 a

k=1 a
3HAuuT,

I@) —e<(R)[f ()dx < I (@) + e (15.8)

C Zpyro#l CTOpOHBI, ¢ SIBASIETCS &-pHOAMKEHHeM A QYHKIHH f.

ITosTomy, corsacHo omnpepeneHuro HHTerpaJsa JleGera, BhINOJHSIETCS
TaKOe COOTHOILIEHHE:

b
I(p) —e << (L) jf x)dx < 1 (9) + e. (15.9)

K3 nepaBenctB (15.8) u (15.9) Haxoaum:
b b
(R){F (e — (L) [F (x| < 2e
npu JmoboM € > 0. OTclona ¥ BeiTeKaeT paBeHCTBO 060HX HHTerpaJios. |
Teopema 15.7 u npumep 15.7 nokasbiBaioT, 4TO KJjacC WHTErpUpY-

€MbIX Ha oTpe3ke no Jlebery ¢byHKUMH 1mupe KJjaacca GyHKUWH, HHTET-
pupyembiXx 1o Pumany.

IIpyn nokasaresnbcTBe Teopembl 15.7 Mbl OGHApYXKHJH, YTO AJSl HH-
Terpupyemodl no Pumany Ha orpeske [a; b] ¢ynkuuu f moxHo nopo-
OpaTb TaKylo CTyrneHuaTyio ¢GyHKUHUIO ¢ (paBHYK HYJIO BHE OTpe3Ka),
yTo QYHKUHA [ — ¢ ABAsieTcs e-MaJiod. IIpH 3ToM «poJib» &-1ocJieoBa-
TeJIbHOCTH /11 [ — ¢ «UrpaeT» ojHA HeOTpHIaTeJNbHAasl CTyneHYaras
¢ynkuusa. Ecan HasBaTbh e-ManbiMu mo Pumany ¢yHKuuMM f, 1151 KOTO-
pbIX MOXHO N0J00paTh HEOTpHULATENbHYIO CTYNEHYaTyi0 (YHKIHIO P
Takylo, 4To |f (x)| < ¥ (¥) npu mobom x, npuuem I (Pp) < e, a 3areMm
O6yKBa/JIbHO NOBTOPHTb TPUHATOE BbIIIE OINpEAeJeHHe HHTerpHpyeMo-
CTH W UHTerpasia (paccMaTpuBas JIMILb TaKHe CTyneHuyaTble (GYHKIIHH,
KOTopble 00palialTcsi B HYJAb BHE pacCMaTpPHBaeMOro OTpe3Ka), TO
IIOJIYUHUTCS TOHATHE HHTETPUPYEMOCTH (M HHTerpasa), paBHOCHJbHOE
onpeaenenuio Pumana. Takum oOpa3oM, onpenenenue Jlebera paciiu-
psieT onpeaeneHue PuMaHa, M3MeHss BCero JiMIlb MOHATHE E-MaJsOCTH
NyTeM PACCMOTPEHHS HE TOJbKO CTyNMeHYaThiX PyHKUHH, HO U UX CYeT-
HbIX CyMM.

7. CpoiictBa MHTerpana Jlebera. YOenumcsi Temepb, 4TO AJs1 HH-
terpaJja Jlebera coxpaHsioTcs BaxkHeHiHe cBolicTBa HHTerpasna Puma-
Ha. Mol Oyznem cHOBa paccMmaTpuBaTh HHTerpas JleGera mo Bcell mps-
MoH, obo3Hauas ero [ (f); uHTerpupyemMocTh OyjleM TaKxkKe BCIOy IO-
HUMaTb KaK HHTerpupyemocth no Jlebery Ha R.

Teopema 15.8. Ecau unmeepupyemas ¢yuxkyus [ e-mara, mo
I ()] < e

HokaszaTteanbcTBo. Tak kKak ¢yHkuus [ e-mana, 10 GyHK-
uuss 0 = 0 saBJasercs ee e-nipubauKeHHeM. A Torja B CHJYy HepaBeH-
ctBa (15.6) umeem: |I ()| =H ) —10)| <¢e. B
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Teopema 15.9. Ecau ¢ynkyua [ unmeepupyema, mo ¢pyuxkyus |f|
mooxe uHmezpupyema.

JlokaszaTeabcTBO. [Iag nobbIX uhcea @ U b UMeeT MeCcTo
nepasenctso || a| — |b|| < la —b|. Tlostomy mas Bcex x € R umeeM:

NF)— e )| < If &) — ¢ (2]

OTcrofa BLITEKAeT, UTO €cJH ¢ SBJAsETCS e-npHOJHKEHHeM and f, ToO
| @| aBnsiercs e-npubauxkenueM a4 | f|. TTostomy |f| Toxxe nnterpupy-

emasd GyHKUHA. |

Teopema 15.10. Ecau qbymcquu fo (B =1, ..., n) unmeepupyemo. u
A, € R, mo pynxyusa f = kfk uHmeepupyema, npuqem
-
I (f) = 2 AL, ) (15. 10)
k=1

HoxasaTeabcTBo. Ilonmoxum A= Y [A] ¥ s3anangum
k=1
© © 8
g > 0. ¥ kaxnoi u3 GyHKUMH f, ecTb R—-npué.nmxeﬂne ¢,. IloJo-

e o
M @ = Y A ¢,. Tak xak ¢yukuusa f, — @, sABAsercs - -MaJoff, a

k=1
Silg- e
f—(P‘:z}kak 2}“;;(9;3 =2}“k(fk_cpk)’
k=l k=1 k=1

TO, no TeopeMme 15.3, dbyHKuUA f — ¢ sBAsAercs e-manoi. OyHKUHA @
CTyrieHyaTa KakK JiHHefiHas KOMOMHAUUs CTynmeHYaThiX GYHKIH.
3uauut, GyHkuua f npu awoboMm &€ > 0 umeer e-npubIHKEHHE ¢ U MO-
TOMy HHTerpupyema. [Ipu 3TOM HMEIOT MECTO HepaBEHCTBA:

I () —1 cp)l < e, (15.11)

I (fr) — 1 (9,)] < (k =1, n). (15.12)
M3 nepaBenctBa (15.12) caenyer, lI’I‘O

S A1) — ST ()
g;kk %k )

Sl G —T@) | < %] 7 =& (15 .13)
k=1 k=1

Ho nnsa crynenuateix ¢yHKUHH HMeeM:

I(g) =1 (2 A, cpk) = 2 A, I ().
Py =1

S

n

=, (0 () — @) <
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3HauuT, B CHJY HEpABEHCTB
(15.11) u (15.13),

k=1

<ll(f)—

—
—

| n
—mw+km—2mum
k=1

n

2-}"/; I ((Pk) —

k=1

<e+te=2e.

__l_

T 2 My I(fk)
k=1

B cuay npousBoabHocTH & > 0,
OTCIOJla U BBITEKAeT J0Ka3biBae-
Moe cooTHolueHue. i

B Teopuu uHTerpaja JlebGera, a Takxke B NPAKTHUKE €ro BLIUHCJIE-

HHSI Ba)KHYIO pPOJib HTpaloT TaK Ha3blBaeMble Cpe3kH ¢yHKuuH. [JosHa-
KOMHMCS C HHMH.

dyukuus f,,, (m < 0 < n) Takas, yro (puc. 23)

[ (x), ecnu m L fx)n,
fmn (X) = ym, ecau [ (x) <m,
n, ecau f (x) > n,

Ha3bBaeTcsl (m, n) - cpesxkoti GyHKUUHU [, a GYHKIHH

(T (), ecan | (x) <, (), ecan [ ()>m,
oo ) “ln, ecan f(x) >n s () = {m, eca [ (x) <m

(m < 0 < 1) Ha3bIBAIOTCA COOTBETCTBEHHO CpPE3KaMU C8epXy W CHU3Y
byHKIUH [

PaccmotpuM 1Be GyHKUMH [ U g U UX cpe3KH f,,, U g,.,. Ecinm <
ST 8 m<gE) < n, 10 frp () =F () gon () =g ()
Ecn f (x) > n,am < g x) < n, 1o

[Frmn (¥) — &ma W) = |n—g ()| <|f (¥)—g (1)].
Pa36upas Bce ocTajbHble cjaydyaH (B TOM 4YHCJE U CAy4YyaH m = -—0o

HJIH 1 = 00), NPUXOAUM K BBIBOAY, YTO 1/ JIOObIX CPe30K BHINOJ-
HAeTCSi HepaBeHCTBO

[Fn () — @ ) < I () — g ()] (x €R). (15.14)

M3 3TOro HepaBeHCTBA HENOCPEJCTBEHHO BHITEKAET, YTO ecAuU CHy-
nendamas QYHKYUAL ¢ 843emca  e-npubaiuxceruem 0a8 Qynkyuu f,
mo cmynenwamas Qyukyui ¢, (m < 0 << n, a TakkKe m = —oo HJH
n = oo) 6ydem e-npubausc>ruem 022 f, .. Ho B Takom ciryuae cnpasen-
JUBa cjaeaypollias Teopema:

Teopema 15.11. Ecau ¢yuxkyuia unmeepupyema, mo u aobas ee
cpeska uumeepypyema.

=Pm—u@

Puc. 23
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Teopema 15.12. Ecau 6ce 3Hauenus unHmeepupyemoli pynxyuu [
uru npuradaexcam ompesky [m; nl, ede m < 0 < n, uau Henoroxcu-
MenbHbl, UL HeompuyameavHol, mo npu arobom € > 0 y amoid pynkyuu
umeemcs e-npubauceHue, obaadaroiiee mem xHe C80UCMBOM.

JlokxasaTteabcTBo. Tak Kak, B cuay ycaosus, f=f, ,
To 1715 Jio6oro e-npubauxeHus ¢ GyHKuuM [ cryneHyartas QyHKUUS
©n, U Oyner uckombiM e-npubauxkenueM. |l

Teopema 15.13. Ecau dynkyus [ unmeepupyema u rHeompuyamens-
Ha, mo I (f) > 0.

HJokasateabcTBo. Jas moboro ¢ >0 ¢pyukuusa f umeer
HeoTpHLaTesJbHOE &-NpubaHIKeHHe ¢. Tak Kak 1/15 HeoTpULaTeJbHbIX
CTyneHYaThlX GYHKUHMH NOKa3biBaeMoe HEpPaBEHCTBO BEpPHO, TO, B CHJY
HepaBeHcTBa (15.D),

I'h=21(@)—e>=—c¢e,

OTKyaa, OJsarojapsi MPOM3BOJBLHOCTH €, U BbITEKaeT JOKa3hIBaeMoe
HepaBeHCTBO. 1}

M3 Teopem 15.10 u 15.13 cnenyer, oueBHIHO, CIPABEAJIHBOCTL Cile-
LYIOULero CBOHCTBA:

Teopema 15.14. Ecau [ u g unmeepupyemot, npuuen [ (x) < g (x)
npu ecex x, mo I (f) < I (g).

Teopema 15.15. Echu QyHKkyus [ unmezpupyema u ¢ — ee e-npu-
baudcerue, mo ynkyus |f — @| unmeepupyema, npuyem

0L I(f—o)Ke

JlokasateabcTBoO. DyHkuusa |f— ¢@| HHTerpupyema B
cuay teopeMm 15.9 u 15.10. Ilpu 3ToM, NMOCKOJIBKY OHa €-MmaJja, TO ee
HHTerpaJs He NpeBoCXOAuT € B cuay TeopeMul 15.8. |1}

Teopema 15.16. Ecau ¢pynkyus [ HeompuyameavHa, npu4em
I (f) <e, mo ama ¢pynxyusa (e + 0)-masra npu awbom & > 0.

HokasaTeanbcTBo. O603HauuM uyepe3 ¢ HeOTPHLATEJbHOE

g—-npnéﬂumenne ¢yHkuuH f (cM. Teopemy 15.12). Torpa dyukuusa f — ¢

6 o )
ABNACTCH  —--MaJoil M MOTOMY HMEeT —--M0C/Ie/l0BATENIbHOCTE (9, ).

PaccmoTpuM mocsienoBatesnibHOCTh (P, ), TIAe ¥, = @, P, = @,_, NpH
O

n > 2. B kaxno#l Touke CXoIUMOCTH psfa Y, HMeeM:

n=1

[T I< o+ 1 x)— ()] <o)+ ffpn (x)=§ll>n (x). (15.15)
/

n=1

[Ipy 3TOM NOCKOJBKY | @ (X)] < | x)l + |9 (x) —f (x)l pU BceX
4y

X, To no teopemam 15.10, 15.1 15.1

L@ <ITM+1(1e—f) <e+ .
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[TosTomy

YW, =1+ Y1, <e+ 8. (15.16)

n=\ n=1

HepagenctBa (15.15) u (15.16) nokaswiBatot, uto (Y,) sABasercsa (6
-+ €)-mocsieloBaTeNbHOCTEI0 PYHKIHH f, UTO M JoKa3biBaeT (8 - ¢&)-
MmaJiocTh [.JJ}

Teopema 15.17. Ecau |f (x)] < g (x) npu scex x u I (g) =0, mo
pyuxyus [ unmeepupyema u I (f) = 0.

IHokasateabcTBO. B cuay rteopembl 15.16 dyHkuusa g
IBJISIeTCA €-MaJioil npu Jiobom & > 0. Ho Ttorpa (cm. Teopemy 15.2)
e-mMajia U GyHkuua f. A 3Hauut, ¢yHkuusa O = 0 sBasercd e-npu-
onukeHnueM s f npu Bcex € > 0. Ilostomy f uHTerpupyema, npuyem
(cM. Teopemy 15.8) |1 (f)| < € npu mwobom € >0, 1. e. I (f) = 0.1

Haxkonen, pokaxkem TeopeMy 00 HHTErPUPYEMOCTH IPOHU3BEAEHHUS.

Teopema 15.18. [Iycmo pynkyuu f, u [, unmeepupyemor u Qyrx-
uus f, oepanutena no mooyaro uucsom M,. Toeda pynxyusn fif, urnme-
epupyema, npusen |1 (ffy) | < Mol (1))

HJoxkxasarteabcTtBo. Ilo ycinoBuio cyuecrByer takoe M,,

YyTO MJIS1 BCeX X UMeeM: |[, (x)| < M,. aganum € > 0 u HanjeM

2
npubaHKeHHe @, A4 f,. Tak Kak cryneHuaras ¢yHKUUSA ¢, OrpaHHue-

Ha, TO Hailjercd Takoe M,, uto |¢; (x)| < M; m1a Bcex x. Bosbmem
-TipUGIHKEHHE @, 1751 [,. [Tokaxem, uTo cTyneHyaTas (yHKIUHs

1
@, SABJsETCS e-MpHOIHKEeHHeM Aaf f,f,.

B camowm nene, nns awoboro x umeem:

|f1 (X)f2 (X)) — @y (X)@y (x)] = | f1 (Of s () — @y (X)f5 (x) +
+ @3 (X)f5 (X) — @1 ()2 ()| < |2 ()] - 11 (0) — @1 ()|
+ 1@y ()] - 1f2 (X) — @ (%)].

Tak KaKk [ ()| < My u | fo (x)] < M, 10
I f1 (f2 () — @y ()@ ()] < Molfy (X) — @y (X)] 4+ My [f5 (X)—@a(x)].

€ e
ITockonbky M, - e -+ M - o e, T0, 1o TeopeMaM 15.2 u 15.3,

Qo SABJSETCS e-NPHOJIHKEHHEM IS fyf,.
Mbl 10KasaJjid, 4To QyHKUHUA f,f, UMeeT e-npHOIHKEHHe 1/ J1060-
ro ¢ > 0. IloaToMy oHa uHTEerpupyema. Y KasaHHoe B TeopeMe Hepa-

BEHCTBO BBITEKAeT U3 HepaBeHCTBA |f; (x)fy (x) | < M, [, (x)| u Teopem
15.10 u 15.14. 110

BOITPOCHI OJIs1 CAMOITPOBEPKH

1. Harfite onpeznenenue unterpana Pumana. [IpuBeaure npumMepsl HHTErpHPyEeMRIX
H HeHHTerpupyembix no Pumany ¢yHKuuH.

2. Jlaiite onpenenienre cryneHyatoil gpyHkuud. IlpuBeaute npumep TakoH QyHK-
MM, MOCTpOiiTe ee rpadHk.
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3. MOXHO MM YyTBepXkJaTb, YTO CyMMa CYETHOH COBOKYMHOCTH CTYyMEeHYaThIX
¢byHKUM# cTymeHYaTa?

4. Jlaiite onpepeneHue e-manoil dyHkuuH. [IpuBeaute npumep e-manoil GyHKUKH
npu &= l.

5. Haiite omnpeleneHue e-npHOMHKEHHS OQYHKIUHH. YKaxKHTe Kakoe-HHOyIb
g-npubauxenre npu € = 0,1 ansa dyukuuu f Takoit, yto f (x) = 2 mpu 0 Cx L 1w
f (x) = 0 Bue [0; 1].

6. M3 Kakux unces COCTOSAT MHOXKeCTBA Xy H Y ;? YKaxute X0Ts Obl MO OJIHOMY
YHCJy M3 3THX MHOXKeCTB AJasl GYHKUHUH f, YKa3aHHOH B NpeablylieM Bonpoce.

7. Kakas ¢yukuusi Ha3piBaeTcss HHTerpupyemoi no Jle6ery na R? Kaxoe uucio
Ha3bIBaeTCSl €€ HHTEerpaJom?

8. Kakasi pyHkuMs1 Ha3biBaeTcsl HHTerpupyemMoi no Jlebery Ha orpeske? MoxHo
JIM YKa3aTb (PyHKIHIO, HHTETPHPYEMYIO Ha OTpe3Ke 1o PuMaHy, HO He HHTerpHpyeMylO

no JleGery? MoKHO JM yKasaTb GQyHKLHIO, HHTErpHPYEMYIO Ha oTpe3ke mno Jlebery,
HO He HHTerpupyemyio no Pumany?

9. Kakue u3 cBoiicTB uHTerpaJa Jlebera, 1oKa3aHHbIX B NyHKTe 7, ObIJIH JOKa3a-
Hbl B Kypce HHTErpaJIbHOrO HCYMCJEHHS AJs1 MHTerpasna Pumana?

10. Uto Ha3wiBaetcs (m, n)-cpe3koil dynkuuu? IToctpoiite rpaduku cpesok f,,,
ans byHkuuH f(x) = x2— 4 npu: a)y m=n=2; 6) m=n=>5; B) m = —oo,
n =4

11. [lafiTe noJiHOe N0OKAa3aTeJbCTBO HepaBeHCTBA (15.14).

12. UTo MOXHO cKa3aTb 00 MHTErpHPYEMOCTH CpPe30K HHTerpupyeMoil ¢hyHKLUHHU?

YITPA)KHEHMUM/I!
§ 12. Ne 1, 2, 10, 14, 19 (nosnoxuts E = R).

§ 16. NPEJAEJIbHBIA MEPEXOJ] MOJA 3HAKOM UHTEIPAJIA JIEBETA

1. UHTerpupoBanue cxoasimiuxcs no JlebGery nocienoBaTesibHOCTEH
¢yHkuuid. [lokasaHHble Bbillle CBOHCTBA UHTerpaJsa Jlebera B OCHOBHOM
aHaJIOTHUHBl COOTBETCTBYIOLIUM CBOHCTBAM HHTerpasia Pumana. Ceii-
yac Mbl H3YYHM BOIIPOC O NpeneJbHOM Nepexoje Noj 3HAaKOM HHTerpaJa
JleGera. HanomMHuM, 4TO TakoH mepexoj B cjaydae HHTerpaJsa Pumana
BO3MOZKEH JIMLIb TPH BeCbMa KECTKUX OrpPaHUYUTENBHBIX MPEAnoJo-
KEHUSX.

Hasosem nocnenoBatenbHocTb GyHKuui (f,) cxodaujetica no Jlebe-
ey K GyHKUMM [, ecnu pasa awoboro € > 0 Halijerca Takoe M, uTo npu
Bcex n > M ¢yHkuua [ — f, sBAsieTcsl €-MaJioH.

Teopema 16.1. Ecau ¢ynxyuu [, (n € N) unmeepupyemet (no Jlebe-
ey) u nocaedosameavrocmsd (f,) cxodumces no Jlebeey k ¢ynxyuu f, mo
pynkyus [ unmeepupyema, npuiem

I (fy =1limI (f,). (16.1)
n—»oo

HoxasaTteabcTBo. 3agaaum ¢ > 0. I[To ycjoBuO Hakger-

csl TaKoe p, YTO QyHKuMs f — f, ABasieTcs e-Manol. Tak Kak GyHKUuA

e
[, iHTErpHpYyeMa, TO y Hee €CTb ?-npuénu}xeﬂue ¢,- [lockonbky GyHK-

1 B sanaunnke NpuHsTa HHas TPAKTOBKA HHTerpaJja JleGera. [Tostomy npu petue-

HMH YKa3aHHBIX 33Jay CJeAyeT ONMPaThCsl Ha COOTBETCTBYIOUIMH TEOpPETHUECKHH Ma-
TepHaJ M PacCMOTPEHHBbIe NMPUMEpPLI B 3TOH KHHUTeE.
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e
uHd f — f, u [, — ¢, ABAsIOTCS - “MJbIMH, TO, B CHJy TeOpeMbl 15.3,

dynxuus f — e, = (f —f,) + (f, — ¢,) Oyner e-manoii. Ho Toraa
cTyneHuarass QYHKUMsS ¢, SIBJSETCS €-NPUOMHKEHHeM OGYHKUHH .

Takum ob6pasom, anas Jwboro &€ > 0 cyuiecTByer &-npuOIHKEHHE
¢, yHKUHH [, ¥ MOTOMY 3Ta QyHKUMA HHTErpupyema. [lasee, no ycJo-
BHIO, AJs Joboro € > 0 Ha#jerca Takoe M, uto npu n > M dyHKUuSA
[ — [, e-mana. Ho torna no teopeme 15.8 npu n > M BbinosHsercs
HepaBeHcTBO |/ (f — f,)] < &, a 3HauuT (cM. Teopemy 15.10), u He-
pPaBeHCTBO

11(H—1(f,) <e. (16.2)

HUrak, pnsi moboro € > 0 cywecrByer Takoe M, uto npu n > M BhI-
nosHsiercss HepaBeHcTBO (16.2). 310 W 3HAuMT, YTO CnpaBeiJUBO pa-
BeHcTBo (16.1).JH

He Bcerja snerko npoBepuTh, CXOIUTCSA JIH NOCAERA0BATENBHOCTS (f,)
K [ no Jlebery. Huxke Mbl nagum OoJsiee MpPOCThI€ YCJAOBHUS BbINOJHEHHUS
paBencrBa (16.1).

2. UHTerpupoBanve (PyHKLUHOHAJbHBIX PAJOB H TNOCJEJOBATEJbHO-
CTell, CXOASALIMXCA B KaXJaou Touke. [[okaxkeM BHauase OIHO BCIIOMO-
raTejibHOe yTRepXKIEHHE.

Jlemma 16.1. ITycme ¢dynxyus [ — cymma cxodsweeocs Ha R psada

Z [, cocmasrennoeo us unmeepupyemoix pyrkyutl, npuvem ¥ I(| [, )<
n=1 n=|\

< e. Toeda ¢pynkyus [ sersemcsa (e -+ 8)-marod npu arwbom 6 > 0.
JlokasarteabcTBo. O6o3nauuMm [ (|f,|) uepes ¢,, Torna

oC

Y e <e. Ilo teopeme 15.16 ¢yukuus f, aBasercs (en -+ 2—6,;) - MaJIOH.
n=1

Ho Torpa u |f, | o6nanaer TakuMm xe cBoiicTBoM. Tak Kak

i(%—kf;) =§len+ ;—26—,,<8+6,

n==|

10 dyukuua f= Y. f., B cuay Teopemnl 15.3, 6yzer (e -+ 8)-mana. |}
n=1

Teopema 16.2. [Tycmo ¢yuxkyun [ — cymma cxodawezocs Ha R

oo
pada Y. f,, cocmasrennozo us unmezpupyemoix yHKLULL, NPUEM HUCAO-

n=s

goti psad ¥, I (f,)| cxodumcs. Tozda pynkyus [ unmeepupyema, npusen
n=|\

1) = X1,).
nw=}
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IJokasaTteabcTBoO. 3agagum & > 0. Hafinerca Takoe uyuc-
Jo M, uro npu n > M BbInosHsieTcsl HepaBEHCTBO

o0

I(1f, 1)< %

k=n-}1

Torpa u3s nemmsl 16.1 cnenyer, uto ¢yHkuus r,= Y f, aBasercs

k=n+l1
g-Masioil. 3HauuT, AJs jmoboro & > 0 Haijerca takoe M, yTO 1pH

n

n>M oyukuus r,=f—s,, rae s,= Y.f, e-mana. [Tostomy mo0-
k=1

c/eoBaTe1bHOCTh QYHKUME (S,) cxoautca no Jlebery K ¢yukuuu f.

[Ipu sTom pyHKUMH S, HHTErpupyemnl B cuay teopemnl 15.10. Ho Tor-

13, B CHJIY TEOPEMBI 16. I, pynkuus f unrerpupyema u I (f) = lim I (s,).

n—o0o

A Tak Kak (cM. Teopemy 15.10) 1 (s,) Z I(f,),

I(f) = lim Ifk Zl(fk

1 —>o0

k= k=1

1
[Tpuwmep 16.1. [lokaxeM, uto bynkuus f, paBHas ; Ha HHTepBasax (ux

Ha3blBalOT HHTEPBANAMH n-ro paHra), ylansieMblX U3 OTpe3Ka Ha n-M liare NOCTPOEHH S
mHoxecTBa Kanrtopa, u paBHas O npH OCTa/lbHBIX X, HHTETPUpYyeMa, W HaliieM ee HH-
Terpas.

O6Go3nauum uepe3 A, o6besHHeHHe BceX (uX 2%—1) uuTepBasioB n-ro paHra u pac-
CMOTPHM (YHKIHIO

1
— npu xC A,
fo () = | 27 TP X € An
O npu x¢A,.
o crynenuyaras GyHKUHSA, a 3HaYHT, OHA HHTErpHpyeMa, npHyYeM (IOCKONbLKY AJHHA

OJAHOr0O HHTEpBaJa n-ro paHra paBHa 3%

1

1]
(fﬂ)— 2 '571 2.3n°

o0

Tak wak psan zfn CXOJIHMTCS Ha Bceil YHCJIOBOM OCH, a [ sBAsieTCs €ro CYMMO#, TO B

n=|
cu/y 1eopeMmbl 16.2 pyHkuus f uHTErpupyema, npuuem

< 11
I(f)—zl(f %—;—1—.

n==|
Teopema 16.3. [lycme dynrxyus s — npedea cxodselica 8 xkantdod
mouke 4ucao80l ocu nocaedoBamenbHoOCmuU HeoOmpPuUlLAmeAbHbolX UHMes

to|»—-
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epupyemoix pynkyuil (s,), npusem nocaedosamessvrocme (I(s,)) maxoce
cxooumcsa. Toeda s unmezpupyema, npudem I (s) = lim I (s,).

n— oo

JJokasaTteanbcTBO. PyHKUHUA S,— n-i1 YacTHYHasg CyMMa

psfa an» rief,=s, f,=s,—s,_,npun > 2. Tak kak Y, |/ (f,)] =

n=I1 k=1

n

=I1{ Y[, |=1(,), o[ sBasercsi cymmoii psifa, yIOBJIETBOPSIOLIETO
k=1

BCeM YCJOBUAM TeopeMbl 16.2. 3Hauut, [ MHTErpupyema, mnpuyeMm

()= Y 1(f) =lim ;](fk)=’lliinoo] ;lfk = lim/(s,). W

n—=> o0 n—=»oo

=]

Teopema 16.3 mo3BossieT yCTAaHOBHUTb BaXKHYIO JJI$ NPAKTHUECKHX
[esiefl 3aBUCHMOCTb MEXKJY MHTErpaJjioM oT GyHKUWH U HUHTEerpajaMu oOT
ee CpesoK.

3. CBs3p HHTerpaja otT GyHKUHH C UHTerpajamMu OT ee Cpe3OK.

Teopema 16.4. [aa moeo umobor HeompuyamenrvHaa (Gyukyus |
boira unmezpupyema, Heobxo0umo u 0docmamouro, 4mobsl boiau urmee-
pupyemot ee cpesku fo, npu awbom n € N u cxodurace nocaedosamens-
nocmo (I (fy,)). B amom cayuae

I(f)=1lim I (fo,). (16.3)
n-—»oo

JlokKasaTeJabCTBO. 3aMeTHM BHauajue, YyTo NpH JOOOM X
HalileTcsl TaKoe HaTypaJbHoe uucao M, Kotopoe npeBocxonut f (x), a
noroMy fo,(x) = [ (x) npu n- > M. IT0 0O3HAYAET, YTO NOC/ELOBATE/ b-
HOCTb (fo, (X)) cxomutcs K f (x) npu moboM x. OTMETHM ellle OfHO oye-
BHJ(HOE CBOHCTBO cpe3okK: fo, (¥) < [, (X) mpu moboM x, T. €. nocJe-
noBaresbHOCTh (f,,) HeyObIBaoIias.

[Tycth Tenepb HaM M3BeCTHO, 4To [ MHTerpupyeMa. Torma, B cuay
Teopemnl 15.11, ee cpesku f,, unrerpupyemnl. Tak kak f,, (x) < f(x)
npu Jio6om x, To (cM. Teopemy 15.14) I (f,,) < I (), T. e. mocaeno-
BaresibHocTb (I (f,,)) orpaHnueHa cBepxy. M3 MoHoTOHHOCTH moc/€n0-
BaTeJIbHOCTH CPEe30K BbITEKAeT MOHOTOHHOCTb IIOCJ/I€NOBATENbHOCTH
(I (f,,)). 3Hauur, 3Ta Mocae10BATENbHOCTb CXOAHTCH.

Mb J0Ka3zaau HeoOXONMMOCTb ycJoBHH TeopeMmbl. MIx nocrarou-
HOCTb HENOCpPEeICTBEHHO BbITeKaeT H3 TeopeMbl 16.3, oTkyna oxHOBpe-
MEHHO cJieflyeT u cnpaBeainBocTb paBeHcTBa (16.3). 1M

Hapsany ¢ usyueHHHIMH HaMH cpe3kaMu f,, (CPe3KH «CBEpXY»

H «CHH3Yy») MOXHO BBECTH B PaCCMOTPEHHE U CPE3KH APYroro THmna (Kak
Obl «CIIpaBa» U «CJeBa»):

fo(x) = {f (x), ecnn |x]| < n,

0, ecau |x| > n.

M3yuuB cBoicTBa 3THX Cpe30K (OHM aHaJIOTHYHBI CBOHCTBAM CpPE30K
fmn), AJST HUX MOXHO MOJYYHTL CJENYIOUHH aHajor TeopeMbl 16.4:
Teopema 16.5. [[as moeo umober HeompuyamearvHas ¢yukyus f
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GoLaa unmezpupyema, Heobxodumo u docmamodHo, 4mober bviau uHmee-
pupyemot ee cpesxu f, npu aobom n € N u cxodurace nocaedosamens-
nocme (I (f,)). [Ipu amom

I'(fy=1limI(f,).

n-—oo
Teopembr 16.4 u 16.5 BepHB!, OYEBHAHO, H JJsI HUHTErpajoB Mo OT-
peskaM. OHH TO3BOJIAAIOT CBECTH BBIYHC/IEHHE HHTerpaja OT Heorpa-
HHYeHHOH (PYHKUMH K HHTErpajiaM OT OrpaHHYeHHbIX QYHKUHMH HJIH HH-

Terpa/oB 1o Bcemy R K uHTerpaidam no orpeskam. PaccmoTpuM Ha
npuMepax, Kak 5TO JeJsaercs.

[Mpumep 16.2. [NokaxeMm, uto pyHkuus f Takas, 4to fO=0uf(x)=3—
X
npu x = 0, uHTErpupyemMa Ha OTpe3Ke [—1; 8], u naiizeM ee uHTerpaJ.
OVHKUHS PHHHMAaeT 3HaYeHHS pPas3HbiX 3HaKoB. [To3ToMy HenmocpeacTBEHHO BOC-
O/1b30BAThCS 10KA3aHHLIMH TeopeMaMH Henb3sl. [IpeacTaBum f B BHJe Pa3HOCTH ABYX
HeoTpHIATeNbHbIX GyHKUHi f = [+ — f~, rae

- _ [ F(x), ecmn f(x) =0, _ ) —1f(x) ecm f(x) <O,
f(x) { 0, ecant f(x) <O. =& { 0, ecau f(x) > 0.

dyukuMs f+ 3ajaHa Ha OrPaHHUEHHOM MHOXKeCTBe, HO OHa HeorpaHHyeHHas. Pac-
CMOTPHM €€ Cpe3KH:

: 0 I
n npH <x<’;3-,

43 ! npu_l;<x<8,
Ve oo
(0 mpn — 1 < x 0.

OtH GyHKUUH HA paccMAaTpHBAaeMOM OTpe3Ke HHTerpupyemnl no PuMmaHy (Kak umero-
M€ KOHEYHOe YHCJO TOYeK pa3phiBa), MpHUeM

f (x) =

8 1/n3 8
n dx 1
Svf()n(x)dx= S‘ndx—i— 5‘3 — =0 —
Y x 2n?
—1 0 1/n?

[To Teopeme 16.4 nonyyaeM, uto f+ wuHTerpupyeMa Ha paccMaTpHBaeMOM OTpe3Ke,
npHYeM
8

F(de=1lim [g_ L\ —&.
n-»o0 2n?
—1
Ananoruyso y6expaeMcs, uto GyHKUHS [~ TakxkKe HHTeTpHPYyeMa H ee HHTerpadf
Mo paccMaTpHBaEMOMY OTPe3KY paBeH - Torza f uHTerpupyeMa Kak pasHOCTb HH-

TErpHpyeMblX QyHKUHH, H
8

8 8
S‘f(x)dX= Yf*‘(x)dx— Yf‘(x)dx:%,
—1 p .

—1 —1

[Tpumep 16.3. [lokaxkem, uro pyukuus [ (x) = HHTerpupyeMa Ha R,

14 x2
H HaiijJleM ee HHTerpasl.
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PaccMoTpuM «GOKOBY1O» cpe3Ky f,. OHa uHTerpupyema no Pumany Ha [—n; n],
npuyeMm

o0 n
Y fn (x) dx = g—di— = 2 arctgn.
. J 14«2

—_— 00 ——nN

M3 teopemsl 16.5 Toraa BhiTekaer, uTo f HHTerpupyemMa Ha R

n—>oo

Xf(x) dx =2 lim arctgn = .

3ameTuM, uto no PumMaHy (yHKUHUH U3 PacCMOTPEHHBLIX NMPHMEpOB
MPOUHTErPHPOBATL HeNb3sl. PaHbllie NPH HX HHTErPHPOBAHHM MBI NpH-
Geraau K oco6oMy MoHATHIO, o0oOuiaroueMy noHsATHe uHrerpana Puma-
Ha, — HecoOCTBeHHOMY HHTerpanay. Ilpu uHTerpupoBanun no Jlebery,
KaK BHJIHM, B 9TOM HE BO3HHKAeT HEOOXOAUMOCTH.

BOITPOCHI OJid CAMOITPOBEPKH

1. UTto o3nauaeT ¢pasa «nocjenoBaTenbHOCTh QyHKUMH (f,) cXonuTes K GyHKIUHH
f no JleGery»?

2. ChopMysupyiHTe AOCTATOYHOE YCJIOBHE, MO3BOJISIIOILEE HHTErPHPOBATHL (PYyHK-
LLHOHAJIbHbIE  PSbL.

3. Ilpu kakux ycaousix I (lim f,) = lim I (f,)?
n—-»oo n—-»oo
4. Tlpu KakuX YyCJOBHSAX BhIMOJHSETCs: paBeHcTBO (16.3)?

5. Haiite onpenenenue «60KOBHIX» cpe3ok ¢yHKUHH. [locTpoiiTe rpaduk cpesku
f, ipp n = 4 nas dyukununu f (x) = x%

6. Kakas cyulecTByeT 3aBUCHMOCTb MeXJy HHTErpajoM OT QYHKIHH H HHTerpa-
JlaMH OT ee «GOKOBBIX» CPe3OK?

VIIPA)KHEHUS
§ 12. Ne 24, 26, 36—38.

§ 17. MEPA JIEBETA

1. Mepa JleGera u ee cBoiictBa. J[linHa orpe3ka A ocu abelmce
YHCJIEHHO paBHa MJIOILAAH [OCTPOEHHOTO Ha HEM MPSAMOYIOJIbHHKA Bbl-
COThI, paBHOH 1, T. €. HHTerpajay Or QyHKILHH

%) ={0 upu ¥ ¢ o
[To anajoruu HasoBeM UHCJOBOE MHOXKeCTBO E u3mepumovim 1o Jlebery,
ecyin PyHKLUUA

te )= 4 200 £ €
uHTerpupyema no Jlebery. Takyio pynkumuio X, OyneMm HasbiBaTh xa-
paxmepucmuueckoll pynkyued mroxcecmea E. Yucno I (Xg) HasopeM
mepoti JleGera mHoxkectBa E u o6osHauuMm | E|.
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[Tpumep 17.1. Panee (cMm. c. 99) 6b10 nokasano, uro dynruusa Hupuxge
HHTerpHpyeMa, MpHUYeM HUHTerpaJ/ OT Hee paBeH HYJI0. Dta QyHKUHUSA SIBJASETCS Xapak-
TEPUCTHYECKOH IJISI MHOXeCTBA p-aALlMOHAJNBHBIX YHces (paBHA elJHHHLE AJS pallHo-
HaJIbHBIX YHCEJ H HYJIO I/ OCTaJdbHbIX). 3HAYHT, MHOXKECTBO PAaLHOHAJbIIBIX YHCEJ

H3MepuUMo, npuyeMm ero Mepa JleGera paBHa Hyqio: | Q] = O.
TouHo Tak ke MOKHO yGeAuTbCSI, YTO HU3MEPHMO H MHOXeCTBO QA pauHOHAa/b-
HBIX yHceJs Jjo6oro otpe3ka A, npuuem |Qa| = 0.

[Tpumep 17.2. Pdyukuus Kanropa k& (cM. npumep 15.4) — xapakTepuCTH-
yecKasi (yHKLUHSI KaHTOpoBa TpouuHoro MHoxecTtBa Fo. Tak Kak k uHTerpupyema u
I (k) = 0, To MHOXecTBO Fo u3MepuMo, nipuyeM |Fo| = 0.

[Tockonbky Mepa MHOXecTBa — OOOOLLEHHE TIOHATHS JJHHBI OTpe3-
Ka, TO €CTECTBEHHO OXHJaTb, YTO Mepa obsafaeT Ba)KHEHIIHMH CBOM-
CTBAMH JUTHHBLI. YOequMcsl, UTO 3TO JEeHCTBHTEbHO TaK.

Teopema 17.1. Mepa a106020 usmepumozo mroxHecmea Heompuya-
meabHa.

JlokasaTeanbCcTBO. Tak Kak Xapakrepuctuueckasi (pyHK-
LHs Xg H3MEPUMOro MHoOXec®¥Ba E HHTerpupyeMa H HeOTpPHLATENbHA,
TO, B cHay TeopeMmbl 15.13, umeem: |E|= I (X;) > 0.1

Teopema 17.2 (cBOHCTBO MOHOTOHHOCTH Mephl). Ecau muosmecmea
A u B usmepumot v A < B, mo | A] < | Bl.

JlokasatenbcTBO. Tak kak A < B, 10 ¥, (x) < X5 (¥)
npH JitoOOM X, a B TAKOM CJyyae CIpaBelJMBOCTb HAaHIero YTBePKAEHHS
BhiITeKaeT U3 TeopeMbl 15.14.J1}

Teopema 17.3 (cBOHCTBO amAMTHBHOCTH Mepbl). Ecau muomcecmsa
E,, ..., E, uamepumbl u nonapro He nepecekaromcs, mo u ux obvedume-
Hue E usmepumo, npuuem

kngk - E | £ l

k=1

JHokasateabcTBo. O6o3nauum uepes ¥, ..., X, Xapakre-
pHcTHueckHe PyHKUUM MHOxecTB Ey, ..., E,. Ilo ycaoBuio 31u QyHK-
LHHY UHTErpupyemMbl. 3HAYUT, UHTETrpHPYEMa U CyMMa 3THUX QYHKIHUHA X.
Ho muoxectsa E, (k = 1, ..., n) nonapHo He nepecekawTcsi. [losTomy
X(x)=1npux € EuX(x) =0npux ¢ E, 7. e. yHKUUA X ABJIAET-
Cfl XapaKTepucTHueckoi aas MHoxecTtBa E. Mamepumoctb E jokasana.
OpHoBpeMeHHO W3 TeopeMbl 15.10 BhITEKZET, UTO

n

|E|=I(X)=il(xk)= YIE| |

k=1 k=l

Teopema 17.3 Moxer ObIThb 0000UieHa W Ha CJYy4Yad CUETHOH COBO-
KYIHOCTH MHOKECTB.

Teopema 17.4 (CBOHCTBO CYETHOH afAMTUBHOCTH Mephnl). Ecau mHo-
scecmea E, (n € N) nonapno He nepecexaromcs u usmepumst, a pso

o oo
Y |E, | cxodumca, mo mnooxecmeo E = \JE, makouce u3mepumo,

n=\
n=|
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nputem

E] = Y|E, |

n=1

JlokaszatTeabcTBoO. PaccMoTpuM GyHKUHOHAMBHBIH —psaf

oo

2 Xn» TAE X,— XapakKTepucTHueckasi (yHKUHS MHOXectBa E, .

n=1|

[Tycts x € E. Tak kak MHoxectBa E, (n€N) nonapHo He nepecekaror-

csl, TO HaHJercs, H NPUTOM €JIMHCTBEHHBLIH, HOMED k Takoi, uto x € E, .

Jro o3HayaeT, 4yto X, (x) =1, %X,(x) = 0 npu n s= k. Orciona cre-
o0

JyeT, UTO YacTHYHbIE CYMMBI YHCJIOBOTO psifa Y, X, (x), HauuHas c k-,
n=1|

paBHbl 1. IlosTOMy paccmaTpuBaeMbll (DYHKLUHOHAMBHLIH PSA NPH Ta-

KHX X cxoautcs K uyucay 1. Ecau xe x ¢ E, To x He NpPHHAA/IEKHT

HU OJHOMY H3 MHOXKecTB E,, a 3To o3Hauaer, 410 X, (x) = O npu Bcex

k. Ilpu TakoM x Hall (PyHKUMOHAJNLHBIH PAL CXOAMTCH K HYJIO.

o0
I/ITaK, pﬂll Exn CXOOAHUTCHA HpH JII060M X K XapaKTepHCTquCKOﬁ
n=1

¢yHkuMH X MHOxkecTBa E. BhiTekaromas u3 yc/joBHH TeOpeMbl HHTe-

rpupyemMocTb GyHKUMH X, (B € N) u cxogumocts psina Y, I (X,) nosso-

k=1
JA€T BOCNOJ/b30BaTbcsl TeopeMolt 16.2. M3 Hee u cnenyet, uto dyHkuus X
uurerpupyema (1. €. £ u3aMepumo), npuuem

El=100 =Y10) = Y |E,| B
k=1

=]
Caencrsue. Ecau muomecmsa E, (n € N) nonapHo He nepecexaromcs

(o @]
u usmepumst, a ux obvedunerue E = |J E, oepanuuero, mo oHo usme-
n=|
o0
pumo u |E| = Y, |E, |

n=1

JlokxasaTeabcTBO. Tak Kak MHOXKeCTBO E OrpaHuueHo, TO
k

OHO MpPHHALJIEXKHUT HeKoTopoMy oTpe3ky F. Ho torna u |J E, < F npu
n=1

JoboM k. B CUJy aJAUTHBHOCTH H MOHOTOHHOCTH ME€pPbI 3TO O3HayaerT,

k
yTo |E_ | < |F|. Orclona cJaenyer, 4to HeyOBIBalollas Moc/e10Ba-
nl~x

n=|1
o0

TEJIbHOCTb YacTHYHBIX CyMM psisa 3. | E, | orpannyena ceepxy. 3Hauur,

n=\1
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3TOT DS CXOAHMTCS H CNPaBEMJHBOCTb CJIEACTBHSI BHITEKAET W3 MpPEJbl-
JyweH TeopeMbl. [

[Tpumep 17.3. Ilycts E — mHOKecTBO uHces otpe3ka F = [0; 1], necaTtuu-

HOe Pa3JioXKeHHe KOTOPhIX HeBO3MOXKHO 6e3 uudpel 7. IlokaxkeMm, uto E u3mMepumo, u
HalleM ero mepy.

BrisichuM, Kak yctpoeHo MHOXecTBO E. [lais1 3TOro orbepeM cHauasia MHOMKECTBO
E, Ttex uucen u3 F, B IeCATHYHOM pa3/iOKeHHH KOTOPBLIX MepBoi LHGpoH mocse 3ans-
Toil 6yfeT HenpeMeHHO uudpa 7. ScHo, urto E; cocrtout M3 omHoro murtepsanaal 10,7;
0,8[ paunuel 0,1. 3atem u3 F\_E; or6epeM MHOXecTBO E, Tex umces, B JECATHUHOM
pa3JioXKeHHH KOTOpPbIX BTOPOH HH(PPOH nocJse 3ansiToil 6yner HenmpeMeHHO uHbpa 7.
Slcno, uto E, cocTOMT W3 AeBsiTH uHTepBajsos (]0,07; 0,08[, ]0,17; 0,18, ..., 10,67;
0,68I, 10,87; 0,88[, 10,97; 0,98]) naunw 0,01 xKaxanii.

Ananoruuso o6HapyxuM, uto Te uucna Hu3 F\_(E; |J E,), B IecITHYHOM pa3-
JIOXKEHUH KOTOPbIX Ha TPETheM MeCTe MocJe 3ansiTol OKaxeTcsl HenmpeMeHHO uudpa 7,
COCTaBJSIIOT MHOXecTBO Ej, sBJasiomeecsi o6beanHeHueM &8l HHTepBana IJIHHOM

o0
0,001 kaxnawlii, u T. 1. SIcHo, uto E = |} E,.. Tak kak mHOxecTBa E, — Kak o6benH-
n=1|
HEeHHSI KOHEYHOr0 YHUCJa HHTePBAJIOB — H3MeDHMBI H IIOMAPHO He MepeceKalTcs, TO
B CHJYy CJE€JCTBHS U3 TeopeMbl 17.4 MHOxecTBO E H3MepuMo, NpuueM

o0

gn—l

1
[El= P\ Esl=15+ o+ T+ =1,

107
n=|\

Teopema 17.5. O6veduHerue, nepecedeHue u pasHocms 08YX u3-
MEPUMBLX MHONCECMB U3MEPUMbL.

HoxasarteabcTtBo. Ilyctrb E=E;, | E,, tne E; u E, —
H3MepuMble MHOXKecTBa. OOo3Hauum uyepe3 X; U X, XapaKTepHCTHUe-
ckue ¢yHKUHH MHOXecTB E; u E,. 3Ty QyHKUHHU HHTEerpupyemnl. Torna
HHTerpupyemMa H QyHkuusa X = X; + X, — 1, a 3HauuT, MHTErpHpYy-
ema v ee cpeska X, (cM. c. 110), kotopas, oueBHIHO, H fABJSETCA Xa-

pakTepHcTHYecKOH (yHKuUued MHoxkectBa E. HMamepumoctb mnepeceue-
HUA JOKasaHa.

Muterpupyema u ¢yHruusa X; + X, — X,., KOTOpasi, Kak JErKo
POBEPHTD, SABJISETCS XapaKTepUCTHUYeCKOH (yHkuumed ansa E; | E,,

OTKyJla H BbITEKaeT H3MepUMOCTb obOwennHeHHsi. MaMepumocTh pasHo-

ctii E; \ E, BbIT€KaeT U3 TOTO, YTO €€ XapaKTEPHCTHYECKOH QyHKLUHEeH
aBasercs X3 — Ao M

[Tpumep 17.4. MuoxectBo Iz MppalHOHANBHEIX YHCeJ JI060ro orpeska E
3mepumo, npuuem |lIg| = | E|.
B camom nene, Ip = E Qf , rne Q — MHOXKECTBO pallHOHAJIbHBIX YHCEJ OT=

pe3ka E. [loaToMy H3MepHMOCTb pacCMaTPpHBAEMOr0O MHOXKECTBA BbITEKAeT H3 TeOpeMBl
17.5 B cuny H3MepuMOCTH OTpe3ka W MHOXecTBa Qp (cM. nmpumep 17.1). Tak kak na-

nee Iz (1 Q = &, 1o u3 Teopemu 17.3 caenyer, uto

l1z\=1E|—1Qz 1= |E |

! Yucao 0,7 He nonasaer B E;, TaK KaK ero MOXKHO 3amnHcaTh Ge3 HCMOJNb30BaHUS
uudpwt 7, a umenno: 0,7 = 0,6999... .
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Teopema 17.6. Emu mHoogecmea E, (k € N) usmepumer u mepol

mHosmecme F, UEk npu A060M N 02PAHUHEHbL CBEPXY HEKOMODbIM
=

yucaom M, mo mroscecmeo E = UE p UBMEPUMO.
k=1

JokaszarteabcTBo. llomoxum G, = F,, G,=F,\ F,_,
npu n > 2. M3 teopemnbl 17.5 nonyuyaem ¢ NOMOLLBIO MareMaTHYECKOH
HHAYKLHH, YTO BCe MHOXKecTBa F, H3MepHMel, a notoMy H Bce G, u3me-

pumbel. Ho Tak kak E = GEk-——- o[ij, TO E=BG,U npuuem G,
k=1 k=1 k=1

o0

rornapHo He nepecekarorcsi. [Ipy 5TOM 3HAKONOIOKHUTENbHLIE PAL )Y, | G, |

k=1
CXOAHUTCH, TAK KAK EFO YaCTHYHBIC CYMMbI OTPAHUYECHBI CBEPXY YHCJIOM M:

Zlel |UGk|=|Fn|\M
i k=1
[To Teopeme 17.4 nosnywaem, uro MHoOxecTBo E usmepumo.li
Teopema 17.7. Ecau muoxecmea E, (k € N) usmepumbl, mo u mHo-

o0
aecmeo E = (\ E, usmepumo.
k=1

JHoxkxasaTteabcTso. IloTeopeme 17.5 Bce MHOXecTBa T\, =
= E, \ Ek uamepumel. Ilpu stoMm T, < E,, a noTOMy COBOKYIHOCTb

yuces IU Tk | orpannyena ceepxy uuciaoM | E,|. Ilo Teopeme 17.6 nony-

yaeM, YTO MHoOXKecTBO T = UTk H3MEpPUMO, a 3HAUHUT, H3MEPHMO H
k=1

MHoxectBo E; \ 7. Ho 3T0O MHOXKecTBO mnosiydyaercs yJajJ€HHeM u3
MHOXecCTBa £, BceX 3/IeMEHTOB, He NpHHaA/NeXkalWKUX XOTs1 Obl ONHOMY
3 MHoxecTB £, (k 2> 2), a 10TOMy B HEro BXOASIT JIHWb 3JI€MEHTHI,
npuHapiexawmwue BceM E,. Takum obpa3oMm, H3MEpPHUMOE MHOXECTBO
E;\ T coBnanaer ¢ MHOXKecTBOM E, OTKYyAa U caejyer uamepuMocts E.

Teopema 17.8. Ecau mnuoscecmea E,(n € N) usmepumel, npuuem
E, cE, —... cE, ... u uucrosas nocaedosamesvrocme (|E, |)

oo
oepanuuena, mo mHomecméo E = | E, wusmepumo, nocaedosameno-
; n=1

nocme (| E, |) cxodumecau | E| = lim | E, |.

n—>00

JokasatreabcTBo. CXOQUMOCTb  IIOCJIE€JIOBaTEbHOCTH
(| E, |) BbITEKaeT W3 ee OrpaHMYEHHOCTH M MOHOTOHHOCTH. PaccmoTpum
BCIIOMOrare/ibHble MHOXecTBa: G, = E,, G,= E,\ E,_, npu n > 2.
STH MHOXeCTBa MSMEpHMBI, TIONApHO HE MEPECEKaIoTes, a uX ob6benuHe-

Hue paBHo E. Tak kak UG = E,, 10U |G, |=|E,|, a aTO 03Haua-
k=1

er, uTo | E, | ecTb n-1 4acTHYHas cyMMa psja 2 | G, |. U3 orpanuyen-
k=1
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HOCTH mnocJjenosaTenbHocTu (| £, |) BBITEKaeT CXOAMMOCTh paccMarpuBa-
emoro psaa. Ho B TakoM ciayuae nocJsefoBaTesbHOCTb MHOXKECTB (U, )

YJIOBJIETBOPAAET BCEM YCJOBHAM Teopembl 17.4, U3 KOTOPOH H BBLITEKAeT,
yto £ H3MEpPHMO, MpHYEM

El= ¥ |G| =lim ¥ |G,|=lim |E,|. W
B n—>o< n—-+oo

k=1

[Tpumep 17.5 Jlio6oe orpaHuyeHHOE OTKPHITOE MHOMKeCTBO (G H3MepHMO.
B camom pene, MHoxXKecTBO G siBasieTcs (CM. ¢. 67) o6belHHEHHEM KOHEYHOTO HUJH
CYETHOTO YHCJIa MOMApHO HelepeceKalouMXxcsi HHTepBanaoB P, A Tak Kak Kaxkablil

HHTEepBaJ H3MepHM (ero XxapakTepHCTHYecKass (QYyHKIHS CTyneHyaTa), TO H3MepPHMOCTb
G BbITEKaeT U3 CJIeACTBHSI TeopeMbl 17.4.

[Tpumep 17.6. Jliob6oe orpanHyeHHOEe 3aMKHYTO€ MHOXeCTBO F H3MepHMO.
HeictButeabno, nycts { = inf F, s= sup F. Torma F = [i; s]\ G, rae G or-
kpbiTo. [loaTOMy F M3MEPHMO KaK P4a3HOCTb ABYX H3MEPHMbIX MHOXKECTB.

2. MHoxecTBa Mepbl HyJb. B Teopuu HHTerpasa ocoOyi0 poJib Hr-
paloT MHOXKECTBa HYJeBOi Mephl. M3yunm HX cBoOicTBa.

[Iyctb E — MHOKECTBO HYJIEBOH Mephl, a F — ero MnoJMHOeCTBO.
Torna BBINOMHSAIOTCS COOTHOLLEHUS

Xp ()] < Xp (%), 1 (Xg) =0,

KOTOpbie B CHJY TeopeMbl 15.17 osnauaior, 4To QyHKUHA X, HHTErpH-
pyema u [ (Xz) = 0. IlosToMy cnpaBemyuBO clepylowee yTsBepKjie-
HUE:

Teopema 17.9. Bcskoe noOmuoxcecmso muoxcecmsa mepol HYab us-
MEPUMO, U €20 Mepa PasHa HYAI.

Teopema 17.10. Ob6vedurerue KOHEHHO20 UAU CYEIMHO20 YUCAA MHO-
HCECHB HYAEBOU MEpbL USMEPUMO U UMeEem HYresyto mepy.

oo
JNokasarteabcTtBo. Ilycte E= UE,, rne |E, |=0 (cay-
k=1
yaii 00beJHHEHHSI KOHEYHOT'O UHCJ/Ia MHOXKECTB MO2KHO CBECTH K pacemar-
n
puBaeMoMy, nosoxuB E,= & npu k > n). Ilonoxum F,= UE,.
k=1

OueBHJHO, BBIMIOJHAETCH COOTHOILLEHHE
n

0 XFn(x) < 2 Xg, (x)
k=1

npH Jwo6oM x. A Tak Kak, 10 YCJOBHIO,

](2X5k> - E\Ek| =0,
k=1 k=1

TO U3 TeopeMnl 17.17 BhiTeKaer, uro F,uamepumo u | F,|= 0. Ho E =
(0. ]

= UYF,, npuuem F, < F, < ... < F, < ... . Toraa B culy Teopembl
1

17.’18=MHO}KECTBO E usmepumo, npuuem |E|=1lim |F,|=0.1R

—->00
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3 nokasaHHOTrO yTBep:kJIeHHUsI BHLITEKAeT, B YaCTHOCTH, YTO Ji06oe
CYETHOE MHOXKECTBO — MHOKECTBO Mepbl HYJIb: OHO SBJSIETCH OOBENH-
HEHHEM CUYETHOH COBOKYMHOCTH TOYEK, a Mepa KaxKJOH TOYKH paBHa
HYJIIO.

B nanbHediiueM OyneM roBopHTb, YTO HEKOTOPOE€ CBOHCTBO BBINOJI-
HsieTess noumu 6c100y Ha mHoxcecmee E, ecqiM OHO BHIMOJIHSIETCS 151
Bcex x € E, 3a HCKJIIOYeHHEM, ObITb MOXKET, MHOXeCTBA MepHI HY/Ib.
Hanpumep, MOXKHO cKasaTb, YTO CTyneHYaTasi GYHKLUHUS NOYTH BCIOAY
(Ha npsiMoi) HempepwiBHA, (PyHKIUMs JlMpHXJe MoYyTH Bciopy (Ha mps-
MOI1) paBHa HYJIO.

B kypce HHTErpaJbHOro HCUMCJIEHHS H3Yy4yaJHCb pas3jHYHbIE YCJIO-
BUA HHTerpupyeMocTH QyHKUuM 1o Pumany. IlonsaTtue mepnr Jle6era
TI03BOJISIET 1aTh HCUEPIMBIBAIOILYIO XapaKTePUCTHKY KJacca HHTErpHpy-
eMbiX no Pumany ¢yHkuuii. Jleber nokasan, uro 0148 unmezpupyemocmu
no Pumany ¢yHxkyuu, oeparHudeHHoll Ha ompeske, HeobxoOumo u Oo-
cmamo4Ho, 4mobbt pyHKyus Obiaa noumu 6Cro0Yy HenpepuiBHA HA 3MoM
ompe3ske,

BOTITPOCHI OJ1s1 CAMOITPOBEPKH

1. Uro Takoe xapakTtepucTHueckass (yHKuus MuoxkecTtBa? ITocTpoiite rpaduk
xapakTepucTHYecKoi GyHKIMH MHOxectBa E = 10; 1] |J 12; 3[.

2. Kakoe MHOXeCTBO HasbiBaeTcss W3MepuUMbM no Jle6ery? Kakoe umcao Ha-
sbiBaeTcs ero Mepoit? Jlokaxure, uto JoGoil uHTepBaJ Ja; b[ usMepum, u HalizuTe ero

Mepy.
3. MoxkerT /i 0Ka3aTbCsl HEH3MEPHMBIM OrPaHHYCHHOE MHOXECTBO, KOTOPOe N0Jy-

yaeTcss C IOMOILbIO  omnepanuil oObeIHHEHHUS W TepeceyeHHsl, NMPHMEHSEMBIX K
CUETHBHIM CeMeHCTBAaM OTKPBITHIX HJH 3aMKHYTBIX MHOXeCTB?

4. B uem 3akjio4yaercst CBOHCTBO CUETHOH aAJAMTHBHOCTH MepbI?

5. Uro o3Hauaer (pa3a «CBOHCTBO BBLIMOJHSIETCS] NMOYTH BCIOAY Ha MHOXeCTBe E»?
BepHo Ju, ut0o noutyu Bciogy Ha R a) sin x 5= 0; 6) sin x > 0?

YTTPAJ)KHEHH
§ 11. Ne 39, 46—47, 50—55.

§ 18. UHTEI'PAJI JIEBETA 110 UBMEPUMOMY B CMDLICJIE JIEBETA
MHO)XECTBY

1. UuTterpan no uamepumoMy MHoxecTBy. [IoHATHE MepBI MO3BOJISA-
€T BBECTH HHTErpUpPOBaHHE He TOJbKO IO BCeH UYHCJAOBOH OCH HJIH OT-
pPe3Ky, HO U no JIo60My H3MEPHMOMY MHOXKECTBY.

[lyctys dyukuus f onpenenena Ha usMepuMoM MHoxectBe E. Pac-
CMOTPHM BCNOMOTaTeJbHyl0 (yHKUHIO f. Takyw, u4to [, (x) = [ (x)
npu x € Eu [, (x) = 0 npu x ¢ E. Ectu dyukuus {, nurerpupyema

(Ha R), To OynemM cuutathb, uto [ unmeepupyema Ha E, u 6ynem nonararb

10 ONpejesieHHIO: OffE (x)dx = Sf (x)dx. BMecto 3amucu Sf (x)dx Gy-
E E

—_00

JleM ynoTpe6aTh Takxke 6osnee Koporkywo: I (f).
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Teopema 18.1. Ecau ¢pynkyus [ unmeepupyema Ha R, mo oHa uume-
epupyema u Ha A06om u3MePUMOM MHOMECMEE.

JlokasarteabcTBoO. B jpanHom cayyae f, = fXg. Tak Kak |
unTerpupyeMa Ha R no vc/oBHIO, a Xz OorpaHuueHa, To fz uHTerpupyema

Ha R B cuny Teopemnt 15.18. A 3To, no onpejeneHuto, H 03Hauaer, 4to f
unrerpupyema Ha E.|l

C noMouibio JOKa3aHHON TeOpeMBl JIETKO NPOBEPUTh, UYTO 6Ce Yycma-
HOBACHHbIE 8blule ceoticmea uxnmezpaaa (1o BCeH YHMCJOBOH OCH) cnpased-

AUBbL U 048 UHmMe2panro8 no uamepumomy muoxcecmsy E. JlokaxeMm He-

KOTOphIE JIOTIOJIHUTEJIbHBIE CBOHCTBA MHTErpajloB MO H3MEPHUMOMY
MHOXKECTBY.

Teopema 18.2. [lycmo muomecmeo E npedcmasrsem coboti 06vedu-

n

HeHue NONAapHO Henepecekarowuxcsa usmepumblx muoscecms: £ = (JE,.
k=1

dyukyus f moeda u moarvko moeda unmezpupyema Ha E, koeda ona urme-

epupyema Ha Kaxoom usd muoxcecme E,. Ilpu amom cnpasedarueo co-
OMHOUICHUE

1, =3 15,0

h=l1

JoxkasateabcTBo. Ilycrs f unrerpupyema na E. 310 03Ha-
yaer, yTo GyHKUMSA [, HHTerpHupyeMa Ha R, oTkyaa B cuay Teopemst 18.1

cnepyet, 4To f. uHTErpupyema Ha E,. D10 Xe, B CBOIO OYE€pE/b, O3Ha-
yaer, YTo PyHKUHSA (fE)Ek nHterpupyeMa Ha R. Ho (/‘E)Ek = fEk. Ilo-
3TOMY fEk uarerpupyeMa Ha R, T. e. f uHTerpupyema Ha E, .

ITycrb Tenepb H3BeCTHO, 4TO f uHTerpupyema Ha E,(k = 1, .., n).

n
Tak kak MHOXecTBa Ep nonapHo He mnepecekawrcs, T® f. = ) e,

k=1
Orciona, B cuny Teopemel 15.10, BbITeKaeT HHTErpupyemocTh [ Ha R,

yTo W ABJIsieTCs YcJoBHeM HHTerpupyeMoctu [ Ha E. W3 atoro ke co-
OTHOLLEHHS1 B CHJIY TOH.2Ke TeopeMbl MOoJyyaeMm:

L()=1G)=X1¢)= X1, ()M

k=1 k=1

Teopema 18.3. ITycme ynxyusa [ unmeepupyema u Heompuyameno-
Ha Ha usmepumom mroxcecmee E. Toeda mnosxcecmeo E, mex x uz E,
npu Komopelx [ (x) > a, uamepumo npu awbom a > 0, npuuem 8otnoa-
Haemcs caedyroulee Hepasercmeo (HepaBeHCTBO UeObilueBa):

By | < 1e(D:

OoxasarteabcTBo. Tak Kak ¢pyukunsa f. B cuny ycnous,
uHTerpupyemMa Ha R, TOo unterpupyembl (Ha R) u ee cpe3ku ¢, =
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= (f)og 1 ©,= (fg) | mpu moGom n € N. 3HAUUT, UHTErpHpyeMbI
O0a+-

H GYHKUUH P, = —:—l— (on— ¢,). Tak kak [ (x) > 0, To

1
() = { fr(x), ecmn fg(x) <a, 0 (x) = f (%), ecnn fp(x) <a -+ —
b a, ecit [(x) > a, ™" a —|"rl? ecy f . (x) >a+',17.
Orcioga BHAHO, YTO
( 0, ecm [ (x) <a,

b () = | (e (@) —a), eenn a < fo(x) <at o

1, ecd [ (x) >a+ %

3aMeyaeM, YTO (PYHKIHOHAJbHAs TOCJEIOBATENbHOCTb (P, ) B Kaxkio#
TOUKE X CXONHTCSI K XapaKTepHCTHYeCKON (yHKUMH MHOXecTBa E .

JIerko yBHJETb, YTO MOCJEJ0BATENbHOCTL (P, ) 001aKa€eT C/elyOLHMH
CBOMCTBaMHU:

P (%) < $or1 (0 00, (0) S U (1)

npu Jio6om x. Orciofa BHITEKaeT, YTO MocjefoBaTenbHocTb (I (P,))
HeyObiBalomass v orpaHndeHHas csepxy (I ($,) < T (Xeg)= |E]), a
MOTOMY OHa cxoxasiascad. Ho B TakoM ciydae yHKUHOHAJNbHAsA nocJe-
JIOBaTeJbHOCTL (P, ) YJIOBJETBOPS€T BCeM YCJIOBHAM TeopeMnl 16.3,
OTKYyla M CJefyeT, YTO ee Mnpenes XEa—(pyHKmm HHTerpupyemas.

Mamepumocts MHOxkecTBa E, HOKasaHa.
HmeeMm nagee:

Fe () > Fe (0% (0 >a%, ()
npu Jwobom x. Orcioga B cuny TeopeMol 190.14 nosnyuyaem:
e (D=1 >1(@x;) = al %) = a|E,

OTKyAa U BbIT€KaeT HepaBeHCTBO YeObiweBa. I

2. JxBuBaJeHTHble GyHKUMH. Onupasach Ha TIOHATHE «NIOUYTH BCIOALYY,
pa300beM MHOXKEeCTBO (PYHKLHMH Ha KJacchl.

DyHKUMH [ W g Ha3BIBAIOTCSl JK6usaseHmMHoimu (MUWYT: [ ~ g)
Ha MHoxecTBe E, ecJM OHH onpejesieHbl Ha 3TOM MHOXECTBE W TNpH-
HUMAIOT TOYTH BCloAy Ha E oJMHaAKOBblE 3HaueHHUA. Hanpumep, QyHK-
uusa JupuxJje 3KBHBaJeHTHaA HYJO (Kak Ha BceM R, Tak U Ha moboM
€ro NoJMHOKECTBe).

[lo camomy onpeneseHHI0 OTHOLIEHHE 3KBHBAJEHTHOCTH (QYHKIHH
o6/1afaeT CBOHCTBaMHM pedpyIeKCHBHOCTH H CHMMeTpuUYHOCTH. [lokaxkewm,
UYTO OHO TPAaH3HUTHUBHO.

[Iycte f ~ g u g ~ h na E. OGo3nauuMm uepe3 E, MHOXKeCTBO, Ha
KoTopoM [ (x) 5= g (x), a uepe3 E; — MHO2KeCTBO, Ha KOTOpOM h (x) =

120



=+ g (x). Torna |E;| = |E;] = 0. Eciu x ¢ G = E, | E,, 10 [ (x) =
=g ((x)u g (x) = h(x), anotomy [ (x) = h (x). 3Hauut, [ (x) 5= h (x)
JULIb Ha HEeKOTOpoM nojmHoxKecTBe F mHoxkectBa G. Ho MHoxecTBO G
HMeeT Mepy HyJib KakK 0O0beJHHEHHE IBYX MHOXECTB HYJEBOH Mephl
(cM. TeopeMy 17.10), a 3Hauut (cM. Teopemy 17.9), u | F| = 0. Otciona
u caenyer, urto [ ~ h

TakuMm o6pa3oM, BBeJ€HHOE OTHOILUEHHE 3KBHBAJEHTHOCTH oOJazaer
CBOHCTBaMH ped/IEKCHBHOCTH, CHMMETPHYHOCTH M TPAH3UTHBHOCTH H
IOTOMY 3ajlaeT pa30HeHHe COBOKYIMHOCTH BceX (yHKUMH (ompeneseH-
HbIX Ha JJaHHOM MHOXKeCTB€) Ha HenepeceKalolHecs KJacChbl, COCTOSLIHE
U3 5KBUBAJIEHTHBIX APYT APYry QYHKUHUH.

PaccyxaeHusi, aHa/JOrd4yHble MNPHUBEAEHHBIM MNPH JOKa3aTeJbCTBE
CBOMCTBA TPAH3HTHBHOCTH, IOKAa3bIBAIOT, UYTO Cymmel 08yx nap 3K6u-
BANCHMHBIX (PYHKYULL MaKHe 3K8UBANCHMHOL.

[Tpuwmep 18.1. Hukakasa HenpepniBHas B Touke X = 0 (QyHKLHA HE MOXKET
ObITh SKBHBaJIeHTHA (YHKLHH

0 mpu x < 0,
co- |
1 npux > 0.
B camonm nese, nycTh f — npou3BoJibHAasi HenpephiBHasi B Touke x = 0 dyHKIHS,
1 1
u nyctb f (0) = a. Paccmorpum untepsan I = [a — —é—; a + 3] B cuny senpeprniB-

HocTH f Haigercsa Takoe & > 0, uto f (x) € I pnsa scex x € ]|—6; 6[. Ho tak kak |/| =
2
=3 TO XOTs Obl 0OHO M3 yHces O u | He npuHaaIeKUT HHTepBanay /. DTo O3HayYaer,

yro GyHKuus f Ha untepBane |—0; 8] Hu pasy He npuHuMaeT XoTsi 6bl OJHOTO H3 3HA-
yenuit 0 1 1. A B TakoM cayyae sn6o Ha uHTepBase |—6; Of, 1u6o na untepsase ]J0; 6f
GYHKUMH [ ¥ g IPUHHMAIOT Pa3JHYHble 3HAYCHHS, H TIOTOMY OHH He SKBMBAJIEHTHBL

Teopema 18.4. Ecau ¢ynkyus [ sxeusarenmua Hyaro Ha usmepu-
mom muoxcecnoe E, mo ona unmeepupyema na E, npuuem I, (f) = 0.

JokasarteabcTBo. CHayajna pacCMOTPHM cJyuyaH, KOrja
¢yHKuHs f orpaHHyeHa, T. €. cylUecTByeT Takoe A, uTo |f (x)| < n npu
Bcex x u3 E. Ho toraa |f (x)| << nXr (x), rie F — MHOXKecTBO, Ha Ko-
TopoM f (x) %= 0. A Tak Kak

I, (nxz) =1 (nXp) = n |F| =0,

TO CIPaBEAJIMBOCTb TEOpeMbl BbITEKaeT U3 TeopeMbl 15:17 (Kotopas,
KaK Mbl YyXKe OTMedaJid, BepHa He ToJibKO A5 R, HO u jusa jaio6oro us-
MEPHMOT0 MHOXKECTBA).

[Tyctb Tenepb ¢yHKUMs [ He orpaHMuyeHa. Tak Kak OHa 3KBHUBaA-
JIEHTHA HYJI0, TO, B CHJY TeopeMbl 17.9, 3KBHBaJIEHTHA HYJIO U HEOTPH-
nareabHaa ¢yHkuus ft (cMm. npumep 16.2), a caenoBaTesbHO, 3KBH-
BaJIEHTHBI HYJIIO H BCe ee cpe3kH fi. Ho cpesky orpaHuyeHbl, a 3HaYuT,

MO TOJIBKO YTO JOKa3aHHOMY, OHH HHTerpupyemsl, npuuem I, (ff) = 0.

B Takom cayuae u3 TeopeMbl 16.4 BhiTeKaer, yTo QyHKUMS [T HHTErpH-
pyema H

Ig(f) =lim I (f+) =0.
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TouHo Tak e JOKasbiBaeTcsl, UTO HeoTpHUaTeJbHas (QyHKuus [~
unrerpupyema u I (f7) = 0. Ho f = [©* — [, orkyna, B cuany Teo-
pembl 15.10, u BbiTekaer, uto f unterpupyema, a I, (f) = 0.1

Teopema 18.5. DPynxyus [, sxeusareHmuas uxnmeepupyemol Ha
usmepumon mroxcecmee E ¢pynxyuu g, unmeepupyema u I, (f) = 1 (g).

JlokasaTteabcTBoO. Tak Kak QyHKuuss ¢ = f — g 3KBH-
BaJIeHTHa HyJO, a [ = @ -+ g, To, B cuay teopem 18.4 u 15.10, 3akJio-
yaeM, 4TO [ HHTErpHpyeMa H

Ie(N=1I(9+g) =1(9) +1:(g) = I:(2) M

[Mpumep 18.2. Oyukuua [ (x) = x* — x* k (x), rae £ — dynkuus Kanro-
pa (cm. mpumep 17.2), uurterpupyema Ha otpe3ke [0; 1], Tak Kak Ha HeM [ ~ x*
(k noutu Bcioay Ha [0; 1] o6pauiaeTcst B HyJ1b), npUYEM

[ o= [

Teopema 18.5 nokasniBaer, 4To 3HaueHHs1 (yHKLHH Ha MHOXKECTBE
HYJIEBOIl Mephl He BJHSIOT Ha BeJUUUHY HHTErpasa. 310 00CTOATE/bCT-
BO M0O3BOJIsieT B HECKOJbKO HHOM, GoJiee obuieM Buae, GOpMYyJHPOBATh
MHOTHe Ba)KHeHllHe CBOHCTBA HHTerpana. ¥YOegumcsi, HanpuMmep, B
CIPaBeJJIHBOCTH TAKOro 06OOLLeHHS TeopeMbl 15.14:

Teopema 18.6. Ecau [ (x) < g (x) noumu 8ctody HQ usMepuUMOM MHO-
aocecmse E u 06e (pYHKyuU HQ 3MOM MHOMCECMBE UHMe2pUpyemsl, mo
Io () < I (9).

HokxasatenbcTBo. O6o3nauum uepe3 F MHOXeCTBO, Ha
KotopoM [ (x) < g (x¥), U paccMOTpUM (YHKUHMH ¢ U P TaKHe, YTO
()=fx) up(x)=g(x) Ha F u ¢ (x) =9 (x) =0 Ha E_F.
Torna ¢ ~ f, b ~guHa E u ¢ (x) <V () Bcrony Ha E. Ilostomy, B.
cuny TeopeM 18.5 n 15.14, umeem: I, (f) = I () < Iz (V) = I (2).

Ilnsg HeoTpuuaTeNbHBIX GYHKUMH CclpaBeAsuBa Teopema, oOpaTHas
teopeme 18.4:

Teopema 18.7. Ecau unmeepar no usmepumomy mroxcecmsy E om
HeompuyameavHoll pynkyuu f pagen Hyao, mo [ 3KeuareHmHa HYAo
Ha E.

JJokasaTteabcTBo. (O603HAauuM yepe3 F MHOXECTBO, Ha
kotopoM [ (x) >0, a uepes F, — MHOXeCTBO, Ha KOTopoM [ (x) >

II

1
> —. Slcho, uto F= UF,, npuuem F,cc F,c..c F,c ..
n =1

Bce MHoxecTBa F, H3MepuMBl, H, B CHJYy HepaBeHcTBa YeOoliesa,
0 |F, I<nl, () =0.
[Toatomy |F,|=0 npu mwobom n. M3 nonyueHHbIX COOTHOILEHHI, B

cuny Teopembl 17.8, BhiTekaer, uto F wu3mepumo, npuuem |F| =
= lim [F,| = 0.1

n-—»>00
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JlokazkeM, HaKoHell, BaxKHble 0600menus1 Teopem 16.2 u 16.3 o npe-
JeJIbHOM Tepexojie MOojJ 3HAaKOM HHTerpaJfa.

Teopema 18.8. [1ycmo (f, ) — HeybuBarowas nocaeGo8ameabHOCMb He-
OMPULAMENbHBIX UHMe2PUPYeMbX HQ u3mepumom mHoxcecmee E pyHk-
yuti makas, umo I (f,) << K npu écex n. Tozda (f,) noumu éctody na E
cxoduincs K Hekomopoli unmeepupyemoti Ha E dynxyuu f, npudem

lim I, (f,) = 1 (). (18.1)

n—»oo
JloxaszaTtTeabcTBO. I3 MOHOTOHHOCTH ©OC/EI0OBaTE/NbHO-
ctd (f,) BbITEKaeT, yTo npH Jobom X U3 E 4yxcioBas NocjenoBaTe/ib-
HocTb (f, (X)) IGO0 CXOAUTCA K HEKOTOPOMY YHCJY, JIHOO CTPEMHUTCS K

4+ o0o. 3agagum dyHkuuoo f tak: F(x) = lim f, (x), ecau stoT mpeneu

11— 00

cyutectByert, U [ (x) = O npu ocTanbHBIX X.

BBeneM B paccMoTpeHHe CleAylolide NOAMHOXKECTBa MHoOxkecTBa E:
F — mHOXKeCTBO TakHx X, rae f,(x) - 4 oo; F"— mHoxecTBO Ta-

KHX X, tne f, (x) > m (m,n € N); F,,= UF™. B cuny HepaBeHCTBa
n=I

Hl

Yebpimena | FIM| < LS npy Jawbom n. A Tak Kak Ff,l,)c F¥ = ...
m

.. F" < ..., To (cM. Teopemy 17.8) muoxkectBo F, usmepumo,
MpUYeM
. N ¢
| Fr| = lim| 0] < — (18.2)

npu jgwobom m € N.

o0
3ameuaeMm jaajee, yto F = (] F,,. 3HauuTt, F u3mepuMo Kak mnepece-

m=1\
YyeHHe quTHOf',I COBOKyHHOCTH H3MepHMbIX MHQ2ZKECTB. A TAdK KadK F (-
G Fm HpH JI}O6OM m, TO, B CHJIy MOHOTOHHOCTH Mepbl H HepaBeHCTBa

(18.2), moayuaem: |F| < —S— npu mobom m € N. Orciona U BbITekaer,

yto | F| = 0. IlepBas uyacTb TeopeMbl [JOKa3aHa.

JIlisi nokasaTenbcTBa paBeHcrBa (18.1) paccmoTpum  Bcrnomora-
TeJIbHYIO NOC/Ief0BaTeIbHOCTD (¢, ), TAe ¢, (x) = [, (x) npu x € E \ F
He,x) =0npuxe¢F.Tak xak | F| =0, 0 ¢, ~ f,Ha E, a notomy
¢, unterpupyema Ha E, npuuem I, (¢,) = I, (f,) < K. Ilocrenosa-
TeNbHOCTb (¢, ) CXOAHTCA K PYyHKUUM [ B Kaxao# Touke x € E U ynoB-

JIeTBOPSIET BCeM ycJoBHAM TeopeMbl 16.3, U3 KoTopo#l u ciaepyer, uTo f
uHTerpupyema Ha E, npuuem

IE(f) = lim IE((Pn)=]im [E(fn) |

n-—»oo n—>o00

Teopema 18.9. Ecau ¢pynxyuu f,(n € N) unmeepupyemer Ha E,

a wucao6oti pso }J I (l]‘,z ) cxodumcs, mo @yHKyuorarbHbLE psd E [n

n==| n=1
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nounu ecto0y na E cxodumes k nHekomopod unmezpupyemoti na E ¢pynk-

yuu f, npuuem
— 2 I.(f,) (18.3)
=]

JJoxkasaTteanbcTBo. [IpencraBum dyHKuuu f, B TAaKOM BUIE:
[,= f,T— fn. Tak Kak 0 << f+ (¥) < I, (x)| npu mm06oM x € E u dpyHk-
IHH [T HHTErpHpYeMBI (KaK cpe3kH) Ha E, TO U3 CXOAUMOCTH yKa3aH-

HOT'O B yCJIOBUH UHMCJIOBOTO PsJia BbiTeKaeT cXoiumocTsb psiga Y, I (f1).

n=1\

o0
B TakoM c/ayuae Noc/e0BaTebHOCTb YaCTHUHBIX CyMM (S,) psina Y, fi
k=1
YJOBJIETBOPSET BCeM YyCJIOBHSIM Teopembl 18.8. 3nauut, sta nocsenosa-
TeJIbHOCTb NOYTH BCIOAY HAa E CXOAMTCA K HEKOTOPOH HHTErpHpyeMoi
¢yHKUMH [+, npuueMm

o0

I.(*) = lim I, (s,) = lim \" J () = 1z

k=1 k=1

TouHO TaK e yGexxlaemcs, 4TO H psif Y, f. noutu Bciony Ha E cxo-

n=1
IUTCA K HeKOTOpOH HHTErpHpyeMoH ¢yHkuuu f~, npudem [, (f7) =

= ) I. (f;). Ho Z fo=Y (f:' — [, ). HI3 nokasanHoro sicHo, 4to psia

Y f, mouru Bciony Ha E cxonurcst K dyHkuuM f = ft — f~ u Bumosns-
k=1
ercsi paBeHcTso (18.3).1H

3ameuvuaHnue. Ilpu nokasarenbcrBe Teopembl 18.9 ™Mbl ycra-
HOBHJIH — H 3TO HaM NPHUTOAUTCA B JaJjbHellleM, — 4TO, €CJH Ioc.ie-
J0BaTeNbHOCTD ([, ) leOBJIeTBOpHeT YCJIOBUSIM 3TOH TeopeMbl, TO GyHK-

n
UHH St= ) fk Hs = Y fr YIOBJETBODSIOT BCEM YCJIOBHUSIM TEOPEMEI
18.8; mpuuem nocJsenoBaTeNbHOCTH (ST), (s) M (s,) moutu Beiody Ha E

CXOJSITCA COOTBETCTBEHHO K HHTerpupyembiM ¢yHKuusm f+, [~ wu

f=F—F

BOIMPOCH! OJId CAMOITPOBEPKH

1. Uro 3naunt, yto PyukuMs [ HHTerpupyema Ha H3MepHMOM MHOXecTBe E?
Kakoe uucsio HasbiBaetcst uHTerpasoMm ot f nmo E? Moxer qu uHTerpupyemasi Ha R
GyHKLHS OKa3aTbCs HEHHTErPHPYeMOH HAa HEKOTOPOM H3MEDHMOM MHOXeCTBe?

2. JlokaxuTe, 4TO CBOHCTBO aJIHTHBHOCTH HHTerpaja OCTaeTCs CpaBelJiHBhIM
H JJs HHTErpajoB [0 U3MEPUMOMY MHOXECTBY.
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3. Ilafite onpesneneHune 3KBuBaseHTHbIX (yHKuuu. [IpuBegute npumepsl 3KBH-
BAJICHTHBIX U HEJIKBHUBAJIEHTHBIX (PYHKIHI.

4. Jloka)XuTe, YTO CyMMBLI ABYX MMap 3KBHBaJEHTHBHIX (YHKUHH 3KBHBAJEHTHBHL

5. 3anuwnTe HepaBeHcTBO HebbilleBa; NpoBepbTe €ro CNpaBeJIMBOCTb 4151 QyHK-
uvu f (x) = x% npu a = 4, E = [—3; 4].

6. HTo MOXKHO cKa3aTb 06 HHTerpaJsax OT 3KBHBAJIEHTHbIX QYHKLHIH?

7. Kakue u3 paccMoTpeHHbIX B § 15 CBOIICTB HHTerpaja MOXHO YCHJHTb C MNO-

MOLIBIO CJIOB «MOYTH BCIOAY»? [lOKa)KuTe TakoH YCHJEHHbIH BapHaHT KaKoro-anoo
CBOHCTBaA.

YTTPAXKHEHU A
§ 12. Ne 10, 14, 15—17, 21, 27, 29—34.

§ 19. YHKUHOHAJIbHDBIE NMPOCTPAHCTBA L! H L2

1. Mpoctpancteo L' [a@; bl. B stom naparpade norosopumcs pac-
CMaTpuBaTbh (YHKLUHH, ONpEAe/JeHHble U HHTerpupyemole no Jlebery
Ha MPOU3BOJBHOM, HO B JaJIbHEHIIHX paCCYXKAEHHSAX (HKCHPOBAHHOM
orpeske [a; b]. ITpu 3TOM OGyeM paccMaTpUBATh He OT/eJbHbIE PYHKLHUH,
a KJacchl 3KBHBAJEHTHbIX (GyHKUHHA. OO03HAaUMM MHOMKECTBO TaKHX
KJaccoB (¢ ykasaHHOM HuXKe Hopmoi) uepes L! [a; b] uaum kopoue:
L' (nockosbKy OTpe3oK y Hac ¢hHKCHPOBaH).

Onpegenum B L' onepauuu cioxeHusi KJ1accoB H YMHOXKEHHS KJac-
ca Ha 4HCJO, a TakKe HopMmy kJsacca. HasoBeM cymMMmoll ABYX KJaccoB
f 1 g sKBUBaJeHTHBIX GYHKUUH Kaace f-+ g, conepxkaliuil QyHKIIHIO
[+ g, rae [ — pyHkuusa knaacca f, a g — dbyHkuus KJaacca g. Hs
CKa3aHHoro Bhille (cM. ¢. 121) o AByX mapax 3KBHBaJIeHTHbLIX GYHKIHH
SICHO, YTO KJsacc f - £ He 3aBUCHT OT Bhibopa mnpejcraBuTenel f u g.
AnanoruuHo omnpenensiercsi npousBeneHue Af kKjaacca f Ha uucJIO A.

b

Hopmoi#i knacca f nasoseM uncao || f|| = ‘S |f (x)|dx ,rze f— oxna

a
u3 ¢ynkunit Kaacca f. HeclokHO mokasaTh (NpefocTaBJisieM 3TO YHTa-
TeJI0), YTO MPH TAKOM ONpENEJEeHHH JUHEHHBIX onepaunii U HopMbl L
npeBpallaercss B JIMHEHHO€ HOPMHPOBaHHOe MpOCTpaHcTBO. HelTpalsb-
HblH 3JeMeHT O 3TOro mpocTpaHCTBa — KJacc GyHKUMH, 3KBHBaJIeHT-
HbIX HYJIO.
3ameTHM, 4TO ecad Obl B KayecTBe 3/JeMEHTOB IIPOCTPAHCTBA Mbl

paccMaTpHBaJil He KJacChl 3KBHBaAJIEHTHBIX (PYHKLUHH, a OTAEJbHbIE
b

GYHKUHH, TO § | [ (x)]dx Mbl He cMorsin Gbl Ha3BaTb HOPMOH (QYHKIHH,

a
b

"

OCKOMbKY u3 Toro, 4to \|f (x)|dx = 0, He cnenyer, uto f=0 (a

a
caeayer Juub, yto [ ~ 0), H, 3HAUUT, HE BHINOJHAJOCH Obl NepBasi
aKCHOMa HODMBHI.

ITockoabKy Bce omepauud Haj KJjaccaMHM CBOASITCS K ONepamusiM
HaJl BXOAfILLUMH B HHUX GYHKUHMAMH, OyaeM JJsi KpaTKOCTH Kaacc f
obo3Hayatb yepes f. JlpyruMu cjaoBamu, OyjieM CUMTaTb, YTO NPOCTPaH-
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ctBo L' cocTouT M3 ¢ Yy H K Il U i, OTOXKIECTBJISAS MPH 3TOM BCE KBH-
BaJIeHTHbIE MEXJIy COO00H (PyHKIMH.

ToyHo Tak ke, Kak BblXoj B OoJiee LUMPOKOe MPOCTpaHCTBO R rio-
3BOJISIET JIeTKO OOHApYXKHUTh HEMOJHOTY NMpocTpaHcTBa Q, Tak M BBeje-

Hiue npocrpaHcTBa L' cpasy ke oOHapy:KHBaeT HEMOJHOTY MPOCTpaH-
ctea C;.

JleficTBUTENBHO, NOJIOXKHUM adst mpoctothl L! = L' [—1; 1], C, =
= C, [—1; 11 u paccmorpum nocsenoBarTebHOCTDL GyHKIHI

0, mpu —1Lx <O,
1
fn (x) _____1 nx, 1npun 0 <x < -’T,

1
kl pH 71—<x<1.

STa I10CJeJ0BaTeIbHOCTh CXOAMTCA B npocTpaHcTBe L' K dyukuup
0 npu —1 < x O,
F @) =11 npu 0 <x< 1,

MIOCKOJIbKY

Bl'—-

1
Ol _ (i _ 1
nf—f,,n—_lﬂm) fn(x)ldx ;5(1 ) dy = -

.1
alim — = 0. B cuny e1MHCTBEHHOCTH TMpesea (B METPHUECKOM IpO-

n— oo n

crpaHctBe L') HuKakas (QyHKuUMs, HE 5KBHBaJleHTHass (QYHKUHH [,
He MOXKeT ObITb IpejfesoM InocjaenosatenbHocTH (f,). OTciona BhLITeKa-
et (cM. npumep 18.1), uTo mocsenoBaTesNbHOCTD (f,) HE MOXKET CXOAUTD-
csl MO paccMaTpHBaeMOM HOpPME HH K KakKOH HenpepbiBHOH (yHKIIHH.
JpyrumMu cjoBamH, nocjenoBatebHocTb (f,) H3 npoctpaHctBa C; He
HMeeT B 3TOM NPOCTPAHCTBE Npefeja. A Tak Kak MOC/IEL0BATeNbHOCTD

(f,) dynnamentasibHa B C, (cM. npumep 13.4), To 3TUM H J0Ka3aHO, YTO
npocmparcméo C; Henoawo.

JlokaxkeM OHY H3 BaXKHEHLIHMX TeopeM, CApaBelHBbLIX IJs HHTE-
rpupyembix no Jlebery ¢pyHKIHH.

Teopema 19.1. [Ipocmpancmeéo L' noaroe.

HokaszateanbctBo. Ilyets (s,) — ¢yHnameHTanbHas 1o-
cieoBatesbHOCTD GYHKUMHA u3 L'. U3 Hee mMoxHO (cM. Teopemy 13.6)
BbIJE/NUTb TaKylo INOAIOC/IEJ0BATeNbHOCTD (snk), 4TO PAL

. © b
k=21 “ My T m = ké‘l S ls”k+1(x) — Sn, (¥)| 4%

cxopures. Ilonoxus f, =s,, f, =s, —s,  npu k> 2, nonyua-

oo b

eM, YTO CXOAHTCS PAA Y| SI [, (x)|dx. B TakoM c1y4ae, B CHJY TeOpeMbI
k=la
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18.9, psan ¥ f, (a Taxxke psan Y, |f, ) nourn Bcrony Ha la; bl cxoputes k

HEeKOTopoH uHTerpupyemodl ¢yHkuuu f. Ho

: k
A \p—
2 =8+ Z (Sn, = Sn,_,) = S,
=2

(=l
3HAuHT, MOC/IEI0BATRIBHOCTD (S, ) MOUTH BCIOLY HA la; b] cxonures

dyuxkuuu f € LT
[TokaxeM Tenepb, 4TO (snk) CXOAHUTCA K [ He TOJBKO NOUTH BCIOLY, HO

H 1o Hopme. [Ljs 3TOrO 3adukcupyem npousBoJibHoe £ € N U paccmor-

puM psamBl _ o
2 f 2 | F: ] 2 Slfl.(x)ldx.

=k+1 i=k-+1 i=k+1

I3 ckazaHHOro BbIllIE€ SICHO, YTO NEpPBbIE [Ba psfa MOYTH BCIOAY CXO-

ASITCSL K HEKOTOPhIM HHTerpHpyeMbiM (GyHKUUsAM (0003HAUMM HX COOT-

BeTcTBeHHO yepe3 T, u R, ), a TpeTuil psll CXOAUTCS K HEKOTOPOMY UHC-
b

Ny r,; TIPH 3TOM 5 R, (x)dx = r, (B cuny Teopembl 18.9). Ho Tak Kak
| T, (x)| < R, (x) noutu BCroay, TO

b b

X IT, (x)] dx qu (x)dx = r,,

a TOTOMY
b

b
0IIf—s, | =jlf<x>— sn, (¥)| dx = yiTk \dx <, .

a d
Ho r, ectb k-#i ocraTouHblft wieH cxonsiuerocs papa. I[lostomy r,— 0
npH kR — 0o, a 3HAYHT,
lim|| f —ss,, ||=0,

R— o0

YTO U J0Ka3biBaeT CXOJHMOCTD (s”k) K [ mo HopMe.

B cuny Teopemnl 13.4 U3 CXONMMOCTH IOAINOC/EL0BATEIBHOCTH (yH-
JlAMEHTaJIbHOH NOCJ/Ie0BaTeNIbHOCTH K [ cJ/leflyeT, uTo W cama MocJIefo-
BaTeJbHOCTb (S,) cxoautcss B L' k f. MTak, Bcsikas ¢pyHaamenTaJbHas
nocjaegoBaresbHocTb U3 L' cxogutes B LY, 1. e. L nosHo.§l

2. Mpoctpanctso L% [a; b]. PaccMorpum Temepbp MHOMKECTBO HH-
Terpupyembix Ha otpeske la; bl ¢ynxyud, umerowux unmeepupyemou
keadpam (T. €. TaKHX HHTerpupyeMblX GYHKUMH f, uTO U dDyHKuHUA [?
WHTRIpHpyeMa), CHOBA OTOXK/ECTBJAS 3SKBHUBAJIEHTHBIE MExKAY co0oil
dbydakuuu. Takoe MHOXKeCTBO (C yKa3aHHOH HH2Ke HOpMoH) o603HayaeTcs
L* la; b] wnn npocro L2, ecoiu sicHO, 4TO OTPE30K B COOTBETCTBYIOMIHX
paccyKaAeHHsAX (PUKCHPOBAH.
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Hokaxem, uto L? saBasierca npearuab0epTOBBIM MPOCTPAHCTBOM
OTHOCHTEJIbHO OOBIYHbIX aJrebpanyeckKux ornepauuid W ckajspHOro npo-
H3BEJCHUA:

b
(7, &) = jf (x) g (x) dx. (19.1)

JLnsi 3TOro HYKHO 10Ka3aThb, YTO PYHKIMSA fg HHTErpHpyeMa /sl JOObIX
[ n g us L%, a takxe, uto L? sB/aserca JUHEHHBIM NPOCTPAHCTBOM, NpPH-
yeM BbINIOJIHEHbl AKCHOMBI CKaJIiDHOTO NPOH3BENEHHA.

CnpaBen/IUBO pPaBEHCTBO

fe=F"—MNE—g)=ig—fg—Ig +Fg.

3HauuT, JOKa3aB, UTO NpPOU3BeJeHHE ABYX HEOTPHUUATEJNbHLIX (PYHKIUH
u3 L? uHTerpupyemo, Mbl JOKaxKeM 3TO IJs J0OblX (PyHKUHH u3 L2

Hrak, nyctb f U g — HeoTpuuartenbHble GyHKuuu u3 L2 Paccmort-
PHM Cpe3KHd g,, bynkuuu g. Tak Kak QyHKUHMH [ H g,, MHTETpHPYeMbI,
a (yHKuus g,, orpaHuueHa, To fg,, UHTerpupyeMa B CHJY TeOpeMbl
15.18. I'lpu 3ToM As1s1 M100BIX 11 U X UMEEM:

F (%) Gon () T (2) Zonss (1),
F(0) 80n (0 <F (0 () < 5 (P (0) + 2 (0):
Taxk kak (pyHKLum f2 u g® uHTETpUpYyeMBl, TO HeyﬁbIBaIOUlaH MocJeno-

BaTeJbHOCTb (Sf (%) g,, (x )dx) OrpaHHYEHa CBEPXY YHCJIOM — Yfz( ) dx -

25g x)dx, a TMOTOMY 3Ta IocJejoBaTe/JbHOCTb cxoautcd. Ilpu-

MeHHH teopemy 16.3, mosyyaem, 4To H QyHKUHUSA

f (x) g (x) = lim f (x) &, (x)
n—»oo
uuterpupyema. Otciona, Kak Obl10 CKa3aHo BbIllE, CJlEAYeT, YTO PyHK-
uus fg vHTerpupyema npu Jiobelx f u g us L2

Tem cambiM J0KasaHo, 4TO cKajasipHoe npousseaenue (19.1) onpe-
fleNieHo A JMo0biX yHKuui f u g usz L2

[Iycte fu g —(pyuxunu u3 npoctpaHcrBa L2 D10 o3Hauaer, yrto
GbyHKIUH f, g, J/* 1 g* unrerpupyemsl. Ho Torzaa HHTETPHpyeMa K byHK-
unst (f + g)°, nockoibky (f 4 g)2 = 72 + 2fg + &%

Hocxonbxy OUeBH/HO, uTO Af € ecan [ € L2, To L? saBasieTcs Ji-
HEeUHBIM IPOCTPAHCTBOM.

JIerkKo 10Ka3aTb, YTO BbIMOJHSATCA BCE aKCHOMbI CKaJSPHOrO Npo-
ussenedusa. Hanpumep, (f, /) = 0 B cuny reopembl 18.7 JaHwb 14
(QYHKIHH, MOYTH BCIORY paBHbIX HYJt0. Ho BCce Takue QyHKUHH Mbl J10-
TOBOPHJIHCh OTOXKIECTBJATbL C HyJeM. (QCTajlbHble aKCHOMbl TaKiKe He-
OCpeACTBEHHO CJe[yloT U3 CBOHCTB uuTerpaJfa Jlebera.

128



Takum o6pasom, Mbl J0oKasaJu, uto L? sagasemca npedeurvbepmosoim
npocmparcmeom. OTcioja BbIT€KaeT, B YAaCTHOCTH, YTO [JfA JIHOObIX
¢yHukuui f u g u3 L? Boinosiusiercs HepaseHeTBo [(f, @) | <K f I - Ll gll, 7. €.
2

Sbf(x)g(x) dx <§f2 (x) dx - fgz (x) dx.

[Tonaras B stom HepaBeHcTBe f == 1, g = |f|, moayuaem, yto gn1a Jio-
6ot ¢pyHkuuu f € L?

2

b b
§|f(x) | dx <(b——a)§/‘2(x) dx. (19.2)

Ecnu o6osnaunth HopMy pyHkuuu f B L uepes ||f|l;, aB L2 — uepes
Ifll,, To u3 (19.2) caenyer, urto

1<V bo—allfll. (19.3)

Jlokaxem Tenepb, uto L? siBjsieTcsl rU/IbOEPTOBLIM MPOCTPAHCTBOM.

Teopema 19.2. [Ipocmpancmso L? noanoe.

JokasaTteabcTBoO. [lycts (S,)— ¢dyHAamMeHTalbHAsA IIO-
ciefoBaTenbHocTh ¢yHkuui u3 L2, M3 HepaBeHnctBa (19.3) cuenyer,
4TO 3Ta MocJejoBaTe/bHocTh PyHaameHTassHa u B LY. Ho Toraa, kak
3TO ObIJ1I0 TOKA3aHO MPH J0Ka3aTenbcTBe Teopemsl 19.1, u3 pacecmatpusa-
eMOfl mocJ/ieloBaTebHOCTH MOXKHO H3BJleyb TaKylo MOANOC/eN0BaTe N b-
HOCTD (S, ), 4To QyHkumu f, =S, f, =s, —s, (k=23 ..)
YIOBJICTBOPSIOT yCJ0OBHSIM Teopembl 18.9. A 370, B CBOW oyepesb, O3Ha-
yaeT (CM. 3amMeuyaHHe Ha c. 124), 4To nocJenoBaTeJbHOCTD (s,;’/;) y1OBJIET-

BopseT ycsaoBusaMm teopembl 18.8. ITostomy
s;l*; (x) <s;l*;+l(x) (19.4)

H (s,'fk) MOUTH BCIOAY CXOIUTCH K HHTerpupyemoit pyHkuuu [*.

Tak kak a1 001X GYHKIHA ¢ 1y U3 L? cipaBef/iHBO HEpaBeHCTBO
ot —ptl, < [l —¥|l,, TO mocseroBaTesbHOCTD (s,,‘:) dbyHIaMeHTab-
Ha B L2 Tlostomy ass1 so6oro & > 0 naiigercs takoe K, 4To npu

k, t > K, umMmeeMm: ||s,"f; —-S,I:H <%. Otcroza BLITEKaeT, 4TO
2 2
S(s;ft (x) —sjl; (x))2dx <%. (19.5)

Kak Buano us HepaBeHctBa (19.4), GyHKIMH (p,=(s‘,t— -.:Fk)z,

t >k > K, ynosserBopsitoT ycjoBusaMm TeopeMmbl 18.8. [Tosromy mpe-
nen (ft — snk)2 I0CJIEJOBATENbHOCTH (¢,) (B CMbIC/I€ CXOAHUMOCTH I0OY-

TH BCIONly) — GYHKUHUA HHTerpupyemasi. IpyruMu c/jaoBaMH, 3TO O3Ha-
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yaer, 4To (PyHKuUA @+ = Fr— s, TPHUHALIEKHT MPOCTPaHCTBY L2

Orcioja BLITEKAeT, uTo U GyHKIHUA f BxoauT B L? (kak cymma pyHKUHH
ot u s,j; us L?).
OILHOBpeMeHHO U3 TeOpeMbI 18.8 caenyer, uto npu ¢ > K,
b

lim § @, (x) dx = S (llm @, (X)) 5 (Ft (X) — sn, (x))*dx,

t—»oo
a

a B 3TOM cJydyae u3 HepaBeHcTBa (19.0) BmiTekaer, uTo npu ¢ >K,
b
| (09 — s (p2de <5

ITo o03Hauaer, uTo Nnpu k > K;
+ s+ hd
”f || S g

ToyHo TaK xKe MOXKHO yb6enutbCcs (0003HAUEHHUS CM. B 3aMedaHiiH
Ha c. 124), uto f~ € L? u npu k > K, BBINOJHSETCS HEPaBEHCTBO

— _— €
”f _Sl:k” <

Ho torpa ¢yukuus f = f+ — f~ Bxomut B L%, npHuem cyuiectByer Ta-
koe K, uto npu { > K umeem:

I —sn | =1 (F*—=F) + (st —s ) I =1G"—st)+ (7 —MI<
KU —st || HIF- =57, | < 5 + 5 ==

OTcrloa cjieyer, uTo MocC/aeAQBaTeIbHOCTD (snk) CXOJHUTCS B NMpPOCTpaH-

crBe L? K ¢pyukuun [ € L% 3aBepiuaercs JoKa3aTeabCTBO TEOPEMbl TOY-
HO TaK K€, KaK H J0Ka3aTeJbCTBO npenbiayiied teopemsl. |l

[Tockoabky L? — mosnHoe npearun/ibGepTOBO MPOCTPAHCTBO, TO OHO
ruab0epToBO. MBI MOCTPOWJIM NpUMep TUIBOEpPTOBA MPOCTPAHCTBA, CO-
cTosiliero U3 QyHKUHUH.

Hawm nonano6sitcsi B jpajbHefiieM W npoctpaHcTtBa L?, cocrosuiue

M3 KOMIIJIEKCHO3HAUHbIX (PyHKUHUHA. [l HUX CKaJsipHOe NPOU3BejeHHe
onpeneaserca GopMmyJsioH

b
(. &)= {(x) g(x)dx

a Hopma — ¢opMyJIOoH

b L
1= 1Fep a7,

\a
OHH TakxKe NOJHBI, T. €. ABJAKTCA I'HJIbOEpPTOBLIMU.
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3. Bciopy nuorHbie noAMHOXecTBa B mpocTpaHctBax L' m L2 Bo
MHOTHX BOIIPOCaX, CBSI3AHHLIX C NpHUMEHeHHeM mpoctpaHcTB L' u L2,
MPUXOAHTCS OMHPATLCS HA pasjIMYHbIE BCIOAY MJIOTHbIE MOAMHOXECTBA
B 3THX NpocTpaHcTBaX. [103TOMy BaxKHO 3HaTbh TaKHe MOJAMHOKECTBA.

Huxe Mbl CHoBa OyjaeM a/s1 KpaTkocTH 4epe3 L' u L? o6GosnayaThb
npocrpanctea Lt la; bl u L? [a; bl, cuuras orpesok la; bl duxcupo-
BaHH bIM.

Teopema 19.3. [lodnpocmpancmso S cmynenuamorx Qynkyui ecro0y
naomuo 6 npocmpancmee LY.

JokasaTteabcTBoO. [lo onpeieneHuro unrterpasa JleGera
a1 mobok dyHkuuu f u3 L' u moboro £ > 0 Halinercs takas cTyneHya-
Tasg QyHKUUA ¢, 4yTO QyHKUMA [ — @, a CJAeNOBATENBHO H (PYHKLHA
|f — |, aBaserca e-manoii. Ho Torna, no teopeme 15.8,

b
IF—ell=|1f () —e@lds <e.

a

IDTO 03HayaeT, YTo B JIOOOH OKPeCTHOCTH QyHKuuH f u3 L' ecthb cry-
neHyaTble QYHKUHH, a TIOTOMY MHOXECTBO CTYNeHYaThlX GYHKUUH BCIOAY
naotHo B L'.f}

Teopema 19.4. [loonpocmparcmeo HenpepowbHolx pynkyuii  6crody
naomuo 6 npocmparcmee LY,

JlokasaTteanbcTBO. B cuany teopemnl 9.7 10cTaToyHO A0Ka-
3aTb, 4TO AJ17 J1000H CTyneHYaTod GYHKUHKHU @ H Joboro ¢ > 0 Halifercs
Takas HenpepeiBHas GyHKuMs ¢, 4To || —y|| <e. 3aganum Takyo
¢yHkuuio rpapuyecku (puc. 24). I'lpu stom 6 > 0 Bo3bMeM HACTONBLKO

MaJlbiM, YTOObI CyMMa IIOllafed BCeX 3aIUTPHXOBAHHBIX TPEyroJbHH-
KOB 0Ka3asacb MeHblle &, JTa cyMMa U paBHa

b

| 1o () —% (0)]dx, 1. e llo —pil. I

a

OTMmeTuM, 4TO Ha caMoM JieJie Mbl JOKas3aJjH Gosiee CHIbHOE yTBEpPK-
JieHue:

Teopema 19.5. B npocmpancmee L' 6ctody naomrno nodnpocmpat-
CMB0  KYCOMHO-AUHEUHbIX Henpe-

POIBHBIX (PYHKYULL. yh
Teopema 19.6. B npocmpancm-
ge L' 6ctody naomuo nodnpocm-
PAHCMBO (PYHKYUL, umerouiux He-
NPepuIBHYIO0 NPOU3BOOHYIO.
JloxaszaTteabcTBO. B
cuay Teopembl 19.5 nocTaTouHO
10Kas3aTb, 4YTO AJ1A J0O0H KyCod-
HO-JIHHEHHOH HenpepbliBHOH (PyHK-
uuH P 4 Joboro € > 0 cyuiecTBy-
eT Takasgd (QyHKuHud ®, HMepulas
HENpepbIBHYIO MPOH3BOAHYIO, UYTO Puc. 24

e —— . —— c———— v ——— — —
e e e e e e e e
DY .o
LR AN
cet e
.

e vt o w— a—

I ARy

at
it

131



lo—@]|] <e. Urobel nosyuutb rpadvk Takod (yHKLIHH, JOCTAaTOY-
HO «CryaguTby rpaduk QyHKUUH P, NPOBeAs CONPAraioliHe OKpYK-
HOCTH J0CTaToyHO MmaJjioro pazauyca.jij

OTMETHM, YTO €CJH BMECTO AYT OKPYXKHOCTCH B3SIThb NepeXoiHble
KpPHBbLIE C HeNpepbLIBHO MeHsoledcss KPUBH3HOH, TO MOXKHO JOOHMTLCH,
YTOOb! CrylaxkKeHHast GYHKIMSA oKa3aJsach 6eckoHeuHo audxbepeHIupyemMoH.
[Tostomy B L' 6crody naomro noonpocmpancmseo 6GeckoHeuHo Ouggepet-
yupyemolx Gynkyud.

OTMmeTuM ellle OHO yTBepKlAeHHe, KOTOopoe NMoHafoOuTCs HaM B CJe-
AyiollleM rnaparpage:

Teopema 19.7. B npocmparcmee L' eciody naomrno nodnpocmpat-
cmeo pynkyuil @, umerouux Ha la; bl nenpepoisryo emopyro npoussod-
Hyto u maxkux, umo ¢ (a) = @ (b), @' (@) = ¢'(b) u @" (@) = ¢"(b).

JTa TeopeMa TaKKe J[O0KasblBaeTcsl COOTBETCTBYIOUIMM CrJaKHBa-
HHEM KYyCOYHO-/JIHHEHHBIX HENpepLIBHBIX (QYHKIHH.

[Tepeiinem Tenepp K H3y4Y€HHIO BCIOJY IJIOTHBIX NOAMHOXECTB MPOCT-
paHcTBa L2

Teopema 19.8. [loonpocmparncmso B oeparuuernoix (yHkyul 6cio-
Oy naomHo 8 L2,

Jloka3saTteabcTBso. Ilycts f € L% U3 onpenenenus cpesxu

f., cnenyer, uTo
(F () — fon (X)) [rnl¥) >0 (19.6)

npu x € la; b] B camom pene, eciu —n L f (x) < n, Tof( _
) = 05 ecan f () >, 10 (F (6) — [uul0)) Fpul) = (x)——
n)n > O a ec:Jm f(x) <—mn, 10 (f(X)—F[,, () fnn( =

=0 +n(—n >

13 HepaBeHCTBa (19.6) clenyeT, 4To
(F (¥) =1, N PP (%) —F2, (%) (19.7)

Tak Kax (f%),, = (f,n)% rae m = n? u

b b
[ 12 @) dx = lim () (0) i,
TO
b b
| 1 (x) dx = lim g (frn (x))? dx,
H TIOTOMY

n—+oo

b
lim S (x) — 2 (x))dx = 0.

M3 HepaBenctBa (19.7) cnepyer, uto Torza u
b

lim (f (x) - fnn(x))z dx = 0,

n-—»oo
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T. €., YTO B IMpocTpaHcTBe L? mocsenoBaTenbHOCTh OrpaHHYEHHBIX
¢yukuu#i (f,,) cxomurca kK ¢yHkuuu f. W
[lyctb fug—nBeorpaHuueHHb e pyukuuu U3 L2 Toraa
cyulectByer Takoe yuciao M, uto |[f ()| < M u|g(x)] < M, a no-
Tomy |f (x) — g (x)| < 2M npu Bcex x u3 [a; bl. B Takom cayuae
b

b
V() —g () de <2M || [ (x) —g (x)| dx

a a

HJIH

F—gll. <V 2M| f—gl

IMosTomy, ecau mocsenoBatesnbHOCTh (¢,) cxoautcs K [ mo Hopme LI,
npuuyeM GyHkuud [ u @, (n € N) orpanuueHnl uucjgom M, To 3Ta mo-
c/IefloBaTeNbHOCTh cXoauTcs K f u mo Hopme L2. Otcioga, B cHay Teope-

Mbl 9.7, 3akJwouaeM, uto Teopembl 19.3 — 19.7 ocrawTcs cnpaBeisu-
BbIMH NMpPH 3ameHe B Hux L' na L2

BOITPOCBI OJ151 CAMOITPOBEPKU

1. M3 kakux sneMeHTOB cocTOHT npoctpaHcTBo L! [a; 6]? UTo saBasierca uysem
3TOr0 NpPOCTPaHCTBA?

2. 3anuwmute GopMyay Aas HOpMbl B npoctpanctse L! [a; b], nokaxkurte BbINOJ-
HHMOCTb BCEX AKCHOM HOPMBI.

3. Haiite onpenenenne npoctpanctBa L2 [a; b]; mokaxure, uro dopmyna (19.1)
NEeHCTBHTEJNIBHO 3alaeT CKaJIsipHOE NPOH3BEJeHHE.

4. Jloxaxurte HepaBeHCTBO || @t — Pty < |9 — P ||,

5. YKaxXuTe HeCKOJIbKO IMOAMPOCTPAHCTB, BCIOAY MJOTHBIX B mpocTpaHcTBe L.

YITPAXHEHHW S

§ 12. No 39—42.

§ 20. OPTOHOPMHUPOBAHHBIE BA3UCHI
B '’HJIbBEPTOBOM INPOCTPAHCTBE

1. 3agaya o HanayuyiieM npubaHIKEHHH. B pas/iMuHbIX pasjenax ma-
TeMAaTHKH W ee MPHUJOXKEHHUH BCTpeuaeTcs cJeaymollas 3ajada: AaHo
JJUHEHHOe HOPMHPOBAHHOE NPOCTPAHCTBO L, B HeM BLIODAHO KOHEUYHOe
YUCJIO 3JeMEHTOB (BekTopoB) (e, ..., €,); TpeOyercss /s KaxJoro
BeKTopa a u3 L nonobpath Takue uyucaal a,, ..., &,, YTO BEKTOP
&.6; + ... + &, e, OTK/IOHSIETCA OT a MeHbIle, 4eM BCAKHUH ApYyroH
BEKTOP BHAA Mé; + ... + Ae,, T. e. |la — (Me, + ... + Ae,)ll npu-
HUMaeT HauMeHbluee 3HaueHue, ecad A, = a4, ..., A, = o, . COBOKYI-
HOCTb BC€X BEKTOpPOB Buaa Me; + ... + A,e,, roe Ay, ..., A, —Ipous-
BOJIbHBIE YHCJa, o0pasyeT JHHEHHOE KOHEYHOMEpPHOe MOANPOCTPAHCTBO

1 Pagn KoHKpeTHOCTH 6yJieM MoJiaraThb, YTO peub HAeT O AeHCTBHTEbHbIX YHCJAX,
[Ipn nepexoje K cayyalo KOMIMJIEKCHBIX YHCeJ YCJOXHEHHSI HeCyLueCTBEHHBI.
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L" B L. B reomMerpHyecKuX TepMHHaX JaHHYIO 3aJayy MOXHO nepedpa-
3UPOBATb TaK: Il 3aJlaHHOH TOUKH & W3 L HAWTH B NOANPOCTPAHCTBE
L" Touky, OGmukallylo K TOUKE Q.

JTa 3ajada ymnpoluaercs, eciu L — ruab0epToBO HPOCTPAHCTBO,
a BEKTOpHl éy,..., €, MONApHO OpPTOroHa/bHBl (cM. § 7, n. 3). Bynem
Tak»Ke mnpeanoJsaratb, 4to |le |l = 1 npu k2 =1, ..., n. Bcskyio Ko-

HeUHyio WJH CYeTHYIO cHCTeMy (éy, ..., €,, ...) TMIONAPHO OPTOrOHAJb-
HbIX BEKTOPOB T'MJIbOEPTOBA MpPOCTpaHCTBA L, HOPMBbI KOTOPbIX PaBHHI
€IHHHLE, Ha3LIBAIOT OPMOHOPMUPOBAHHOU cucmemoll.

B ciyyae runb0epToBa NpoCTpaHCTBA pelleHHe MHTepecylolleil Hac
3a/laul Jaercsl CJAeNYIOLEeH TeopeMOoH:

Teopema 20.1. Ecau (ey, ..., €,) — OPMOHOPMUPOBAHHAS  CuUCHIe-
MQ 8ekmopos 8 eurvbepmogom npocmparcmse L, u a€ L, mo omxaoHeHue

d=|la— Me,+ ... + A, e,)ll 6ydem naumenvwum, ecau 6 xauecmee
Koaghpuyuenmos Kk golopame 4ucaa

= (a,¢) (k= 1, ..., n). (20.1)

Yucna o, ..., &, HasbIBaIOT /coad)d)uqueumamu Dypoet BeKTOpa a
OTHOCHTEJIbHO OPTOHOPMHPOBAaHHOH CHCTeMbl BEKTOPOB (ey, ..., €, ).

JlokasaTesdbcTBO. Tak Kak Hopma Kaxioro BeKTOpa —
HEOTPHULATENIbHOE 4YHUCJIO, TO OTKJOHEeHHe d INPHHHMAaeT HauMEeHbIlee

3HayeHHe TOrJa H TOJbKO TOrJa, Korja BejuunHa d* = ||a — (he; +
+ ... + A.e,)|l> munumanbHa. Ho
d? =(@a@—Ae, —...—Apen, a— Klel — veo. — Anen) = (a, a) —
— 2 z he(a, er)+ 2 Z A (e;,6k).
i=l1 k=l

YuuTbiBas, uto (e, ek)::O nmpu iF*k, (¢, e) =1 npu i =~k u
(a, er) = o, TOJyYaAEM:

= (a, a) —22 A0l -+ 2 A = (a, a) + 2 (A2 — 2\ + @) —
=l Py k=1

n

—V a2 =lal— o + 3 (s — o
k=1 k=1 k=1

Otcroza BHAHO, YTO BeJIMUHHA d® HMeeT HaMMEHbILee 3HauyeHHe, eCJIH

A, =0a, (=1, .., n).0

Caenctsue 1. Haumenovuiee omxaonenue d_. —8ekmopa a eurvbepmo-

éa npocmparcmea L om noOnpocmparncmsa L*, noposxOerHo2o opmoHop-
Mmuposanrol cucmemotd 8exmopos (ey, ..., e,), 3adaemcs opmyroi

@2y =llalr =Y a (20.2)

k==1

1 }K anH barucr)Xosed ®ypoe (1768—1830) — Brparomuiicas ¢pan-
y3cKHit MaTeMaTHK. HauboJsiee n3BecTHa ero pa6ora «<AHajuTHYECKAasi TEOPUS TeMJay,
B KOTOPOH 3aJ0KEHBI OCHOBbI TE€OPHH TPHIOHOMETPHYECKHX PSAOB.
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HMHaue roBopsi, pacCTOsIHUE TOYKH a €
€ L or noanpocTpancrsa L", NOPOXKIEHHOIO
OpPTOHOPMHPOBAHHOH CHCTEMOH BEKTOPOB (e,
..., en), 3anaercs dopmynon (20.2).

Caencrsue 2. Ecau a — Kakou-aubo 6ek-
mop u3 euavbepmosa npocmpancmea L, a
Ay ..., An — KoIuyuenmosr Pypve ekmopa
Q OMHOCUMEAbHO OPMOHOPMUPOBAHHOU CU-
cmemol 6ekmopos (e, ..., €,), Mo

¥ @ <Jal® (20.3)
k=1

HepasenctBo (20.3) Ha3bIBAIOT HEpaseHCmM8Eom Puc. 25
Becceas'.

JIerko mpoBepuTh, UTO BeKTOp h = a — (a8, + ... 4 @,e,) opTo-
roHaJsleH MOANPOCTPAHCTBY L” B TOM CMbICJIE, UTO OH OPTOrOHaJIeH KaxK-

nomy BekTopy u3 L". Bekrtop A Moxuo mo anasnorun ¢ R} TonkoBath
KaK «MepreHiHKyJsp, ONYLIEHHbIH H3 TOUKH @ Ha MNOANPOCTPAHCTBO

L™». Yrto kacaercs BekTopa a = a,e; -+ ... + o,e,, TO €r0 B TaKOM
cilyyae MOXHO (pHC. 25) TONKOBAaTb KaK <«MPOEKLHIO» BEKTOpa @ Ha

n
NOANpocTpaHCTBO L”. [ToCKOMBKY YHCJIO ‘/}: aﬁ — 3TO HOpPMa BEKTOpa
k=1
a', To HepaBeHCTBO beccens BbIpakaeT TOT MHTYHTHBHO OYEBHJHBIH
¢akT, YTO HOpMa NpOeKUHH a’ BeKTopa a Ha HOANPOCTpPAHCTBO L
MEHbIIIE HOPMBbI CaMOr0O BEKTOpa a; HCKJ/IUYEHHE COCTaBJISIET JIMIIb TOT

cyuyail, KOra BEKTOp a JIEXKHT B HoAnpoctpaHcTee L" (toraa B (20.3)
MMeeT MeCTO paBeHCTBO). Teopema 20.1 Ha reoMeTpHUYeCKOM S3bIKe
yTBepK1aeT, yTo OyuKaHlied K ToukKe a W3 L TOUKOH MOANPOCTPAHCT-
Ba L" dBasieTcs OCHOBaHHEe MepIeHJHKYJ/Asipa, ONYIIeHHOro U3
TOUKH a Ha L".

2. OproHopmHupoBaHHble 6a3uchbl. 113 Kypca anreOpbl Mbl 3HaeM, 4TO
BO BCSKOM /-MEpPHOM BEKTOPHOM INpocTpaHcTBe E” cyuiectByer 6asuc,

T. €. TaKasg CHUCTeMa BeKTOpoB (e, ..., €,), UTO BCAKHH BEKTOp a H3
E" MOXHO NpeicTaBUTb B BHJE

a=~he + ...+ A,e,, (20.4)
rie Ay ..., A,— HeKoTOpble yucaa. B ciayyae OGeCKOHeYHOMEPHBIX

BEKTOPHBLIX NMPOCTPAHCTB (MO CaMOMYy HMX ONpeJeseHHI0) TAKOH KOoHedy-

ldpunpuxBuanbreasbm Beccenp (1784—1846) — Boipalouuiics
HCeMElIKHH acTPOHOM, LIHPOKO HCMOJIb30BABUIMH MaTeMaTHYeCKHE MeTOAbl (METoJ Hau-

MCHBIUMX KBaApaToB, TEOPHIO BEPOSATHOCTEI H AP.) 11pH 00paboTKe pe3yJ/bTaTOB acTpo-
HOMHUECKHUX HaOJodeHHH.
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HOH CHCTEeMbl BEKTOPOB He cyulectByer. OfHAKO ecad paccMaTpHBATh
6eCKOHEUYHOMEPHBIE HO DM H PO B a H H bl € BEKTOPHblE NIPOCTPAHCT-
Ba L, To B HUX HAapsay C KOHEYHbIMH cymMmamH (20.4) MoxkKHO paccma-
TpUBAaTb OECKOHEYHBLIE CYMMBI, T. €. PsAbl (IOCKOJbKY MOXHO TOBOPHTH
O npejesie YyaCTHYHBIX CYMM), U IIOTOMY €CTeCTBEHHO NOCTaBUTh BOINPOC
O CYLIECTBOBAHHH CHemHo20 6a3uca — TaKou MOCJeLOBATeJbHOCTH BeK-
TopoB (e, ) u3 L, uro noboii BEKTOp a@ U3 L jomyckaer npejcTaBJeHHe:
oo

a=) Me,. He Bo BCSIKOM GECKOHEYHOMEDHOM HOPMHPOBAHHOM IpO-
k=1
CTpaHCTBe HMeeTcsl TakKoH 6asuc. IIpocTpaHcTBa co cueTHbIM 6a3ucoM
Ha3bIBAIOT CHEMHOMEPHbIMU.
Haunbosnbminii nHTEpeC AN NPAKTHYECKHUX NPUJOXKEHHH HMeEeT BOI-
poc 00 OTBICKAHUH CYETHOIO0 OPTOHOPMHUPOBAHHOrO 06asuca B rujabbepro-

BLIX INpPOCTpPAaHCTBaX. PaccMoTpeHueM 3TOrO BOMpPOCa MBI ceHyac H
3aliMeMCH.

IMpumep 20.1. Buibepem B RY° BexTtopnl BHAa €,=(0, ..., 1, 0, ...) (eannuna
Ha k-M MecTe, a ocTa/ibHble KOOPAHHATHI BeKTOpa €, — HyJH). [TokaxeM, 4To cucreMa
BEKTOPOB (e,), k€ N, o6pasyeT opToHopMHpoBaHHbI# 6asuc B Ry’
Tak kak B Ry ckanspHoe npou3BeieHHe BEKTOPOB @ = (@y, eevy Ay, «00) H b =
= (by, «+ey by, ...) ONpenensercs no cdopmyJsie
o0
(a, b) = 2 Anbp,
n=I
TO SICHO, UTO (¢;, €5) = O mpu i =k u || ¢,||* = (e,, ¢,) = 1. Tloatomy (e,) — opTo-
HOPMHpPOBaHHasi CHCTeMa.
Hanee, nyctb a = (ay, «.., Qp, +..) — NPOH3BOJbHLI BEKTOp H3 R;°. Torana, no

o0
ONpe/eJIeHHIO R§° , PAA Ea’?z CXOAHMTCS U MO3TOMY Vi1 KaxJoro € > 0 naiiaeTcs Takod

k=1
o0
HOMep m, 4To az < €2 Tak kak
=m-1
a—(me, + ... +amem) = O, ..., 0, ami1y Amys, )3
TO
m 2 0o
a — Zakek = 2 a§<82.
k=1 k=m+1

310 M O3HayacT, 4TO (¢,) — OPTOHOPMHPOBAHHBIA 6a3uc.

KoneuHo, He Bcerja ypaercsl Tak NpocTo, Kak B npumepe 20.1,
y6enuThCcs, YTO JaHHas OpTOHOPMHpOBAHHAas cucremMa obpasyer Oasiuc.
BriBeneM 1Ba KpuTepHsi, KOTOpblE YacTo yNpoLlalT NnonobHoe Hcc/eno-
paHue. [Ipegsapurtensio o6o61iMmM HepaBeHCTBO beccens (20.3).

[Tyctb (e,) — cueTHass OpTOHOPMHPOBAHHAsi CHCTEMa BEKTOPOB B

runpb6epToBOM InpocTpaHcTBe L. Bo3bMeM nepBblie # BEKTOPOB 3TOH
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cucrembl. Torzma npu Jio6oM Beibope BeKTopa @ B L chpaBefyMBO He-
paBeHCTBO becceis

RoP

2 2
A < ”aH ’
k=1
rnpe, HAIIOMHUM, ak = (a, ek). Tak Kak n—HpOHSBOJIbeIﬁ Homep,

TO OTCioJa BHJAHO, UTO BCE€ YACTHYHBIE CYMMbl 3HAKOIIOJIO2KHTEJBHOTI'O

il

o0

paaa Zai orpaHuueHbl cBepxy uucjoM [|a||®. CnepoBaTeqbHO, 3TOT
k=1

pAL CXOLUTCA H

(0 o)

2
E o lal (20.5)
k=1

DTo HepaBEeHCTBO HasbiBaeTcs HepaBeHCTBOM beccens nns Gecko-
HeYHOH OPTOHOPMHPOBAHHOH CHCTEMBI (YHKLUMH.

Teopema 20.2 (xputepuit B. A. CreknoBa'). [as moeco umobel
CHEMHAS OPMOHOPMUPOBAHHAR cucmema 6exmopos (e,) obpasosvibaia
6asuc 8 2uavbepmosom npocmparcmee L, Heobxodumo u Oocmamouro,
umobbt  Koaghpuyuenmor Dypve a, = (a, e,) Kancdoeo éekmopa a u3 L
10081eMBOPAAU PABCHCMBY

8

2 o = ||al? (20.6)

k=1

o0
Mpu smom a= Y a.e,.
k=1
JlokasaTteabcTBo. Ilycte (20.6) BeimOMHSETCS IS KaxK-
noro Bektopa a € L. O603HauuM yepes d, pacCTosIHHE OT a J0 JIHHeHHO-

ro npocTpaHcrea L”, HATAHYTOrO Ha BEKTOpPHl €, ..., €, . TaK Kak, B
cuny (17.2),

A2 =|a|f— 2 o, (20.7)
k=1

TO, B cuay (20.6), umeeM:

o0

lim d? = lim 2 a? =0.
n-—»00 n=»00

k=n+1

(oo}

Ho 3To u o3Hauaer, YTo PsAN ), o€, CXOLUTCSA K BEeKTOpY a. I[Tostomy
k=1

cucTeMa BeKTOpoB (e,) obGpasyer Gasuc B L.

!Bnagumup AuagpeeBuuCrexkysoB (1864—1926) — Bunatouuii-
csl pycckuil MaTteMaTHK. Ero HayuHble HCC/IEIOBAaHHSI OTHOCSITCS MPEHMYLIECTBEHHO

K MaTeMaTHuecKOH ¢u3nke. Mmsa Crek/jioBa HOCHT MHCTHTYT MaTeMAaTHKH AKajeMHH
Hayk CCCP, co3jlaHHBI/ 1O ero HHHLHATHBe,
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O6parHo, mycTb BeKTophHl (e,) obOpasyioT 6asuc B L. Torpa ans
MPOU3BOJILHOTO BEeKTOpa a H Jiwoboro ¢ > 0 HalAyTCA HOMEp A M YHCJa

n n

n
M, +., An Takue, uto |la — Y Aell <e. Tak kak Bektop 3, AL,
k=1 k=1
NpHHAJIEKHUT NOANPOCTPAHCTBY L”, HATAHYTOMY Ha BEKTOpH (ey,..., € ),
n
a yucyo d, = |la — Z a.e|| — HanMenblee M3 OTKJOHEHHH BeKTopa
k=1

a OT BEKTOpPOB MoAnpocTpaHcTBa L”, To noaasHo d, < €. Orciona cie-
ayer, uto lim d = 0, a cyief0BaTeNbHO, B CHJY (20.7), BBIMOJHSIETCH

n— 0o
(20.6). =
PaBenctBo (20.6) siBnsiercsi GeCKOHEYHOMEPHBLIM aAHAJIOTOM TEOPEMBI
IIudaropa.
Teopema 20.3. [as moeo umobbt cuemHas opmoHOPMUPOBAHHAS CUC-
mema exmopoe (e,) euavbepmosa npocmparcmea L beira 6asucom 6 smom

npocmpancmee, Heobxo0umo u 00CmamouHo, 4mobbl AUUL HYACEOL
gexmop 0 6 L 66in opmozorasen 8cem 8exmopam cucmemot (€,).

HarnsinHblil cMbICsl 3TOH TeOopeMbl COCTOUT B TOM, YTO OPTOHOPMH-
poBaHHas cucTeMa obpasyer 6a3uc B TOM H TOJBKO TOM CJlydae, KOrjia
ee HeJb3sl JIONOJHUTL HHM OJHHM BEKTOPOM, He€ Hapyllasi YCJOBHS
OPTOHOPMH POBAHHOCTH (CBOHCTBO 104HOMb. OPTOHOPMHPOBAHHON CHCTe-
Mbl). Hanpumep, opTel ocell KOOpAHHAT £ U j B TPEXMEPHOM €BKJH-
JIOBOM TPOCTPAHCTBE COCTaBJISAIOT OPTOHOPMHPOBAHHYIO CUCTEMY, HO He
obpasyoT 6asuc B R}, Tak Kak CylUIeCTBYeT HeHYJIeBOH BeKTOop B

OPTOTOHAJIbHBIH UM OOOUM.
JHokxasarteabcTBo. Ilycth (e,) — opToHOpMHpOBaHHLIH Ga-

3uc B L W nycTb HEKOTOpBLIH BEKTOp a € L opToroHaJsieH BceM BeKTOpam
e, T. e a,=(ae)=0 npu B € N. Tak xak cucrema (e,) — 6a3uc

ajast L, To Jo/mkHO BhiMosHATbCS paBeHCTBO (20.6), mostomy ||al? =

= ) a2 = 0. Ho Toraa a = 0.
k=1

O6patHo, NycTb B L HeT HeHYJeBbIX BEKTOPOB, OPTOrOHaJbHBIX
BCeM BeKTopaM cHcTeMbl (e,). Bribepem B L NpOHU3BOJNBLHBIH BeKTOp.

[Tycth @, — ero kosgduuuentol Pypre. B cuay HepaBencrBa becce-

oo
a8 pag Y. o? cxoaurcs. OtTciona cieayer, 4to JJis Kaxkjaoro & > 0
k=1
Haiaercsa (coryacHo Kputeputo Koilin) Takodt Homep N, uto npu n > N,
m > 0 BbIMOJHAETCS HEPABEHCTBO

n-t+m

2 o? < €2

R=n+1
138



Ho Toraa, B cusly opTOHOPMUPOBAHHOCTH CHCTEMBI (e,), HMMeeM!

n+m 2 n+m n+m n+m

N Y
2 Al || = 2 ApCp, z Aplp | = Z 06,3 < &%,
k=n-+1 k=n-+1 k=n-1 k=n-+1

ITO O3HayaeT, YTO IOCJEAOBATENbHOCTb (S,) YaCTHYHBIX CYMM psja

(o.@)
Y o.e, GynnamentasbHa. Ho ruapbepToBo mpocTpaHctBo L NOJHO.
k=1

[Tostomy mocienoBaTesbHOCTb (S, ) CXOAMTC B L K HEKOTOPOMY BeK-
Topy b.

ITokaxem, uto b = a. B camom zieste, 1151 kaxporo n € N ¢pyHKuus
(x, e,) B L nempepeiBHa (cMm. TeopeMmy 11.2), u mostomy (b, e,) =

oo oo
=Y (@e.€) =Y a, (e, e)=o,. Torna s Bcex n € N HmeeMm:
k=1 k=1
(@a—b,e,)=(a,e,)— (b,e,) =a,—a,=0, T. e. BekTOp @ — b
OpPTOrOHaJleH BCeM BEKTOpaM CHCTeMHI (e, ). 3To Ke, B CHJYy YCJOBHS,
O3HayaeT, Yto @ — b = 0 uan a = b. IlosTomy

[0 @]
Q= 2 ae.. W
k=1

Kpurepuit CrtekJsioBa 1no03BOJSIeT J0Ka3aTb CJEIVIOUIYIO BaXKHYVIO
Teopemy:

Teopema 20.4. Bcsikoe euavbepmoso npocmpaHcmeo co cuemubim 6a-
3UCOM u3oMempuuHo npocmparcmsy RS .

JloxasatenbcTtBo. Ilycrb (¢,) — cueTHeli OpPTOHOPMHPO-
BaHHBIH 6a3uc B rujibOepToBoM npoctpaHcTBe L. Torjpa kaKabld Bek-

oo
TOp @ € L MOXHO NpEJCTaBUTb B BHIE @ = ), o€, TAE &, — KO3(-

k=1
¢uuneHTs @ypbe. ITocTaBUM B COOTBETCTBHE BEKTOPY @ NOCJEA0BaTe b=
HOCTb & = (G, ..., &, , ...). B cuny xpurepus Crek/aoBa BCE TaKue
MoCJeN0BaTeNIbHOCTH NpHHagiexar R, npHuem mobas mocsenoBareb-

HocThb W3 R sBasercs ob6pasom ogHoro u3 sjiemenToB a € L. Ilpu
3TOM BBINOJIHSETCS PABEHCTBO

3 o=l

nokaseiBatolliee, uto |lall, = || ocllRoo, T. €. YTO OTOOpaxKeHHe a —
2

H3omeTpuuHo. M
3. Tpuronomerpnueckuit 6a3uc B npoctpanctee L2%[0; 2n]. Pac-

o 1

CMOTpPUM cHcTeMy ¢GYHKUMH e, (x) = 72_—_3””‘ (n €Z) B rHABOED-
U

ToBoM TnpocrpaHctBe L2 [0; 2n] KommuekcHosHaudbix GyHKnu#. o
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onpejesieHHIO CKaJsipHOrO NpPOM3BEJeHHUS] B 3TOM INPOCTPaHCTBE

| 2n 2n
i 1 -
(eka em) — 2—' geikx et M dx = 2— gei(k ™* dx.
n, T,
Eciau k == m, TO 5 0
| 21
{(k—m)x
er, e,) = e =0
( m) 2mi (k — m) ’
0
Tak KaK e ™' — o0 = 1. Ecau xe k = m, TO

12n
e, e,)= — \dx=1.
€k €m) QTLS

0

3HayuT, paccMaTpuBaeMas cucTeMa PyHKUHUH OPTOHOPMHPOBAHA.
Jna NpujoXKEHHH CYIIeCTBEHHO TO, YTO 3ma cucmema obpa3yem 6
L2 [0; 2n] 6asuc, T. e. ana moboit ¢dyukuuu f € L2 [0; 2n] nadinyrcs

= ihx
Takue uucia A, (k € Z), uto psn E Ak-e—: cXoauTcs K [ B mpo-
Van
k=-—0o0
crpancte L? [0; 2m].
JloKaxeM 3To. o
PaHee B Kypce aHa/u3a OblIO JOKa3aHo, yTo paa dypwe Y e, (x)
R=—o0
¢yskuuu f, umeromedl Ha otpeske [0; 2n] HenmpepbiBHYIO BTOpYIO NpO-
M3BOAHYIO, CXOIAMTCS Ha 3TOM OTpe3Ke pPaBHOMEpPHO K (yHKuuu f.
OTciofa, OYEBHAHO, CJELyeT, YTO MOC/eJ0BaTeNbHOCTD (S,) YaCTHUHBIX
CyMM 3TOTO psiia CXoauTcs K [ W mo HopMe mpoctpaHcTBa L? [0; 2x].
At1o o3”auaer (cM. TeopeMy 9.6), yTo JHHEHHble KOMOMHAUHUH CHCTEMBI
dbyHkuui (e,) Bciony nuotHel B noanpoctpancTBe D?* [0; 2 ] mpo-

crpanctBa L? ([0; 2 ml, cocrositem u3 aBaxabl HenpepbIBHO AHddepeHy-
pyeMbix GyHKUMH. A Tak kak D? Bcioay niotHo B L? (em. ¢. 132—133),
TO U3 TeopeMbl 9.7 cJelyeT, YTo JIMHEHHblE KOMOWHAUMH CHCTEMH (e,)

BCIOAY MJOTHH H B L2

[Tyctb g — dyukuus u3 L? [0; 2 n], orporonanbHasi BceM QyHKIHSM
cucrembl (e,). Torna g oproroHanbHa H J060H JHHEHHON KOMOHHALMH

GYHKIMH 3TOH cuCTeMbl. A Tak KaK 3TH JIMHEHHble KOMOWHALMH BCIOLY
naotisl B L2 [0; 2 mt], To cymectByer (cMm. TeopeMy 9.6) HX mocJeno-

BaTeJbHOCTb (S,), cXoasumascs K g. B cuny HenpepbIBHOCTH CKaJsisipHOroO
MPOM3BEJeHUS IOJNYy4yaeM

(g9 g) = lim (Sm g) = 0,

n—-00
T. e. g = 0. 3nauut, B cuny teopemnl 20.3, cucrema (e,) obpasyer
6asuc B L2 [0; 2n]. |l
M3 nokasaHHoro, B cuay TeopeMbl CTeK/oBa, BHITEKaeT, 4YTO BCSl-
Kasi GyHKuus u3 L2 [0; 2 ] moxer 6biThb npejacTaBjeHa B BHIE p&Ja

[(x) =

2 : akelkx

k=—00

1
Y 2n
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(HamoOMHHM, YTO PaBEHCTBO MOHHMAeTCs B TOM CMbIC/e, UTO f ecThb mpe-
JeJl YaCTHYHBIX CYMM psa B CMbICJIE CXOIUMOCTH II0 HOpME), TI€
@, — Koauuuent Pypbe GyHKUMH f:

1
V 2n
Takum o6pa3oMm, MBI BUAHMM, 4YTO TeOopHA aOCTPAKTHLIX MeETpHUe-
CKHX IPOCTPAHCTB jeJiaeT GoJiee MOJHBIMH Hallld 3HAHHA M O TaKoOH

KJaccuueckod o0JiacTH MaTeMaTHKH, KaK TeOpHsl TPUTOHOMETPHUYECKUX

pSZOB. 3TO 0OCTOATE/NLCTBO €llle pa3 INOATBEP:KIAaeT CHpaBeAJIMBOCTD
usBectHoil mbican B. K. JleHnHa o TOM, 4TO «... 6ce HayuHbIe (npa-

BHJIbHBIE, Cepbe3Hble, He B3JOpHbIe) aOCTpaKIHH OTPaXKalT NPHUPOAY
rayGKe, BepHee, 1.0 4 H e ev',

BOITPOCBHI OJ11 CAMOITPOBEPKU

1. Kak crtaBuTcst 3ajgaua O HauJayuuieM npuOauxkeHuu? Kak oHa peulaercs B
rHAb6epTOBOM MPOCTPAHCTBE?

o, = (f, er)=

S F (%) e='** dx.
0

oo
2. UTo 03HayaeT paBeHCTBO @ = Zak B JIHHEHHOM HOPMHPOBAHHOM MNpOCT-
k=1

paHcTBe?

3. Jlaiite onpenesienune cueTHoro 6asuca B JIHHeHHOM HOPMHPOBAHHOM MNPOCTPaH-
ctBe. UTo Takoe CueTHbIH OPTOHOPMHPOBAHHBLIH 6a3HC B FHJILOEPTOBOM NMPOCTpaHCTBE?

4. Kakue HMeEIOTCsS KPUTEPHH TOTrO, YTO CYETHAss OpTOHOPMHpPOBaHHas CHCTeMa
BeKTOpOB 0oGpa3yeT B rHab6epTOBOM NpocTpaHcTBe 6asuc?

5. O6bsicuute, noueMy paBeHCcTBO (20.6) sBasiercss o606weHHeM TeopeMnl [Tuda-
ropa.

6. YKaxuTe cueTHbii OPTOHOPMHPOBaHHKIH Ga3uc B mpoctpaHcTBe L2 [0; 2m].

! Tenun B, K. Tloan. co6p. cou., T. 29, c. 152,
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